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Doi-Hopf group modules. 
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INTRODUCTION 
 

Turaev recently introduced the notion of group 
coalgebra as a generalization of an ordinary coalgebra 
for the study of Homotopy quantum field theory. 
Naturally, as a generalization of Hopf algebra, the 
notion of Hopf group coalgebra was defined and used 
to construct Hennings-like and Kuperberg-like in-
variants of principal π-bundles over link complements 
and over 3-manifolds. It has been shown that some 
theories of Hopf algebras can be extended to the set-
ting of Hopf group-coalgebras which one can find in 
(Virelizier, 2002). 

One of the attractive aspects of weak Doi-Hopf 
module (Böhm, 2000; Böhm et al., 1999) is that many 
notions of modules studied appear as its special cases. 
Motivated by the ideas of weak Hopf algebras and 
Doi-Hopf group modules, we want to generalize the 
results of weak Doi-Hopf modules to weak Doi-Hopf 
group modules. 

The organization of the paper is as follows: in 
Section 1 we recall some basic definitions and prop-
erties; in Section 2 we introduce the notion of weak 
Doi-Hopf π-datum and give some examples; in Sec-
tion 3 we first define the notion of weak Doi-Hopf 
π-modules and then state the functor forgetting action 
or coaction has an adjoint; in Section 4 we explain 
how the notion of weak Doi-Hopf π-datum is related 
to weak smash product. 
Conventions    We work over a ground field k. We 
denote by I the unit of the group π. We use the stan-
dard algebra and coalgebra notation, i.e., ∆ is a 
coproduct, ε is a counit, m is a product and 1 is a unit. 
The identity map V from any k-space to itself is de-
noted by idV. We write aα for any element in Aα and [a] 
for an element in A =A/ker f, where f is a k-linear map. 
For a right C-comodule M, we write ρ(m)=∑m[0]⊗m[1]. 
For a left C-comodule M, we write ρ(m)=∑m[1]⊗m[0]. 
For a weak bialgebra B, we have the notations 
bl=∑ε( 11B b) 21B  and br=∑ε(b 21B ) 11B  for any b∈B. 

We let CM(H)A denote the category which has 
the finite dimensional left weak Doi-Hopf modules 
over the left weak Doi-Hopf datum (H,A,C) as objects 
and morphisms being both left C-colinear and right 
A-linear as arrows. 
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Definition 1    A π-coalgebra over k is a family of 
C={Cα}α∈π of k-spaces endowed with a family 
k-linear  maps ∆={∆α,β:Cαβ→Cα⊗Cβ}α,β∈π and a 
k-linear map ε:CI→k such that for any α,β∈π, 

 
 (1) , , , ,( ) ( )C Cid id

γ αα β αβ γ β γ α βγ∆ ⊗ ∆ = ⊗∆ ∆ .      (1) 

  (2)  , ,( ) ( )C I C I Cid id id
α α αα αε ε⊗ ∆ = ⊗ ∆ = .       (2)  

 
Here we extend the Sweedler notation for comulti-
plication, we write ∆α,β(c)=∑cαβ1α⊗cαβ2β for any α, 
β∈π and c∈Cαβ. 
Remark 1    (CI, ∆I,I, ε) is a coalgebra in the usual 
sense of the word. 

We say a π-C-coalgebra is finite dimensional if 
Cα is finite dimensional for any α∈π. 

Let C={Cα, ∆, ε}α∈π be a π-coalgebra and A be an 
algebra with multiplication mA and unit element 1A. 
For any f∈Homk(Cα, A) and g∈Homk(Cβ, A), we de-
fine their convolution product by 

 
f *g=mA(f ⊗g)∆α,β∈Homk(Cα,β, A). 

 
In particular, for A=k, the π-graded algebra 

Conv(C, k)= ⊕αCα
* is called dual to C and is denoted 

by C*. 
Definition 2    A weak semi-Hopf π-H-coalgebra is a 
family of algebras {Hα,mα,lα}α∈π and also a 
π-coalgebra {Hα,∆α,β,ε}α,β∈π satisfying the following 
conditions for any α, β∈π, 
 

(1)   ( ) ( ) ( ),  (1 ) 1Ihg h g ε∆ = ∆ ∆ = ,                  (3) 

(2)   2
1 1 1 2 2(1 ) 1 1 1εβγ εβγ αβ α αβγ αβ β αβγ γ∆ = ⊗ ⊗∑  

1 1 2 2

1 2 1 2

1 1 1 1

1 1 1 1 ,
αβ α βγ γ αβ β βγ γ

αβ α αβ β βγ β βγ γ

= ⊗ ⊗

= ⊗ ⊗
∑
∑     (4) 

(3)  1 2( ) ( ) ( )I I I I I I Ix y z x y y zε ε ε=∑     

                 2 1( ) ( ).I I I Ix y y zε ε=∑               (5) 
 

We call a weak semi-Hopf π-H-coalgebra finite 
type if Hα is finite dimensional for any α∈π. 
Remark 2    Eqs.(4) and (5) imply that the unit pre-
serving property of ∆ and the multiplication pre-
serving property of ε are not required. Eq.(4) can be 
regarded as a generalization of (∆(1)⊗1)(1⊗∆(1))= (1 

⊗∆(1))(∆(1)⊗1)=∆2(1) for a weak bialgebra. Obvi-
ously a semi-Hopf group coalgebra is a weak 
semi-Hopf group coalgebra and when the group π is 
trivial it is just an ordinary weak bialgebra. 
Definition 3    Let C={Cα,∆,ε}α∈π be a π-coalgebra. A 
right π-C-comodule over C is a family of k-spaces 
M={Mα}α∈π endowed with a family of k-linear maps 
{ρα,β:Mαβ→Mα⊗Cβ}α,β∈π such that the following 
holds:  
 

, , , , (1)    ( ) ( )C Mid id
γ αα β αβ γ β λ α βγρ ρ ρ⊗ = ⊗∆ ,         

for any α, β, γ∈π.                      (6) 
   ,(2)     ( )M I Mid id

α ααε ρ⊗ = ,  for any α∈π.        (7) 

                    
 

THE WEAK DOI-HOPF GROUP DATUM  
 
Definition 4    Let C={Cα, ∆, ε}α∈π be a π-coalgebra 
and M a k-vector space. A right π-C-comodulelike 
object is a couple ( ,{ } ),MM α α πρ ∈ where 

:M M M Cα αρ → ⊗  is a k-linear map and written 

by ((0), ) ((1), )( )M
Mm m mα αρ = ⊗∑  for any α∈π, such 

that the following holds: 
 

(1)     ,( ) ( )M M M
C Mid id
βα β α β αβρ ρ ρ⊗ = ⊗∆ ,       

for any α, β∈π.                        (8) 
(2)          ( ) M

M I Mid idε ρ⊗ = .                         (9) 
 

Similarly, a left π-C-comodulelike object is a 
couple ( ,{ } ),MM α α πρ ∈  where :M M C Mα αρ → ⊗  is 

a k-linear map and written  by ((1), )( )M m mα αρ = ⊗∑  

m((0),M), for any α∈π. Such that the following holds: 
 

(1)   ,( ) ( ) ,M M M
C Mid id
α β α α β αβρ ρ ρ⊗ = ∆ ⊗    

for any α, β∈π.                          (10) 
(2)         ( ) .M

M I Mid idε ρ⊗ =                                (11) 
 

Let M and N be two left π-C-comodulelike 
objects. A k-linear map f:M→N is called a left π-C- 
comodulelike morphism if ( )n M

Cf id f
αα αρ ρ= ⊗ for 

any α∈π. 
Definition 5    Let H={Hα,mα,1α,∆,ε} be a weak 
semi-Hopf π-coalgebra and let A be an algebra. A is 
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called a right π-H-comodule algebra if A is a right 
π-H-comodulelike object ( ,{ } ).AA α α πρ ∈  Such that the 
following holds: 

 
(1) ( ) ( ) ( ),A A Aab a bα α αρ ρ ρ= for any α∈π and a,b∈A. 

(12) 
(2) ,(1 (1 ))( (1 ) 1 )A

A Aβ α βα β αρ⊗ ∆ ⊗  

,

,

( (1 ) 1 )(1 (1 ))

( ) (1 ).

A
A A

A
A Aid
β α β α βα

β α βα

ρ

ρ

= ⊗ ⊗∆

= ⊗∆         (13) 

 
Similarly, a left π-H-comodule algebra is a left 

π-H-comodulelike object ( ,{ } )AA α α πρ ∈ , such that the 
following holds: 

 
    (1) ( ) ( ) ( ),  A A Aab a bα α αρ ρ ρ= for any α∈π and a, b∈A.

 (14) 
(2) ,( (1 ) 1 )(1 (1 ))A

A Aβ α βα β αρ∆ ⊗ ⊗  

,

,

(1 (1 ))( (1 ) 1 )

( ) (1 ).

A
A A

A
A Aid

β α β α βα

β α βα

ρ

ρ

= ⊗ ∆ ⊗

= ∆ ⊗       (15) 

 
Remark 3    Eq.(15) implies that the unit preserving 
property of ρ is not required and generalizes 
(1⊗∆(1))( ρ(1) ⊗1)=(idA⊗∆)ρ(1) for an ordinary right 
comodule algebra over a weak bialgebra introduced 
in (Böhm, 2000). 

 A endowed with A
Iρ  is an ordinary 

HI-comodule algebra introduced in (Böhm, 2000). 
Definition 6    Let H={Hα,mα,1α,∆,ε} be a weak 
semi-Hopf π-H-coalgebra and C={Cα,∆,ε}α∈π be a 
π-coalgebra. A couple ( ,{ } )CC α α πϕ ∈  is called a left 

π-H-module coalgebra where :C H C Cα α α αϕ ⊗ →  is a 
k-linear map for any α∈π if the following holds: 

 
(1) (Cα, φα) is a left Hα-module, for any α∈π; 
(2) , 1 1 2 2( ) ,C h c h c h cα β α α β β∆ ⋅ = ⋅ ⊗ ⋅∑              

    for any α, β∈π, c∈Cαβ, h∈Hαβ;        (16) 
(3) 1 2( ) (1 ) ( 1 ),I Ih c c hε ε ε⋅ = ⋅∑                                  

 for any c∈CI, h∈HI.                  (17) 
 
Similarly, a couple ( ,{ } )CC α α πϕ ∈  is called a right 

π-H-module coalgebra where :C C H Cα α α αϕ ⊗ →  is a 

k-linear map for any α∈π if the following holds: 
(1)  (Cα, φα) is a right Hα-module, for any α∈π; 
(2) , 1 1 2 2( ) ,C c h c h c hα β α α β β∆ ⋅ = ⋅ ⊗ ⋅∑         

              for any α, β∈π, c∈Cαβ, h∈Hαβ;      (18) 
(3)  2 1( ) ( 1 ) (1 ),I Ic h c hε ε ε⋅ = ⋅∑              

for any c∈CI, h∈HI.              (19) 
 
Remark 4    Eq.(19) implies that the multiplication 
preserving property of ε is not required and CI en-
dowed with C

Iϕ  is an ordinary HI-module coalgebra 
introduced in (Böhm, 2000). 
Remark 5    In contrast to the case when H is a Hopf 
group coalgebra, the unit preserving property of {ρα} 
and the counit preserving property of {φα} are not 
required. 
Example 1    Let H={Hα,mα,1α,∆,ε} be a weak 
semi-Hopf π-H-coalgebra. Then ( ,{ } )HH mα α π∈  is a 
right π-H-module coalgebra. 
Definition 7    Let H={Hα,mα,1α,∆,ε} be a weak 
semi-Hopf π-coalgebra. A triple (H,A,C) is called a 
right weak Doi-Hopf group datum or a right weak 
Doi-Hopf π-datum if A is a left π-H-comodule algebra 
and C is a right π-H-module coalgebra. 

Similarly, a triple (H,A,C) is called a left weak 
Doi-Hopf group datum or a left weak Doi-Hopf 
π-datum if A is a right π-H-comodule algebra and  
C is a left π-H-module coalgebra. 

We call a weak Doi-Hopf group datum (H,A,C) 
finite dimensional if H, A, C are all of finite dimen-
sion. 
Remark 6    If the group π is trivial, then they are just 
the notions of weak Doi-Hopf datum introduced in 
(Böhm, 2000). 
Example 2    Let H={Hα,mα,1α,∆,ε} be a weak 
semi-Hopf π-coalgebra such that Hλα=Hλ for a fixed 
element λ∈π and any α∈π. Let A=Hλ together with the 
{ : }A H H Hα λ λ αρ → ⊗  given by 1 2( )A h h hα λ αρ = ⊗∑  

for any h∈Hλ, α∈π. Let C=H together with the 
{mα}α∈π, it is not hard to verify that the triple (H,A,C) 
is a left weak Doi-Hopf group datum. 

Similar to 1.3.4 in (Virelizier, 2002), we have: 
Lemma 1    Let H={Hα,mα,1α,∆,ε} be a finite type 
weak semi-Hopf π-H-coalgebra. Then the π-graded 
algebra H Hα α

∗ ∗= ⊕  dual to H inherits a weak bial-

gebra structure by setting ( ) ( ),f m fα
∗ ∗∆ =  
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( ) (1 )f f αε ∗ =  for any α∈π, f Hα
∗∈ . 

Theorem 1    For a finite dimensional right weak 
Doi-Hopf π-datum (H,A,C), the triple (H*,C*,A*) is a 
left weak Doi-Hopf datum which we call the dual of 
(H,A,C) with the right coaction on every summand 

: C C Hα α α αρ ∗ ∗ ∗→ ⊗   given  by  [ ] [ ]0 1( )f f fαρ = ⊗∑  

K Kx f Xα α= ⊗∑  for any α∈π, f Cα
∗∈ , where 

( , )K Kx Xα α  is a dual basis in Hα and ,Hα
∗ and 

(h f)(c)=f(c⋅h) for any c∈Cα, h∈Hα; the left 

A-module structure is given by (f⋅g)(a)= 
∑f{a((1),α)}g{a((0),A)} for any ,f Cα

∗∈ g∈A*, a∈A. 
Similarly, for a finite dimensional left weak 

Doi-Hopf π-datum (H,A,C), the triple (H*,C*,A*) is a 
right weak Doi-Hopf datum which we call the dual of 
(H,A,C) with the left coaction on every summand 

: C H Cα α α αρ ∗ ∗ ∗→ ⊗ given by ρα(f)=∑f(1)⊗f(0) 

=∑XαK⊗f xαK for any α∈π, f Cα
∗∈ , where ( , )K Kx Xα α  

is a dual basis in Hα and Hα
∗ , and (f h)(c)=f(h⋅c) for 

any c∈Cα, h∈Hα, the right A-module structure is 
given by (g⋅f)(a)=∑f{a((1),α)}g{a((0),A)} for any 
f Hα

∗∈ , g∈A*, a∈A. 

Proof    Firstly we claim that ρα(f)=∑xαK f ⊗XαK for 

any α π∈  and f Cα
∗∈  exactly defines a right coac-

tion. In fact, 
 

1 2( ) ( ) K K KC
id f x f X X

α
α α α α αρ∗
∗⊗ ∆ = ⊗ ⊗∑ , (20) 

( ) ( ) ( ) .K l K lH
id f x x f X X

α
α α α α α αρ ρ∗⊗ = ⊗ ⊗∑

 (21) 
 

For any h, g∈Hα, c∈Cα, from Eqs.(20) and (21) 
we get 

 

1 2( )( ) ( ) ( )
       ( ) (( ) )
       ( ( ))( ) ( ) ( ).

K K K

K l K l

x f c X h X g
f c hg f c h g

x x f c X h X g

α α α

α α α α

= ⋅ = ⋅ ⋅

=

∑

∑
 

 

So ( ) ( )
C H

id id
α α

α α α αρ ρ ρ∗ ∗
∗⊗ ∆ = ⊗ . 

It is very easy to verify ( )
C C

id id
α α

αε ρ∗ ∗
∗⊗ = . 

Secondly we claim that C* is a right 
H*-comodule algebra. 

For any α, β∈π, f Cα
∗∈ , g Cβ

∗∈ , 

( ) .K Kfg x fg Xαβ αβ αβρ = ⊗∑                          (22) 

( ) ( ) ( )( ) .K n K nf g x f x g X Xα β α β α βρ ρ = ⊗∑  (23)  
  

From Eqs.(22) and (23) we have 
 

( )

1 2 2 1

1 1 2 2

(( )( ))( )( )( )

( )( )( )( ) ( ) ( )

( ) ( ) ( )( )

( ) ( ).

K n K n

K n n K

K K

x f x g c X X h

x f c x g c X h X h

f c h g c h fg c h

x fg c X h

α β α β

α α β β β β α α

α α β β

αβ αβ

=

= ⋅ ⋅ = ⋅

=

∑
∑
∑
∑

 

 
So Eq.(22)=Eq.(23). 

Now we show  
 

( ) ( ) ( ( ))( ( ) ).C H C H
C H C H

id idρ ε ε ρ ε ε∗ ∗ ∗ ∗
∗ ∗⊗ ∆ = ⊗∆ ⊗            

(24) 
 

For any c∈CI, h, g∈HI, we have 
 

1 2

1 2

2 1

( ( ))( ( ) )( )

     ( )( )( )( )( )( )

     ( ) ( ) ( )

     ( ) ( ) ( ) ( )

     ( ) ( )( ).

H C H
C H

C H H
IK IK

C H
IK IK

C H C l C

C
C H

id c h g

x c X h g

c x h g X h

c h h g c hg c hg

id c h g

ε ρ ε ε

ε ε ε

ε ε

ε ε ε ε

ρ ε

∗ ∗

∗ ∗

∗

∗

⊗ ∆ ⊗ ⊗ ⊗

=

= ⋅

= ⋅ = ⋅ = ⋅

= ⊗∆ ⊗ ⊗

∑
∑
∑

 

 
Next we claim that A* is a left H*-module. In fact, 

for any f Hα
∗∈ , g Hβ

∗∈ , a A∗ ∗∈ , a A∈ ,  
 

((1), ) ((0), )((1), ) ((0), )((0), )

((1), )1 ((1), )2 ((0), )

((1), ) ((0), )

( ( ))( )
   ( ) ( ) ( )

   ( ) ( ) ( ) ( )( ),

( )( ) ( ) ( ) ( ).

A A A

A

I A

f g a a
f a g a a a

f a g a a a fg a a

a a a a a a a

α β

αβ α αβ β

ε ε

∗

∗

∗ ∗

∗ ∗ ∗

⋅ ⋅

=

= = ⋅

⋅ = =

∑
∑

∑
 

Finally we claim that A* is a left H*-module 
coalgebra. 

For any f Hα
∗∈ , ,a A∗ ∗∈ ,  a b A∈ , 

 

( )

((1), ) ((0), )

1 2 ((1), ) 1 ((0), ) 2 ((0), )(1),

1 1 2 2

( ( ))( ) ( )( )
         (( ) ) (( ) )

         ( ) ( ) ( ) ( )

         ( )( ).

A

A A

f a a b f a ab
f ab a ab

f a f b a a a b

f a f a a b

α

αα

∗ ∗

∗

∗ ∗

∗ ∗

∆ ⋅ ⊗ = ⋅

=

=

= ⋅ ⊗ ⋅ ⊗

∑
∑
∑
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For any f Hα
∗∈ , ,a A∗ ∗∈  α∈π, 

 

1 2

1 ((1), ) 2 ((0), )

((1), )1 ((1), )2 ((0), )

((1), ) ((0), )

( ) (1 ) ( 1 )

                (1 ) (1 1 ) (1 )

           (1 ) (1 ) (1 )

         (1 ) (1 ) ( ).

I I

r
H H

A I A A

A A I A A

A A A

f a a f

f a

f a

f a f a

α α α α

α α α

α

ε ε ε

ε

ε

ε

∗ ∗
∗ ∗ ∗ ∗ ∗

∗

∗

∗ ∗ ∗

⋅ = ⋅

=

=

= = ⋅

∑
∑
∑
∑

 

 
 
THE WEAK DOI-HOPF MODULES 
 
Definition 8    A k-space M is called a right weak 
Doi-Hopf π-module over the right weak Doi-Hopf 
π-datum (H,A,C) if it is a right A-module and at the 
same time a left π-C-comodulelike object such that 
for any m∈M, a∈A, α∈π, 
 

((0), ) ((0), ) ((1), ) ((1), )( )   M
M Am a m a m aα α αρ ⋅ = ⋅ ⊗ ⋅∑ . (25) 

 
Similarly, A k-space M is called a left weak 

Doi-Hopf π-module over the left weak Doi-Hopf 
π-datum (H,A,C) if it is a left A-module and at the 
same time a right π-C-comodulelike object such that 
for any m∈M, a∈A, α∈π, 

 

([0], ) ([0], ) ([1], ) ([1], )( )   M
A Ma m a m a mα α αρ ⋅ = ⋅ ⊗ ⋅∑ . (26)  

 
Definition 9    Let M and N be two right weak 
Doi-Hopf π-modules over the right weak Doi-Hopf 
π-datum (H,A,C), a k-linear map f:M→N is called a 
right weak Doi-Hopf π-module morphism if the fol-
lowing holds: 

(1)  f is a right A-module map; 
(2) f is a π-C-comodulelike map, i.e., 
 

( )N M
Cf id f
αα αρ ρ= ⊗ ,  for any α∈π.      (27) 

 
Similarly, a k-linear map f:M→N is called a left 

weak Doi-Hopf π-module morphism if the following 
holds: 

(1)  f  is a left A-module map; 
(2) f  is a π-C-comodulelike map, i.e.,  
 

( )N M
Cf f id
αα αρ ρ= ⊗ ,  for any α∈π.    (28) 

 
CM(π−H)A denotes the category which has finite 

dimensional right weak Doi-Hopf π-modules over the 
right weak Doi-Hopf π-datum as objects and right 
weak Doi-Hopf π-module morphisms as arrows. 

Similarly, the category 
AM(π−H)C which has the 

finite dimensional left weak Doi-Hopf π-modules 
over the left weak Doi-Hopf π-datum as objects and 
left weak Doi-Hopf π-module morphisms as arrows. 

Let π−CM denote the category which has left 
π-C-comodulelike object as objects and left comod-
ulelike maps as morphisms. 
Example 3    Let H={Hα,mα,1α,∆,ε} be a weak 
semi-Hopf π-coalgebra such that Hλ=Hλα for a fixed 
element λ∈π and α∈π. Let (H,Hλ,H) be the same as 
Example 2 and let ,,  M HM Hλ α λ αρ= = ∆ , and we de-
fine the left action of Hλ on M by the left multiplica-
tion of H, it is not hard to verify that M is a left weak 
Doi-Hopf π-module. 
Theorem 2    Let (H,A,C) be a finite dimensional right 
weak Doi-Hopf π-datum and (H*,C*,A*) its dual. Then 
the category CM(π−H)A and ( )A

C
M H

∗

∗
∗ are equiva-

lent. 
Proof    Firstly we define a functor G:CM(π−H)A→ 

( ) .A
C

M H
∗

∗
∗ For any M∈CM(π−H)A, we put G(M)=M* 

with the right coaction of A* on M* given by 

[ ] [ ]0 1( ) ,k
kf f f a f aρ = ⊗ = ⊗∑ ∑  where {ak, ak} 

is a dual basis in A and A*, and the left C*-module 
structure    is    given    by   ( )( )g u m∗⋅ = ((1), )( )g m α∑  

((0), )( )Mu m∗×  for any α∈π, ,g Cα
∗∈ ,u M∗ ∗∈  m M∈ . 

Obviously M* is a right A*-comodule. Now we 
only show that M* is a left C*-module. For any α, β∈π, 

,g Cβ
∗∈ ,f Cα

∗∈ ,u M∗ ∗∈ ,m M∈  
 

((1), ) ((0), )

((1), ) ((0), )((1), ) ((0), )((0), )

((1), )1 ((1), )2 ((0), )

( ( ))( ) ( )( )( )

           ( ) ( ) ( )

           ( ) ( ) ( )

           ( )( ).

M

M M M

M

g f u m g m f u m

g m f m u m

g m f m u m

gf u m

β

β α

βα β βα α

∗ ∗

∗

∗

∗

⋅ ⋅ = ⋅

=

=

= ⋅

∑
∑
∑

 

 
And, we claim that the compatibility condition 

holds, i.e., [ ] [ ](0) (1)0 1( )f u f u f uρ ∗ ∗ ∗⋅ = ⋅ ⊗ ⋅∑ . In fact, 

for any ,f Cα
∗∈ ,u M∗ ∗∈ m∈M, a∈A, 

 

(0) [0] (1) [1]( )( )f u f u m a∗ ∗⋅ ⊗ ⋅ ⊗∑  
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(0) ((1), ) (1) ((1), ) [0] ((0), ) [1] ((0), )

((1), ) ((1), ) ((0), ) ((0), )

((1), ) ((0), )

   ( ) ( ) ( ) ( )

   ( ) ( )

   (( ) ) (( ) )

   ( )( ).

M A

M A

M

f m f a u m u a

f m a u m a

f m a u m a

f u m a

α α

α α

α

ρ

∗ ∗

∗

∗

∗

=

= ⋅ ⋅

= ⋅ ⋅

= ⋅ ⊗

∑
∑
∑

 

 
For any f:M→N∈CM(π−H)A, we define G(f)=f t, 

where f t means the transposition of linear map. It is 
easy to prove ( ) .t A

C
f M H

∗

∗
∗∈  

Next, we define a functor : ( )A
C

F M H
∗

∗
∗ →  

CM(π−H)A. Let F(M)=M*
 for any ( ) ,A

C
M M H

∗

∗
∗∈  

and we define the right action of A on M* by 

[1] [0]( )( ) ( ) ( )u a m m a u m∗ ∗⋅ =∑  for any a∈A, u*∈M*, 

where ρ(m)=∑m[0]⊗m[1] and a comodulelike structure 
{ : }M M C Mα αρ

∗ ∗ ∗→ ⊗   by ( )M
k ku x u Xα α αρ

∗ ∗ ∗= ⊗∑  

for any u*∈M*, m∈M,  α∈π, a∈A, where {xαK,XαK} is 
a dual basis in Cα and Cα

∗ . 
Obviously M* is a right A-module, here we only 

show M* is a right π-C-comodulelike object. For any 
,g Cβ

∗∈ ,f Cα
∗∈ m∈M, 

 

,

1 2

(( ) ( ))( )

           ( ) ( ) ( )

           ( ) ( ) ( ( ))

           {(( ) ( ))( )

                   (( ) )( )( )}

       

M
M

K K K

l K l K

M M
C

M
IM

id u f g m

f x g x u X m

f x g x u X X m

id u f g m

id u m
β

β α βα

βα β βα α βα

β α β α

α β

ρ

ρ ρ

ε ρ

∗

∗

∗ ∗

∗

∗

∗

∗

∗

∗

∗

∆ ⊗ ⊗ ⊗

= ⋅

= ⋅ ⋅

= ⊗ ⊗ ⊗

⋅ ⊗

∑
∑

    ( ) ( ) ( )( ).Ij Ijx u X m u mε ∗ ∗= ⋅ =∑

 

 
And, we claim that the compatibility condition 

holds,  i.e., ((0), ) ((1), ) ((1), )((0), )
( ) .AM
u a u a u aα αρ ∗
∗ ∗ ∗⋅ = ⋅ ⊗ ⋅∑   

 

((0), ) ((1), ) ((1), )((0), )

((0), ) ((1), )

( )( )

     (( ) )( ) ( )

AM

k A k

u a u a m a

u X a m f x a
α α

α α α

∗
∗ ∗

∗

⋅ ⊗ ⋅ ⊗

= ⋅ ⋅

∑
∑

 

((1), ) [0] [1] ((0), )(( ) ) ( )

     ( )( ) ( )( ),
Au a f m m a

u a f m u a m a
α

ρ

∗

∗ ∗

= ⋅

= ⋅ ⋅ = ⋅ ⊗

∑  

for any ,u M∗ ∗∈  m∈M, a∈A, f Cα
∗∈ . 

 

For any f : M→N∈ ( )A
C

M H
∗

∗
∗ , let F(f)=f t. One 

can easily verify that CM(π−H)A and ( )A
C

M H
∗

∗
∗ are 

equivalent via the functors F and G.  
Theorem 3    Let (H,A,C) be a right weak Doi-Hopf 
π-datum. Then the forgetful functor F:CM(π−H)A 
→MA has a right adjoint functor. 
Proof    Before defining a functor G:MA→CM(π−H)A, 
we first set : ,M C M C Mα α αϖ ⊗ → ⊗  
 

((1), ) ((0), )( ) 1 1M
A A Ac m c mα αϖ ⊗ = ⋅ ⊗ ⋅∑ , 

for any α∈π, M∈MA, c∈Cα, m∈M.     (29) 
 

Then we claim 2( )M M
α αϖ ϖ= . 

In fact, 
 

2

((1), ) ((1), ) ((0), ) ((0), )

((1), ) ((0), )

( ) ( )

             1 1 1 1

             1 1 ( ).

M

A A A A A A

M
A A A

c m

c m

c m c m

α

α α

α α

ϖ

ϖ

⊗

′ ′= ⋅ ⊗ ⋅

= ⋅ ⊗ ⋅ = ⊗

∑
∑

 

 
So we can define G(M)=⊕αG(M)α, where 
G(M)α=(Cα⊗M)/ker .M

αϖ  As a k-space,  the right ac-
tion    of    A    on    G(M)α    given    by   [ ]c m a⊗ ⋅ =  

((1), ) ((0), )[ ]Ac a m aα⋅ ⊗ ⋅∑  for any a∈A, α∈π, m∈M, 

c∈Cα, and the left π-C-comodulelike structure is de-
fined by ( ){ : }G M C M C C Mβα

β βα β αρ ⊗ → ⊗ ⊗ ,  

 
( )

1 2([ ]) [ ],G M c m c c mβα
β β αρ ⊗ = ⊗ ⊗∑  

for any m∈M, α, β∈π, c∈Cβα.     (30) 
 

Firstly we claim that the above action is 
well-defined. In fact, for any m∈M, c∈Cα, a,b∈A, 

 

((1), ) ((1), ) ((0), ) ((0), )

((1), ) ((0), )

((1), ) ((0), ) ((1), ) ((0), )

( ( ) )
{( 1 ) ( 1 )

        }

{ } 0,

M

A A A A

A

A A

c m c m a
c a m a
c a m a

c a m a c a m a

α

α α

α

α α

ϖ ⊗ − ⊗ ⋅

= ⋅ ⋅ ⊗ ⋅ ⋅

− ⋅ ⊗ ⋅

= ⋅ ⊗ ⋅ − ⋅ ⊗ ⋅ =

∑

∑

((1), ) ((1), ) ((1), ) ((0), ) ((0), )

((1), ) ((0), )

([ ] )
    ( ) ( )

    ( ) ( )

    [ ] .

A A

A

c m a b
c a b c a m a b

c ab m ab
c m ab

α α α

α

⊗ ⋅ ⋅

= ⋅ ⋅ ⋅ ⊗ ⋅ ⋅

= ⋅ ⊗ ⋅

= ⊗ ⋅

∑
∑

 
So G(M) is a right A-module. 
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Secondly we claim that the above comodulelike 
structure is well-defined. In fact, for any c∈Cβα, 
m∈M, 

 
( )

1 ((1), )1 2 ((1), )2 ((1), )

((0), ) ((0), ) 1 2 ((1), ) ((0), )

1 ((1), ) 2 ((0), )((1), ) ((1), )

((0), )((0),

( ) ( ( ) )

{ 1 1 1

  1 1 1 1 }

{ 1 1 1

  1

G MM M
C

A A A

A A A A A A A

A A A A

A A

id c m c m

c c

m c c m

c c

m

βα

β α β βα

β βα β α βα α α

β α α

β β α α α

ϖ ρ ϖ⊗ ⊗ − ⊗

′= ⋅ ⊗ ⋅

′⊗ ⋅ − ⊗ ⋅ ⊗ ⋅

′= ⋅ ⊗ ⋅

⊗ ⋅

∑

∑
) ((0), ) 1 2 ((1), ) ((0), )

1 ((1), )1 2 ((1), )2 ((0), )

1 2 ((1), ) ((0), )

1 2 ((1), ) ((0), )

1 2 ((1), ) ((0), )

1 1 1

{ 1 1 1

   1 1 }

{ 1 1

   1 1 }

0.

A A A A A A

A A A A

A A A

A A A

A A A

c c m

c c m
c c m

c c m
c c m

β α α

β βα β α βα α

β α α

β α α

β α α

′ − ⊗ ⋅ ⊗ ⋅

= ⋅ ⊗ ⋅ ⊗ ⋅

− ⊗ ⋅ ⊗ ⋅

= ⊗ ⋅ ⊗ ⋅

− ⊗ ⋅ ⊗ ⋅

=

∑

∑

 
For any c∈Cβγα, m∈M,  
 

( ) ( )

1 2 1 2 2

1 1 1 2 2

( )
, ( )

( ) ([ ])

                  [ ]

                 [ ]

                 ( ) ([ ]).

G M G M
C

G M
G M

id c m

c c c m

c c c m

id c m

γα βγα

β

βγα

α

γ β

β γα γ γα α

βγ β βγ γ α

β α βγ

ρ ρ

ρ

⊗ ⊗

= ⊗ ⊗ ⊗

= ⊗ ⊗ ⊗

= ∆ ⊗ ⊗

∑
∑

 

 
So G(M) is a left π-C-comodulelike object. 

Thirdly we claim that the compatibility condi-
tion holds. For any m∈M, c∈Cβα, a∈A, 
 

((1), ) ((0), ( ) ) ((0), )((1), )

1 ((1), ) 2 ((0), )

1 ((1), ) 2 ((0), )((1), ) ((0), )((0), )

((1), ) ((1), ) 1 ((0), )2

[ ] [ ]

[ ]

[ ]

( ) [( ) ]

([ ] ).

G M A

A

A A A

A

c m a c m a

c a c m a

c a c a m a

c a c a m a

c m a

αββ

β β α

β β α α

βα βα βα

βρ

⊗ ⋅ ⊗ ⊗ ⋅

= ⋅ ⊗ ⊗ ⋅

= ⋅ ⊗ ⋅ ⊗ ⋅

= ⋅ ⊗ ⋅ ⊗ ⋅

= ⊗ ⋅

∑
∑
∑
∑

 

 
Therefore G(M)∈CM(π−H)A. 

Finally for any f : M → N ∈ MA, G(f) = ⊕αG(f)α, 
where G(f)α:G(M)α→G(N)α,  
 

( ) ([ ]) [ ( )]G f c m c f mα ⊗ = ⊗ , for any m∈M, c∈Cα.  
(31) 

 
We claim G(f)α is well-defined. In fact, for any 

m∈M, c∈Cα, 
 

( )( )

( )( )

((1), ) ((1), ) ((0), ) ((0), )

((1), ) ((0), )

((0), )1 ,

((0), )1 ,

( ( ) ( ( ) ))

    { 1 1 ( 1 ) 1

        1 ( 1 )}

    { 1 ( 1 )

         1 ( 1 )}

    0.

N M

A A A A A A

A A A

A AA

A AA

G f c m c m
c f m

c f m

c f m

c f m

α α α

α α

α

α

α

ϖ ϖ ⊗ − ⊗

′ ′= ⋅ ⊗ ⋅ ⋅

− ⋅ ⊗ ⋅

= ⋅ ⊗ ⋅

− ⋅ ⊗ ⋅

=

∑

∑
 

 
And, we also claim that G(f)α is a right A-module 

map and a left π-C-comodulelike map. In fact, for any 
m∈M, c∈Cα, a∈A, 
 

( )
((1), ) ((0), )

((1), ) ((0), )

( ) ([ ] ) [ ( )]

[ ]

( ) ([ ]) .

A

A

G f c m a c a f m a

c a f m a
G f c m a

α α

α

α

⊗ ⋅ = ⋅ ⊗ ⋅

= ⋅ ⊗ ⋅

= ⊗ ⋅

∑
∑  

 
For any m∈M, c∈Cαβ, 
 

( )

1 2

( )

( ( ) ([ ]))

      [ ( )]

      ( ( ) ) ([ ]).

G N

G N
C

G f c m

c c f m

id G f c m

αβ

αβ

α

α αβ

α β

β α

ρ

ρ

⊗

= ⊗ ⊗

= ⊗ ⊗

∑  

 
We still need to prove that F and G are adjoint 

functors. We define the unit natural Homomorphism 

( )
: C

AM H
id G Fϑ

π−
→ and the counit natural 

Homomorphism :
AMF G idτ → by the following 

formulas: 
 

((1), ) ((0), )

: ( ),
( ) .

M

M M

M G M
m m mα

ϑ

ϑ

→

= ⊗∑                (32) 

 ( )

: ( ) ,

( [ ]) ( ) .
N

N M G M I

G N N

c n idα α

τ

τ ε

→

⊕ ⊗ = ⊗        (33) 

 
The existence of τN comes from the fact that 
( , ,1 , , )H H

I I I IH m ε∆  is a usual weak bialgebra and 

,( , , )C C
I I IC ε∆  is a usual coalgebra. We still have to 

show  for  any  M∈MA, N∈ CM(π−H)A, ( )( )M G MG τ ϑ =  

( )G Mid  and ( ) ( )( )F N N F NF idτ ϑ = . 
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In fact, for any ⊕α(Cα⊗Mα)∈G(M), 
 

( )

1 2

1 2

( ) ( ( ))

( ) ( ( ))

( )( ( ))
( ).

M G M

M

I

G c m

G c c m

c c m
c m

α α α

βγ α β γ γ α

α α α

α α α

τ ϑ

τ

ε
=

⊕ ⊗

= ⊗⊕ ⊗

= ⊕ ⊗

= ⊕ ⊗

∑
∑

 

 
For any n∈N, 

 

( ) ((1), ) ((0), )( )( ) ( ) .F N N I NF n n n nτ ϑ ε= =∑  

 
Thus we complete the proof. 
Theorem 4    Let (H,A,C) be a right weak Doi-Hopf 
π-datum. Then the forgetful functor F:CM(π−H)A→ 
π−CM has a left adjoint functor. 
Proof    Its proof is dual to Theorem 3, here we only 
give the construction of the right adjoint functor of F. 
Before defining the functor we first define a k-linear 
map for any M∈π−CM, δ:M⊗A→M⊗A, 
 

 ((1), ) ((1), ) ((0), ) ((0), )( ) ( ) .I I M Am a m a m aδ ε⊗ = ⋅ ⊗∑   (34) 
 

We claim δ2=δ. In fact, for any m∈M, a∈A, 
 

2

((1), ) ((1), ) ((0), )((1), ) ((0), )((1), )

( )
  { ( ) ( )I I M I A I

m a
m a m a

δ
ε ε

⊗

= ⋅ ⋅∑
 

((0), )((0), ) ((0), )((0), )

((1), )1 ((1), )1 ((1), )2 ((1), )2

((0), ) ((0), )

((1), ) ((1), ) ((0), ) ((0), )

         }

  { ( ) ( )

         }

  ( )

  ( ).

M M A A

I I I I I I I I

M A

I I M A

m a

m a m a
m a

m a m a
m a

ε ε

ε

δ

× ⊗

= ⋅ ⋅

× ⊗

= ⋅ ⊗

= ⊗

∑

∑
 

 
So we can define the adjoint functor 
G:π−CM→CM(π−H)A  by G(M)=(M⊗A)/ker δ, G(f)=f⊗ 
idA for an object M and a morphism f  in π−CM. The 
action of A on G(M) is given by [m⊗a]⋅b=[m⊗ab]. 
The left π-C-comodulelike structure is given by 
 

((1), ) ((1), ) ((0), ) ((0), )([ ]) [ ].M Am a m a m aα α αρ ⊗ = ⋅ ⊗ ⊗∑  

(35) 
 

We claim that the above action is well-defined. 
In fact, for any m∈M, a, b∈A, 

((1), ) ((1), ) ((0), ) ((0), )

((1), ) ((1), ) ((0), )((1), )

((0), ) ((1), ) ((0), )((0), ) ((0), ) ((0), )

((1), ) ((1), ) ((1),

(( ) ( ) )
  ( ( ) ) ( )

     { ( ) (

     ( ) ) ( ) }

  (

I I M A

I I M I

A I M M A A

I I I

m a b m a b
m ab m ab

m a m
a b m a b

m a b

δ δ
ε

ε ε

ε

⊗ ⋅ − ⊗ ⋅

= ⋅ ⊗

− ⋅

⋅ ⊗

= ⋅

∑
∑

) ((0), ) ((0), ) ((0), )

((1), ) ((1), ) ((0), )((1), )

((0), )((1), ) ((1), ) ((0), )((0), ) ((0), )((0), ) ((0), )

((1), ) ((1), ) ((1), ) ((0), ) ((0), ) ((0), )

)

     { ( ) (

     ) }

  ( )

M A A

I I M I

A I I M M A A A

I I I M A A

m a b

m a m
a b m a b

m a b m a b

ε ε

ε

⊗

− ⋅

⋅ ⊗

= ⋅ ⊗

∑
∑

∑
((1), )2 ((1), )2 ((1), )1

((1), )1 ((1), ) ((0), ) ((0), ) ((0), )

     { ( ) (

     ) }

  0.

I I I I I I

I I I M A A

m a m
a b m a b

ε ε− ⋅

⋅ ⊗

=

∑

 

 
We claim that the above comodulelike structure 

is well-defined. In fact, for any a∈A, m∈M, α∈π,  
 

((1), ) ((1), ) ((0), ) ((0), )

((1), ) ((1), ) ((0), )((1), )

((0), )((1), ) ((0), )((0), ) ((0), )((0), )

((1), ) ((1), ) ((0), ) ((0

( ( ))
    

          { ( )

           }

    

M A

I I M

A M M A A

M

m a m a
m a m a

m a m
a m a

m a m a

⊗ − ⊗

= ⋅ ⊗ ⊗

− ⋅

⋅ ⊗ ⊗

= ⋅ ⊗ ⊗

∑
∑

∑

α

α α

α

α

α α

ρ δ

ε

), )

((1), )1 ((1), )1 ((1), )2

((1), )2 ((0), ) ((0), )

          { ( )

            }

    0,

A

I I

M A

m a m
a m a

− ⋅

⋅ ⊗ ⊗

=

∑ α α α α

α α

ε

 

,

((1), ) ((1), ) 1 ((1), )

((1), ) 2 ((0), ) ((0), )

((1), )1 ((1), )1 ((1), )2

((1), )2 ((0), ) ((0), )

((

( ) ([ ])

    {( ) (

            ) }

    {

            }

    {

M
M

M A

M A

id m a

m a m
a m a

m a m
a m a

m

β α βα

βα βα β βα

βα α

βα β βα β βα α

βα α

ρ∆ ⊗ ⊗

= ⋅ ⊗

⋅ ⊗ ⊗

= ⋅ ⊗

⋅ ⊗ ⊗

=

∑

∑

1), ) ((1), ) ((0), )((1), )

((0), )((1), ) ((0), )((0), ) ((0), )((0), )            }

    ( ) ([ ]).

M

A M M A A

M M
C

a m
a m a

id m a
β

β β α

α

α βρ ρ

⋅ ⊗

⋅ ⊗ ⊗

= ⊗ ⊗

∑

 

 

We still claim that the compatibility condition 
holds. In fact, for any α∈π, m∈M, a, b∈A, 
 

((1), ) ((0), )((0), )((1), )

((1), ) ((1), ) ((0), ) ((0), ) ((0), )((1), )

((0), )((1), ) ((0), )((1), ) ((0), )((1), ) ((1), )

[ ] [ ]

[ ]

{ ( )

AM A

M A A

M I A I A I

m a b m a b

m a b m a b

m a b m

αα

α αα

αε

⊗
⊗ ⋅ ⊗ ⊗ ⋅

= ⋅ ⊗ ⊗ ⋅

= ⋅

∑
∑
∑
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((1), ) ((1), ) ((0), )((0), ) ((0), )((0), ) ((0), )((0), )

((1), ) ((1), ) ((0), ) ((0), ) ((0), )((1), )

  [ ]}

[ ]

([ ] ).

M M A A A A

M A A

a b m a b

m a b m a b

m a b

α α

α αα

ρ

⋅ ⊗ ⊗

= ⋅ ⊗ ⊗

= ⊗ ⋅

∑

 
The unit and counit natural Homomorphisms 

: CM M
id F Gπϑ − →  and 

( )
: C

A
N M H

G F id
π

τ
−

→  are 

given by  
 

((1), ) ((1), ) ((0), ) ((0), )( ) ( 1 ) 1 ,    (36)

([ ]) .                                           (37)
M I I M A

N

m m m
n a n a

ϑ ε

τ

= ⋅ ⊗

⊗ = ⋅
∑  

 
We have to show for any N∈CM(π−H)A, M∈Mπ−C, 

( ) ( )( )N F N F NF idτ ϑ =  and  ( ) ( )( )G M M G MG idτ ϑ = . 

In fact, for any [m⊗a]∈G(M), 
 

( )

((1), ) ((1), ) ((1), ) ((0), )((1), ) ((0), )((1), )

((0), )((0), ) ((0), )((0), ) ((0), )

((1), )2 ((1), )2 ((1), )1 ((1), )1

((0), )

( )([ ])

  { ( 1 ) ( )

       [ 1 ]}

  { ( ) ( )

       [

G M M

I I I M I A I

M M A A A

I I I I

M

G m a

m a m a
m a

m a m a
m

τ ϑ

ε ε

ε ε

⊗

= ⋅ ⋅

⊗ ⊗

= ⋅ ⋅

⊗

∑

∑
((0), ) ]}

  [ ].
Aa

m a
⊗

= ⊗
 
For any n∈N, 
 

( ) ((1), ) ((1), ) ((0), ) ((0), )( ) ( ) ( 1 ) 1N F N I I N AF n n n nτ ϑ ε= ⋅ ⋅ =∑ . 

 
Thus we complete the proof. 
 
  
THE WEAK SMASH PRODUCT 
 
Lemma 2    Let (H,A,C) be a right weak Doi-Hopf 
π-datum, then : A C A Cα α αχ ∗ ∗⊗ → ⊗  given by 
 

 ((0), ) ((1), )( ) 1 1A A Aa f a fα αχ ⊗ = ⊗∑ ,        (38) 
 

for any a∈A, f Cα
∗∈  is a projection, i.e., 2

α αχ χ= . 
Lemma 3    Let (H,A,C) be a right weak Doi-Hopf 
π-datum, then 
 

((0), ) ((1), ) ((0), ) ((1), )1 1l l
A A A I A Ia a a⊗ = ⊗∑ ∑ , 

for any a∈A.                   (39) 

1 2( )( )h fg h f h gα β= ∑ , 

for any h Hαβ∈ , f Cα
∗∈ , g Cβ

∗∈ .   (40) 
 

Proof    Eq.(40) is obvious, we only prove Eq.(39). 
 

((0), ) ((1), )

((0), ) ((0), ) 1 ((1), ) ((1), ) 2

((0), ) ((0), ) 1 ((1), )1 ((1), )2 ((1), ) 2

((0), )((0), ) ((0), ) 1 ((1), )1

((0), )(

   1 (1 1 )1

   1 (1 1 ) (1 )1

   {1 (1 1 )

          (1

l
A I

A A A I A I I I

A A A I A I A I I I

A A A A I A I

A A

a a

a a

a a

a

ε

ε ε

ε

ε

⊗

=

= ⊗

= ⊗

×

∑
∑
∑
∑

(1), ) ((1), ) 2

((0), )((0), ) 1 ((1), ) 2

((0), ) ((1), )

)1 }

   1 (1 1 )1

   1 1 .

I I I

A A A I A I I

l
A A A I

a

a ε= ⊗

= ⊗

∑
∑

 

 
Given a right weak Doi-Hopf π-datum (H,A,C), 

we define #A C∗ (( ) / ker )A Cα αχ
∗= ⊕ ⊗  as a k-space 

and its multiplication by 
 

((0), ) ((1), )[ # ][ # ] [ # ( )]Aa f b g a b f a gβ= ∑ , 

for any ,  ,a b A∈ ,  ,f C g Cα β
∗ ∗∈ ∈  , .α β π∈  (41) 

 
Theorem 5    Let (H,A,C) be a right weak Doi-Hopf 

π-datum, then #A C∗ is an associative algebra with 
the unit [1A#ε]. 
Proof    First we claim that the above multiplication is 
well-defined. In fact, for any a, b∈A, ,f Cα

∗∈ g Cβ
∗∈ , 

α, β∈π 
 

((0), ) ((1), ) ((0), ) ((0), )

((1), ) ((0), ) ((1), )

((0), ) ((1), ) ((0), )((0), ) ((0), )

(( # ( # ))( # ))

   {( # ( ))((1 )

            #(1 )((1 ) ))}

   {( # ( )) (1

           #(1

A A A A

A A A

A A A A A

a f a f b g

a b f a g a
b f a g

a b f a g a
b

αβ α

β

α β

β

χ χ−

=

×

= −

×

∑

∑
((1), ) ((0), )((1), ) ((1), )

((0), ) ((1), ) ((0), ) ((0), )

((1), )1 ((1), )2 ((1), )

)(1 ))}

   {( # ( )) (1

           #(1 )(1 ))}

A A A

A A A A

A A

f a g

a b f a g a
b f a g

α β β

β

αβ α αβ β β

= −

×
∑

 

((0), ) ((1), )

((0), ) ((0), ) ((1), ) ((1), )

   {( # ( ))

           (1 #1 (( )))}

   0,

A

A A A A

a b f a g
a b f a g

β

αβ β

=

−

=

∑
 

((0), ) ((1), )

( # )( # ( # ))

   {( # ( ))A

a f b g b g

a b f a g
β

β

χ−

=∑
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((0), ) ((0), ) ((1), ) ((1), )

((0), ) ((1), )

((0), ) ((1), )

          ( 1 # ( 1 ))}

   {( # ( ))

          ( # ( ))}

   0.

A A A A

A

A

a b f a g

a b f a g
a b f a g

β β

β

β

−

=

−

=

∑  

 
Therefore it is well-defined. 

Next we claim that it is associative. In fact, for 
any ,  ,  ,a b c A∈ ,f Cα

∗∈ ,g Cβ
∗∈ u Cγ

∗∈ , 
 

( )

( )

((0), ) ((1), )(0),

((1), )(0),

((0), )((0), ) ((0), ) ((1), )

((0), )((1), ) ((1), )

((0), ) ((0), ) ((1),

([ # ][ # ])[ # ]
   {( ) # ( )

         (( ) )}

   { # ( )

         ( )}

   { # (

A A

A

A A A

A

A A

a f b g c u
a b c f a g

a b u

a b c f a g
a b u

a b c f a

β

γ

β

γ γ

βγ

=

⋅

=

⋅

=

∑

∑

)1

((1), )2 ((1), )

((0), ) ((0), ) ((1), ) ((1), )

((0), ) ((1), )

)

         ( )}

   ( # ( )( ))

   [ # ]( # ( ))

   [ # ]([ # ][ # ]).

A A

A

g
a b u

a b c f a g b u

a f b c g b u
a f b g c u

β

βγ γ γ

βγ γ

γ

⋅

=

=

=

∑

∑
∑

 

 
Obviously  
 

[ # ][1 # ] [1 # ][ # ] [ # ]A Aa f a f a fε ε= = . 
 
Lemma 4    Let (H,A,C) be the same as mentioned 
above, then we have: 
 
[ # ][ # ] [ # ]a b abε ε ε= ,  for any a, b∈A.                 (42) 

[1 # ][1 # ] [1 # ]A A Af g fg= , for any ,f C g Cα β
∗ ∗∈ ∈ .      

           (43) 
 

Proof  
 

((0), ) ((1), )

((0), ) ((1), )

[ # ][ # ] [ # ]

[1 #1 ] [ # ],
A

l
A A A

a b a b a

ab ab
α

α

ε ε ε

ε ε

=

= =

∑
∑

 

((0), ) ((1), )

((0), )((0), ) ((1), ) ((0), )((1), )

((0), ) ((1), )1 ((1), )2

((0), ) ((1), )

[1 # ][1 # ] [1 # (1 )]

      [1 # (1 )(1 )]

      [1 # (1 )(1 )]

      [1 # (1 )] [1 # ].

A A A A A

A A A A A A I

A A A A I

A A A A

f g f g

f g

f g

f g fg

β

β

β β β

β

ε

ε

=

=

=

= =

∑
∑
∑
∑

 

Theorem 6    Let (H,A,C) be a right weak Doi-Hopf 
π-datum such that C is finite dimensional. Then the 
category of  CM(π−H)A is isomorphic to the category 
of 

#A C
M ∗ . 

Proof    We define the functor F:CM(π−H)A→ #A C
M ∗  

by F(M)=M, F(f)=f for an object M and a morphism f 
in CM(π−H)A. 

We define ((1), ) ((0), )[ # ] ( ) Mm a c c m m aα α α
∗ ∗⋅ = ⋅∑  

for any m∈M, a∈A, c Cα α
∗ ∗∈ . 

We claim that the above map is well-defined and 

define an action of #A C∗ on M. In fact, for any a∈A, 
,c Cα α

∗ ∗∈  
 

((1), ) ((0), )

((1), ) ((1), ) ((0), ) ((0), )

((1), ) ((0), ) ((1), ) ((0), )

( # ( # ))

   { ( )

        ( 1 ) 1 }

   ( ( ) ( ) )

   0,

M

A M A A

M M

m a c a c
c m m a

c m m a

c m m a c m m a

α α α

α α

α α α

α α α α

χ∗ ∗

∗

∗

∗ ∗

⋅ −

= ⋅

− ⋅ ⋅

= ⋅ − ⋅

=

∑

∑
 

 

For any ,m M∈ ,a A∈ ,c Cα α
∗ ∗∈ c Cβ β

∗ ∗∈ , 
 

((1), ) ((0), ) ((1), ) ((0), ) ((0), )

((1), ) ((0), )((1), ) ((1), ) ((0), )((0), )

((0), )

( ( # )) ( # )

( ) (( ) )( )

{ ( ) ( )

      }

M M M

M M M

A

m a c b c

c m c m a m a b

c m c m a m
a b

α β

α α β β

α α β β β

∗ ∗

∗ ∗

∗ ∗

⋅ ⋅

= ⋅ ⋅ ⋅

= ⋅

⋅ ⋅

∑
∑

((1), )1 ((1), )2 ((1), ) ((0), ) ((0), )

((0), ) ((1), )

((1), ) ((0), )

( ) ( )

[ # ( )]

[( # )( # )],

(1 # ) ( ) 1 .

M A

A

A I M A

c m c m a m a b

m a b c a c

m a c b c

m m m m

α αβ α β αβ β β

α β β

α β

ε ε

∗ ∗

∗ ∗

∗ ∗

= ⋅ ⋅

= ⋅

= ⋅

⋅ = ⋅ =

∑
∑
∑

∑

 

 

So M is a right #A C∗ -module. 

We also claim  f  is a right #A C∗ -module map. 
In fact, for any ,a A∈ ,c Cα α

∗ ∗∈ ,m M∈  
 

((0), ) ((1), )

((0), ) ((1), )

((0), ) ((1), )

( [ # ]) ( ) ( )

( ) ( )

( ) ( ( ) )

( ) [ # ].

M

M

M

f m a c f m a c m

f m ac m

f m ac f m

f m a c

α α α

α α

α α

α

∗ ∗

∗

∗

∗

⋅ = ⋅

= ⋅

= ⋅

= ⋅

∑
∑
∑
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Because C is finite dimensional, there exists a dual 
basis {xαK,XαK} in Cα and Cα

∗ . It is easy to verify 
 

( )K K K l K lx X x x X Xαβ αβ α β α β∆ ⊗ = ⊗ ⊗ ∗∑ ∑ .  (44) 
 

We define the functor 
#

:
A C

G M ∗ →
CM(π−H)A by 

G(M)=M, G(f)=f for M an object and f a morphism in 

#A C
M ∗ . 

The right action of A on G(M) is given by 
m⋅a=m⋅[a#ε] for any a∈A, m∈M. 

The left comodulelike structure is given by 
 

((0), ) ((1), )( ) [1 #1 ]M
K A A A Km x m Xα α α αρ = ⊗ ⋅∑ , 

for any m∈M.                       (45) 
 
Now we claim that it exactly defines a comod-

ulelike structure. For any α, β∈π and m∈M, 
 

((0), ) ((1), )

((0), ) ((1), )

((0), )((0), ) ((0), ) ((1), )

((0), )((1), ) ((1), )

( )

{ ((1 #1 )

        (1 #1 ))}

{ (1 1 #(1 )

        (1 1 ))}

{ (1

M M
C

K l A A A K

A A A l

K l A A A A A A K

A A A l

K l

id

x x m X
X

x x m X
X

x x m

α α β

β α β β

α α

β α β β

α α α

β α

ρ ρ⊗

= ⊗ ⊗ ⋅

⋅

= ⊗ ⊗ ⋅

⋅

= ⊗ ⊗ ⋅

∑

∑

∑ ((0), )((0), ) ((1), )

((0), )((1), )

((0), ) ((1), )1

((1), )2

((0), ) ((1), )

1 2

#(1 )

        (1 ))}

{ (1 #(1 )

        (1 ))}

(1 #1 ( ))

(1

A A A A K

A A l

K l A A A K

A l

K l A A A K l

K K A

X
X

x x m X
X

x x m X X

x x m

β β

α α

β α βα β β

βα α α

β α βα β α

βα β βα α

⋅

= ⊗ ⊗ ⋅

⋅

= ⊗ ⊗ ⋅ ∗

= ⊗ ⊗ ⋅

∑

∑
∑ ((0), ) ((1), )

,

#1 )

( ) ( ),
A A K

M
M

X

id m
βα βα

β α βαρ= ∆ ⊗

 
 
 
 
 
 
 
 

((0), ) ((1), )

((0), ) ((1), )

( ) ( )
            ( ) [1 #1 ]

            [1 #1 ] .

M
M I

IK A A A I IK

A A A I

id m
x m X

m m

ε ρ

ε

ε

⊗

= ⋅

= ⋅

∑
∑ =

 

 
Obviously f is a right A-linear, and we only need 

to show that f is a right π-C-comodulelike map. In fact, 
for any m∈M, α∈π, 
 

((0), ) ((1), )

((0), ) ((1), )

( ( )) ( ) [1 #1 ]

( [1 #1 ])

( ) ( ).

N
K A A A K

K A A A K

M
C

f m x f m X

x f m X

id f mα

α α α α

α α α

α

ρ

ρ

= ⊗ ⋅

= ⊗ ⋅

= ⊗

∑
∑  
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