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Abstract:

Doi-Hopf datum and weak Doi-Hopf module introduced in (Bohm, 2000), also as a generalization of a Doi-Hopf 7z-module in-
troduced in (Wang, 2004). Then we also show that the functor forgetting action or coaction has an adjoint. Furthermore we explain

The notion of weak Doi-Hopf 7-datum and weak Doi-Hopf 7-module are given as generalizations of an ordinary weak

how the notion of weak Doi-Hopf 7z-datum is related to weak smash product. This paper presents our preliminary results on weak

Doi-Hopf group modules.
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INTRODUCTION

Turaev recently introduced the notion of group
coalgebra as a generalization of an ordinary coalgebra
for the study of Homotopy quantum field theory.
Naturally, as a generalization of Hopf algebra, the
notion of Hopf group coalgebra was defined and used
to construct Hennings-like and Kuperberg-like in-
variants of principal z-bundles over link complements
and over 3-manifolds. It has been shown that some
theories of Hopf algebras can be extended to the set-
ting of Hopf group-coalgebras which one can find in
(Virelizier, 2002).

One of the attractive aspects of weak Doi-Hopf
module (Bohm, 2000; Bohm et al., 1999) is that many
notions of modules studied appear as its special cases.
Motivated by the ideas of weak Hopf algebras and
Doi-Hopf group modules, we want to generalize the
results of weak Doi-Hopf modules to weak Doi-Hopf
group modules.
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The organization of the paper is as follows: in

Section 1 we recall some basic definitions and prop-
erties; in Section 2 we introduce the notion of weak
Doi-Hopf 7z-datum and give some examples; in Sec-
tion 3 we first define the notion of weak Doi-Hopf
m-modules and then state the functor forgetting action
or coaction has an adjoint; in Section 4 we explain
how the notion of weak Doi-Hopf z-datum is related
to weak smash product.
Conventions We work over a ground field £. We
denote by / the unit of the group z. We use the stan-
dard algebra and coalgebra notation, i.e., A is a
coproduct, ¢ is a counit, m is a product and 1 is a unit.
The identity map V from any k-space to itself is de-
noted by idy. We write a, for any element in 4, and [«]
for an element in A =A/ker f, where fis a k-linear map.
For a right C-comodule M, we write p(m)= "m0 ®my;.
For a left C-comodule M, we write p(m)=) m[;;®mq.
For a weak bialgebra B, we have the notations
b'=Ye(1? b)1% and b'=Ye(b12 )17 for any beB.

We let “M(H), denote the category which has
the finite dimensional left weak Doi-Hopf modules
over the left weak Doi-Hopf datum (H,4,C) as objects
and morphisms being both left C-colinear and right
A-linear as arrows.
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Definition 1 A n-coalgebra over £ is a family of
C={C,}4cr of k-spaces endowed with a family
k-linear ~ maps A={A,zCyp—>Ce®Cp}ope. and a

k-linear map ¢:C—k such that for any a,f e,

af.y

@) (id, ®)A,, =(®id A, =id. . ()

(1) (A, 4 ®idq WAy, =lide @A, A, , . (1)

Here we extend the Sweedler notation for comulti-
plication, we write A, s(c)=) Cop1a®capp for any a,
Pemand ceCyp.

Remark 1 (Cj, Ay, €) is a coalgebra in the usual
sense of the word.

We say a 7-C-coalgebra is finite dimensional if
C, 1s finite dimensional for any aex.

Let C={C,, A, €} 4. be a m-coalgebra and 4 be an
algebra with multiplication m, and unit element 1.
For any feHomy(C,, 4) and geHomy(Cj, A4), we de-
fine their convolution product by

[*g=m(f ®g)AupcHomy(Cup, A).

In particular, for A=k, the n-graded algebra
Conv(C, k)= ®,C, is called dual to C and is denoted
by c.

Definition 2 A weak semi-Hopf 7-H-coalgebra is a
{Homa,lo} aern
m-coalgebra {H,,A,p,},pe- satisfying the following

family of algebras and also a

conditions for any a, fen,

(1) A(hg) =A(h)A(g), (1)) =1, 3)
2 A1) =D Lpiasie Dlugiapzs @ lun,
= Zlaﬁla Ol upop ©1p,
= i Byl s ®1, 0 (4)
B) e(x,y,2,) =Y &(x,y,)E(r,7,)
= > &(x,y)E(yz))- (5)

We call a weak semi-Hopf 7-H-coalgebra finite
type if H, is finite dimensional for any aex.
Remark 2  Egs.(4) and (5) imply that the unit pre-
serving property of A and the multiplication pre-
serving property of ¢ are not required. Eq.(4) can be
regarded as a generalization of (A(1)®1)(1®A(1))=(1

®A(1))(A(1)®1)=A2(1) for a weak bialgebra. Obvi-
ously a semi-Hopf group coalgebra is a weak
semi-Hopf group coalgebra and when the group 7 is
trivial it is just an ordinary weak bialgebra.
Definition 3 Let C={C,,Ae},c, be a m-coalgebra. A
right 7-C-comodule over C is a family of k-spaces
M={M,} .. endowed with a family of k-linear maps
{PapMop—MRCp}oper such that the following
holds:

(1) (pa,ﬂ ® idcy )paﬂ,y = (idMa ® Aﬂ,/l )pa,ﬁy ’

for any a, f, yer. (6)
2 (@, ®¢&p,,=id, , foranyaem. @)

THE WEAK DOI-HOPF GROUP DATUM

Definition 4 Let C={C,, A, &}, be a m-coalgebra
and M a k-vector space. A right z-C-comodulelike

(Mﬁ{p(i/[ }aeir )7
pY M —>M®C, is a k-linear map and written

object is a couple where
by pY (m) =Zm((0),M) ®my,,, for any aem, such

that the following holds:

() (p) ®id. )p, =(id, ®A, ;)pu; s
for any a, fem. (®)
@  (id,®e)p) =id,. ©)

Similarly, a left z-C-comodulelike object is a
couple (M,{p)} ), where p :M —>C,®M is

a k-linear map and written by o (m)=>mg ., ®

moym), for any aex. Such that the following holds:

(1) (d., ®p))p) =(A,, ®id,)py,
for any o, fem.
@  (e®id,)p) =id,.

(10)
(11)

Let M and N be two left z-C-comodulelike
objects. A k-linear map fiM—N is called a left z-C-

comodulelike morphism if p, /= (id. ® f)p," for
any a.en.

Definition 5 Let H={H,m,1,Ae} be a weak
semi-Hopf 7-coalgebra and let 4 be an algebra. 4 is
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called a right z-H-comodule algebra if 4 is a right
n-H-comodulelike object (4,{p.},_.). Such that the

oaEen

following holds:

(1) p(ab) = p.(a)p. (b), for any aex and a,beA.

(12)
@ (1, ®4,,01,))p1,)8®1,)

= (PL(L)®L)1, ®4,,(1,,)

=(id, ® A, ,)pp(1,). (13)

Similarly, a left -H-comodule algebra is a left
n-H-comodulelike object (4,{p},..), such that the
following holds:

aer

(1) pl(ab)= p’(a)p.(b), forany aewanda, bed.

(14)
@) (8,,(1,)®1,)1, ® p/(1,))

=1, ® p (1), (1,)81,)

= (A, ®id,)pp, (1), (15)

Remark 3 Eq.(15) implies that the unit preserving
property of p is not required and generalizes
(I®A(1))(p(1) ®1)=(id ,&A)p(1) for an ordinary right
comodule algebra over a weak bialgebra introduced
in (Béhm, 2000).

A endowed with p; is an ordinary
Hj-comodule algebra introduced in (B6hm, 2000).
Definition 6 Let H={H,m,,1,Ae} be a weak
semi-Hopf 7-H-coalgebra and C={C,,A,e},c, be a

m-coalgebra. A couple (C, {(pf} ) is called a left

aen

m-H-module coalgebra where ¢S : H, ® C, - C, isa

k-linear map for any a e if the following holds:

(1) (Cy, 4) 1s a left H,-module, for any aex;
) AS y(h-c)="h, ¢, ®hy-Cyp,

for any a, fen, ceCyp, he Hyp; (16)
() e(h-c)=Y e(l,,-c)e(hl,,),
for any ce Cp, heH,. (17)

Similarly, a couple (C,{@_},_.) is called a right

aer

n-H-module coalgebra where - :C, ® H, —C, is a

k-linear map for any a e if the following holds:
(1) (C,, 9,) 1s aright H,-module, for any aex;

) Agﬁ(c.h)zzcm hy ®Cyy by,

for any a, fen, ceCuy, he H,p;  (18)
(3) &lc-h)y=>Y e(c-1,)e(, h),
for any ce Cy, he H,. (19)

Remark 4 Eq.(19) implies that the multiplication
preserving property of & is not required and C; en-

dowed with ¢, is an ordinary Hi-module coalgebra

introduced in (Béhm, 2000).
Remark 5 In contrast to the case when H is a Hopf
group coalgebra, the unit preserving property of {p,}
and the counit preserving property of {p,} are not
required.
Example 1 Let H={H,,mq1,A,c} be a weak
semi-Hopf 7-H-coalgebra. Then (H,{m!}
right 7-H-module coalgebra.
Definition 7 Let H={H,,m,1,Ae} be a weak
semi-Hopf zn-coalgebra. A triple (H,4,C) is called a
right weak Doi-Hopf group datum or a right weak
Doi-Hopf z-datum if 4 is a left z-H-comodule algebra
and C is a right z-H-module coalgebra.

Similarly, a triple (H,4,C) is called a left weak
Doi-Hopf group datum or a left weak Doi-Hopf
n-datum if 4 is a right z-H-comodule algebra and

) is a

(24~

C is a left 7-H-module coalgebra.

We call a weak Doi-Hopf group datum (H,4,C)
finite dimensional if H, A, C are all of finite dimen-
sion.

Remark 6 Ifthe group = is trivial, then they are just
the notions of weak Doi-Hopf datum introduced in
(Bohm, 2000).

Example 2 Let H={H,m,1,Ac} be a weak
semi-Hopf z-coalgebra such that H,,=H, for a fixed
element Aex and any aex. Let A=H, together with the

(ol H, ~>H,®H,} given by p!(h)=3h, @,

for any heH,, aen. Let C=H together with the
{my} ger it is not hard to verify that the triple (H,4,C)
is a left weak Doi-Hopf group datum.

Similar to 1.3.4 in (Virelizier, 2002), we have:
Lemma 1  Let H={H,m,,1,A,e} be a finite type
weak semi-Hopf 7-H-coalgebra. Then the z-graded

algebra H  =®_H, dual to H inherits a weak bial-

gebra  structure by setting  A'(f)=m, (f),
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e(f)=rQ,) forany aer, feH,.

Theorem 1  For a finite dimensional right weak
Doi-Hopf z-datum (H,4,C), the triple (H*,C*,A*) is a
left weak Doi-Hopf datum which we call the dual of
(H,4,C) with the right coaction on every summand

p.:C;—>C, ®H, given by p, (/)= fiy® f
=Y X%, > f®X,, for any aem, feC,, where
(x,4,X,c) is a dual basis in H, and H,, and
(h>f)(c)=f(c-h) for any ceC,, heH,, the left
A-module by (fg)(a)=

Yfaqmiglaa} forany feC,,ged’, aed.
Similarly, for a finite dimensional left weak
Doi-Hopf z-datum (H,4,C), the triple (H ,C",A") is a
right weak Doi-Hopf datum which we call the dual of
(H,4,C) with the left coaction on every summand

P, :C, > H,®C, PdN=2I1®%0)
=Y Xux®f<ix. for any aex, f € C, , where (x_, X ;)
is a dual basis in H,and H, , and (f<h)(c)=f(h-c) for
any ceC,, heH,, the right A-module structure is

given by (gN@=2fam.niglaw.} for any
feH:, ged' acA.

Proof Firstly we claim that p,(f)=) x.x >f ® X,k for

structure is  given

given by

any a €z and f €C, exactly defines a right coac-

tion. In fact,

(id . ®N)P(f)= D Xus > f O Xy ® Xz, (20)

(P, ®id, )P, ()= %0 > (3, > IO X, OX,,.
@1)

For any h, geH,, ceC,, from Eqgs.(20) and (21)
we get

Z (xaK > f)(C)XaKl (h)XaKZ (g)
= f(c-hg)= f((c-h)-g)
= (e B (o > NOX i ()X, ().

So (id.. ®A,)p, =(p, ®id,.)p, .
Itis very easy to verify (id . ® ¢)p, =id,. .

Secondly we claim that C is a right

H'-comodule algebra.

Forany a, fen, f€C,,geC,,
paﬂ(fg) = Zxaﬂk > fg® Xa/}K‘
P (Pp(Q) =D (e > )Xy, > ) B X, X, (23)

(22)

From Eqs.(22) and (23) we have

3 (G > 1) B NN X 5, B

= (e & SN, B €)X 5, () X i (B,
= [ )& hyy) = (R h)

=(D %k > 12) ()X e (1),

So Eq.(22)=Eq.(23).
Now we show
(id. ®N )p(e)=(id.. A (") (p(e)®&").
(24)

For any ceCy, h, ge H;, we have

(id. N (e")(p(E)®e"Nc®h® g)
=" (e > ENEE X )MNE Q)
= & (c-xp)e" ()X (hy)
=Y &%c-h)e" (hg) = (c-hg") =& (c- hg)
=(id.. ®N )p(e)Nc®h®g).

Next we claim that 4" is a left / -module. In fact,
forany feH,, geH,,a €4 ,acA,

(f(g-a))a)

=2 T (@0,0)& @)1y, oy ay00.0)

= D (1)1 )8 (A1) ) (G 4)) = (f2 - 0" )(@),
(s-a")a) =) &(ag ;)a (ag.) = a'(a).

Finally we claim that 4° is a left H -module
coalgebra.

For any feH,,a €A, a, be 4,

(A(f-a"))a®b)=(f-a")ab)
= Zf ((ab)((l),a))a*((ab)((o),A))
=>h (@30S (b)) (a0,.4))5 (Bo1))
:Z:(f1 ca; ® f,-a,)(a®Db).
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Forany feH,, a" € A", aer,

e(f-a)= 25*(1,{;1 -a e (f1,.,)
= Zf(lala ) sataz)” Lyor.a)
= Zf(lA«l),a)la L1208 L))
=2 [ i) (yoa) =6 (f - a°),

THE WEAK DOI-HOPF MODULES

Definition 8 A k-space M is called a right weak
Doi-Hopf n-module over the right weak Doi-Hopf
n-datum (H,4,C) if it is a right A-module and at the
same time a left 7-C-comodulelike object such that
for any meM, acA, aen,

M
Py (m-a)= Zm«m,m “ Aoy O My1y0) " tyay- (25)

Similarly, A k-space M is called a left weak
Doi-Hopf z-module over the left weak Doi-Hopf
n-datum (H,4,C) if it is a left A-module and at the
same time a right z-C-comodulelike object such that
for any meM, a€A, aem,

M
Py (a-m)= Za([O],A) M1y @ Ay gy My - (26)

Definition 9 Let M and N be two right weak
Doi-Hopf 7-modules over the right weak Doi-Hopf
n-datum (H,4,C), a k-linear map f:M—N is called a
right weak Doi-Hopf z-module morphism if the fol-
lowing holds:

(1) fis a right A-module map;

(2) fis a 7-C-comodulelike map, i.e.,

Py f=(d, ®f)p,', foranyaex.  (27)

Similarly, a k-linear map fiM—N is called a left
weak Doi-Hopf z-module morphism if the following
holds:

(1) f is a left A-module map;
(2) f is a m-C-comodulelike map, i.e.,

P, f=(f®id. )p,, foranyaex. (28)

“M(z—H), denotes the category which has finite

dimensional right weak Doi-Hopf z-modules over the
right weak Doi-Hopf z-datum as objects and right
weak Doi-Hopf z-module morphisms as arrows.
Similarly, the category ,M(z—H)“ which has the
finite dimensional left weak Doi-Hopf z-modules
over the left weak Doi-Hopf z-datum as objects and
left weak Doi-Hopf z-module morphisms as arrows.
Let "“M denote the category which has left
n-C-comodulelike object as objects and left comod-
ulelike maps as morphisms.
Example 3 Let H={H,m,1,Ac} be a weak
semi-Hopf z-coalgebra such that H,=H,, for a fixed
element Aex and aex. Let (H,H;,H) be the same as

Example 2 and let M =H,, p,' = A}, and we de-
fine the left action of H; on M by the left multiplica-
tion of H, it is not hard to verify that M is a left weak
Doi-Hopf z-module.

Theorem 2 Let (H,4,C) be a finite dimensional right

weak Doi-Hopf z-datum and (H',C",4) its dual. Then
the category “M(z—H), and o MH )" are equiva-

lent.
Proof  Firstly we define a functor G:“M(z—H),—

- M (H")* . For any Me“M(z—H),, we put G(M)=M"
with the right coaction of A on M given by
P =D fig ® fiy =D a4 > f ®d", where {a, '}
is a dual basis in 4 and 4", and the left C"-module
structure is given by (g-u")(m)= Zg(m((l)’a))
xu" (m

o) foranyaer, geC,,u"eM’, meM .

Obviously M is a right A -comodule. Now we
only show that M is aleft C"-module. For any a, fer,

€Cy, feC,,u"eM", meM,

(g-(f-u)Nm) =2 g(m , )(f-u" ) mg i)
=28, 1)) (0, pryr0)4” (M snran))
= Zg(m«l),ﬁa)lﬂ)f(m«l),ﬂaua " (M, 01))
=(gf -u")(m).
And, we claim that the compatibility condition
holds, i.e., p(f u") =) fo, “ty ® fy, -uy. In fact,
forany feC.,u" e M ,meM, acA,

Z(fm) Uiy ® iy -ty )(m ® a)
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=2 oo M)y (i, Voog (0,00 D (G )
= Zf M1y A M (M) 01) * Goyy)

=D f((m-a) )" (m-a) o))
=p(fu)(m®a).

For any fM—Ne“M(z—H),, we define G(f)=f",
where /' means the transposition of linear map. It is

easy to prove f' e C*M(H*)A*.

Next, we define a functor F: M H)" >
“M(z-H),. Let FM)=M" forany M e .M(H")",
and we define the right action of 4 on M by
(u*-a)(m):me(a) u'(my,;) for any aed, u'eM,
where p(m)=) m®my; and a comodulelike structure

P M —C,0M} by p)f ()= x, ®u <X,

ak

* sk .
forany u eM ,meM, acr, acA, where {x.x, Xk} 1S
a dual basis in C, and C, .

Obviously M isa right A-module, here we only
show M is a right z-C-comodulelike object. For any

GC;, feC.,meM,

(A, ®id,.)pp W) f ®g®m)
= 2 s )& Xz 4 (X g =)
=D S (Xp)EF W (X gy - (X -m)
={(d,, ® p," )py (WS ®g®m)
(e®id,.)p" Yu)(m)}
= (e, W (X, -m) = (u” )(m).

And, we claim that the compatibility condition

holds, i.e., p(u ~a)=Zu o) 4o O @) day

Z(“*«O),M*) “oy. OU (10 " Uiy (M B )
= D" X ) a) ) (X -y )
=2 1" (A & ) 1) (@)
= -a)(f-m)=pu -a)(m®a),
forany u" e M, meM, acd, f€C,.

For any f: M—Ne C.M(H*)A* , let F(f)=f". One

can easily verify that “M(z—H), and o MH )" are

equivalent via the functors /" and G.

Theorem 3 Let (H,4,C) be a right weak Doi-Hopf
7-datum. Then the forgetful functor F:“M(z—H),
— M, has a right adjoint functor.

Proof Before defining a functor G:M, A—>CM(71"—H)A,

we firstset @) :C,®M - C, ®M,

M
@ (c®m)= Zc Ly @M 1yora

for any aen, Me My, ceC,,meM. (29)

. M N2 M
Then we claim (@, )" =@, .

In fact,

M N2
(@, ) (c®m)
_ . ' . '
= Zc Lyl iy @M Loyl agor.a)
M
= Zc . lA((l),a) Om- IA((O),A) =@, (c®m).

So we can define GM)=®,G(M), where
G(M),~(C,®M)/kerm" . As a k-space, the right ac-
tion of 4 on G(M), given by [c®m]-a=
Z[c-a((lm) ®m-a, ,] for any aed, aer, meM,
ce(C,, and the left 7-C-comodulelike structure is de-

fined by {p; """ :C,, ®M —»C, ®C, @M},
py " (le®m) = ¢, ®le,, ®ml,

for any meM, a, fen, ceCg,.  (30)

Firstly we claim that the above action is
well-defined. In fact, for any meM, ceC,, a,beA,

(@ (c®m)—c®m)-a

= Z (e Vi) Gya @ (M- 1,0, 1)) oy

—c-a @m-a((o)’A)}

()
= Z (€ )0y @m-ayg) 4y =C a0 Om-a 41 =0,
([c®m]-a)-b

= Z(C “Anya) Dy € Uy © (M- a0y 1)) Doy

= ZC “(ab) 1)) ®m - (ab) o) 4,

= [C ® m] . ab.

So G(M) is a right A-module.
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Secondly we claim that the above comodulelike
structure is well-defined. In fact, for any ceCg,
meM,

(id, @@ )Py (@ (c @ m) —c®m)

e . . !
= Z{Cw Liypans ® 2 Lury parpal sy

’
®m 100 s ~Cp © 2 Ly @M1y}

= Z{Cw Ly @ Lo i

®m 140,400 L ~Cip @2 Lia) @M Lyor.ny
= Z{Cm '1A((1),,3a)1ﬂ ®c,, '1A((1),ﬂa)za ®m- 1A((0),A)
Ay BM-1
= z{cl 5 B Liay &1 104
®m-1

—Cip ® Coy 1 A((O),A)}

—¢;®c, -1
=0.

A((1),a) A((O),A)}

For any ce Cgyq, meM,

(ide, ® p;"")p,"" ([c®@m])
= chﬁ ® cZ;/al;/ ® [CZyaZa ® m]
= chﬂylﬂ ® Cigy2y ®[c,, ®m]

=(A,, ®idy,, Py " ([c @ m]).

So G(M) is a left z-C-comodulelike object.
Thirdly we claim that the compatibility condi-
tion holds. For any meM, ceCg,, acA,

2le® M. % @LE®M 0601, U0.0)

=2 Cp Ay Oles, Oml-agg,

= chﬂ "1y p) Ol " U0y i) M oy a0
= Z(C "1y ) g OLC A1 ey )1y O 4]
=py([c®m]-a).

Therefore G(M)e“M(z—H)..
Finally for any f: M — N € My, G(f) = ©,G(f),,
where G(f): G(M),—G(N),,

G(f),([c®m])=[c® f(m)], for any meM, ceC,.
€1y

We claim G(f), is well-defined. In fact, for any

meM, ceC,,

@, (G(f), (@, (c ®m)—c®m))
=2 L Vi © L1 L) Vigonn
= Ly @ S (m-10,.4))5
=2 {e L) S m140,0)
= Lyya) O S (m10,0))5
=0.
And, we also claim that G(f), is a right 4-module

map and a left 7-C-comodulelike map. In fact, for any
meM, ceC,, acA,

G(f),([c®m]-a)= Z[C “A1).a) ® f(m- a((O),A))]

= Z[C Aty ® f(m)- 0.0
=G(),([c®m])-a.

For any meM, ceC,,

PN (G(f) gy ([ ® m))
= cha ®[c,; ® f(m)]
=(id. ®G(f),)ps"" ([c ®m]).

We still need to prove that /' and G are adjoint
functors. We define the unit natural Homomorphism
G :id —>GoF and the

M(mott), natural

counit

Homomorphism 7:F oG —id, by the following

formulas:

8, M —>G(M),

Sy (M) =D iy o @i ). (32)
7, :G(N)> N,
74 (@le, ®n,)=(e®id, )| g (33)

The existence of 7y comes from the fact that

(H,,m,,1,,A] ,&") is a usual weak bialgebra and
(C,,A7,,€%) is a usual coalgebra. We still have to
show for any MeM,, Ne “M(z—H),, G(z,,)9,
idgy, and 7, F($y) =id -

o =
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In fact, for any ®,(C,®M,)e G(M),

G(zy, )‘gG(M) ®,(c, ®m,))
=G(1))Y 4 0(Cy ®®, (¢, ®m,))

= Z&‘(Cu )@, (¢c,, ®m,))
=@, (c, ®m,).

For any nehl,
TF(N)F(IgN )(n) = 2‘9(”((1),1))”((0),1\/) =n.

Thus we complete the proof.

Theorem 4 Let (H,4,C) be a right weak Doi-Hopf
7-datum. Then the forgetful functor F:“M(z—H),—
™M has a left adjoint functor.

Proof Its proof is dual to Theorem 3, here we only
give the construction of the right adjoint functor of F.
Before defining the functor we first define a k-linear
map for any Me™ "M, §:MRA—M®A,

o(m®a)= Zg(m«l)y,) “ . Monan ® oy sy 34
We claim 6°=6. In fact, for any meM, aeA,

S’ (m®a)
= 24801y @, JE 05000y Aoransy)
X Mo oy ® or axor )
= Z{g(’"«w/ iy, E My 11+ Gy iyr)
X Mgy 1y ® Gy )}

= 25 (1) = @, )Mopary @ G o)1)
=0(m®a).

So we can define the adjoint functor
G “M—“M(z—H), by G(M)y=(M®A)/ker 5, G(f)=/®
id, for an object M and a morphism f in ™ “M. The
action of 4 on G(M) is given by [m®a]-b=[m&ab].
The left z-C-comodulelike structure is given by

P, ((m®a)) = Zm«n,a) "1y .0y @ [Mi0)01) @ o)) -
(35)

We claim that the above action is well-defined.
In fact, for any meM, a, beA,

o(m®a)-b—o(m®a)-b)
= 2(m 1, (ab) 1y ) W0y) @ (aD) o)y
= 2 {e(my 1y ,)E @0 sy
(@0, 0D) .00 mx0r00) B (oD 0,04
= 2601, * Gy 0.0 0100 ® G0y B
= 2 e(m 1y ) e savnn
oy, a0 P M0 © oy 000000}
= Zg(m«l),n Ay, nbinn Mo ® 40000
- Z {g(m((l),l)ﬂ "y, 21 )g(m((l),l)ll

“ @b )Monan ® oyl )
=0.

We claim that the above comodulelike structure
is well-defined. In fact, for any ae A4, meM, aen,

p,(m®a—-5(m® a))
= Zm«l),a) () OMoy00) B o 1)
- Z () 1y @y Moy a e
"o axrer B Mormorin ® Gy axonn s
= Zm«n,m () OMoy00) B o)1)
- Z MG it * Ayt My e

“Atyaa @ Moyan @ Aoy}
=0,

(8, ®id,) P} (Im®al)

= Z{(m«l),ﬂoo "ty pay g ® (M) gy

"1y pay)2a B Myoyary @ Aoy}

= Z{m«l),ﬂanﬂ "y payp © M1y para

"1y parza @ Moy © Aoy )

= Z{m((l),ﬂ) "y 5y © Moy a1
"oy @ Moo @ Aot
. M M
=(idc, ® p, ) py ([m@al).

We still claim that the compatibility condition
holds. In fact, for any aen, meM, a, be A,

2m® ) ey b O @ al o 5755 bioy 4y
= Zm((l),a) "By LMo,y © oy, ] Do) 1)

= z {g(m((O)M)((l)J) ’ a((O),A)((l)J)b((O),A)((l)J) )m((l),a)
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"4 Pr.ay B LM opary000) B Aoy axor.P0).4x0.0 13
= Zm((l).a) "y Diy.er LMo,y ® 0y, 0004

=p((m®a]-b).

The unit and counit natural Homomorphisms

G, ,:id ,. >FoG and 7, :GoF —id are
M M N

M(z-H),

given by

&y (m) = Za(m«,),,) L. Monary @ lioysy> (36
Ty([n®al)=n-a. (37

We have to show for any Ne “M(z—H),, Me M™ €,
F(t )9y, =idpy, and 75,,G(3),)=id;,, .

In fact, for any [m®a]e G(M),

TG(M)G(‘gM N[m ® a])
= 24801y @ L) EM 0y ar0) " Firaxann))
Lm0, ax0.10) © For.ax0r.0 Lor. 1}
= z {5(’"((1),1)2 “Ay.n2 )‘9(’"((1),1)1 ) a((l),l)l)
o1, © oy, 13
=[m®al.

For any nehl,
F(2y) 3, (1) = Z‘g(”«l),m . Mo Lo =1

Thus we complete the proof.

THE WEAK SMASH PRODUCT

Lemma 2 Let (H,4,C) be a right weak Doi-Hopf
n-datum, then y,: A®C, > A®C, given by

2a® )= 1008 ® Ly > (38)
for any aed, f €C, is aprojection, i.e., y. =y, .
Lemma 3 Let (H,4,C) be a right weak Doi-Hopf

n-datum, then

i . !
ZlA«O),A)a L) = Za«om ® a1y »

for any aeA. (39)

hbfg:Z(hla Df)(hZﬂ >g),

forany he H,,,fe€C,,geC,. (40)

ap >

Proof Eq.(40) is obvious, we only prove Eq.(39).

Z"«O),A) ®ay,,
= Z 1A((0),/4)a((o),A)g(llllA((l)J) a((l),l) )112
= Z L@, © €L, n)EWuqyn2 ayn i
= Z {1A((O),A)((O),A)a((O),A) ® 8(1”1/4((1),1)1)
X &Ly 0y, ax.n Ay i}
= Z 114((0),/4)((0),/4)‘1 ® 8(1111/4((1),1) )112
= 21/4((0)~A) ® 11/4((1),1)'
Given a right weak Doi-Hopf z-datum (H,4,C),

we define A#C* =@®(A®C,)/ker y,) as a k-space

and its multiplication by

[a# f1[b#g]= Z[a((o),A)b#f(a((l),ﬂ) >g)],
forany a, be 4, feC,,geC,, a,fer (41)

Theorem 5 Let (H,4,C) be a right weak Doi-Hopf

m-datum, then A#C” is an associative algebra with
the unit [1 #¢].
Proof First we claim that the above multiplication is

well-defined. In fact, for any a, bed, feC,, geC,,

a, fen

Xop((a#t [ =y, (a# [))D#g))
= D Ao, b # [ (a5 > N0y D014
Xb#( 1,0 > I sy Dirr.p0 > )3
=2 (@) b # [ @y 5 > ) = Loy axonn %o
XLy & S Laor.axcr. Uy > 8
=D (@, b # (@, 5 > )~ yop.0Gor0
XM Lyiapya ™ i apap Aanp > &)
=D {(@.0b# f(ag,5 > 8))
= Lior.n 400D #Laqap > S (@ 5 > D}
-0,
(a#t f)bH#HG — x,(b#g))
=D (@, b # [ (@, ) > 2))
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- (a((O),A) lA((O).A)b#f(a«l),ﬁ) 1A«l)ﬁ) >8));
= Z {(a((o),A)b#f(a((l),ﬂ) > g))

- (a((O),A)b #f(a((l),ﬂ) > g))}
=0.

Therefore it is well-defined.
Next we claim that it is associative. In fact, for

any a, b, ce d, feC,, geCyuecC,,

([a# f1[b# g]D[c#u]

=2 (@ 0,00) 0,7 S (@)p) > &)
(a0, D) 1y) > 1)

=2 {80,008 # f (@5 > &)
(@) 00 Piryy > W3

= Z 10,000, # (@ g1 > 8)
@y g2, Dy > WY

=2 @B (a0, 3, > By > 1)

=D [a# f1(be, 1 c#2 (B, > 1)

=[a# f1([b#g][cHu]).

Obviously
la# f1L, #el=[1, #ella# f1=[a# [].

Lemma 4 Let (H,4,C) be the same as mentioned
above, then we have:

[atte][b#e]=[ab#e], forany a, beA. (42)

[, #f10,#g]=[1,#/g],forany f €C,,g € C}.
(43)

Proof

[a#el[b#e]l =) [a 4P H a0 > €]
= > yqorn @b#ly ) o, > €1 =[abie],
(L # S0 #81= 2 i S Qi) > 8]
=2 Lo #f Warp > Eaoaxann > &)
= 2 Wi 2 s ® O Lay e > 6]
=D o B Ly > =11, # f2].

Theorem 6 Let (H,4,C) be a right weak Doi-Hopf
m-datum such that C is finite dimensional. Then the
category of “M(z—H), is isomorphic to the category
of M—.

a#ct’

Proof We define the functor F:“M(z—H),— M—

A#C*
by F(M)=M, F(f)=f for an object M and a morphism 1
in “M(z—H),.

We define m-[a#c;]ZZC;(m«n,a))m a

(QF
foranymeM, acA, c, €C, .

We claim that the above map is well-defined and

define an action of A#C” on M. In fact, for any ae4,

* *
c, eC,

m-(a#c, — y,(a#c,))
= Z {ea (M) )Moy, - @
-c, (m((l),a) '1A«1>,a))m(<0),M) 'lA(<0>,A) aj

= Z (€ (M1, ) )P0, 01) * @ = Co (M1 ) )P0 011~ @)
= O’

Forany me M, ae 4, c,€C,, c, €Cy,

a

(m-(a#c,))-(b#cy)

=2 (1) )5 (0 00y = Dy, ) Poy0) * Dorany =0

= 2 A€ (4, 0D (M0, w0 G ) or e xon
“Aqoy.a "D}

= an 1) e ) Mty o * Gty )My~ Gior, P

=2 4, yb# (g g > €))]

= m-[(a#c))(b#cy)],

m-(1,#e) =Y e(mg, Mg -1, =m.

So M is aright A#C" -module.

We also claim [ is a right 4#C" -module map.

In fact, forany ae 4, ¢, €eC,,me M,

SOm-[a#e, D)= f (Mo u, - @), (M o)
= Zf (7 oy00)) - AC (M1 )
= Zf(m)«ow) ~ac, (f(m) )
= f(m)-[atc,].
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Because C is finite dimensional, there exists a dual

basis {x.x, Xk} in C,and C; . It is easy to verify

D A ) BN e =D X, By ® X, X (44)

We define the functor G : M- e —>CM(7T—H) 4 by
G(M)=M, G(fy=f for M an object and f'a morphism in
e’
The right action of 4 on G(M) is given by
m-a=m-[aFte] for any ac A, meM.

The left comodulelike structure is given by

p,iw (m) = Zxak m- [lA((O),A) #IA((I),a) > X ],

for any meM. (45)

Now we claim that it exactly defines a comod-
ulelike structure. For any a, fex and meM,

. M M
(id .. ® p; )Py
= z{xﬂk Q®x,, @m- ((IA((O),A) #IA((I),ﬂ) > XﬂK)
Loy #laray > X))

= Z{xﬂk ®x,y @ m- (1 0y, 0.0 Lacor.ay Flarp) > Xpc)

: (1A((0),A)((]),a)1A((l),a) > Xal ))}

=2 % @ - (Lo, o HLupy > Xprc)
Ly > X}

= Z{xﬁk ®x,y @ m- (L oy, Huty parip > X i)
Wiy porza > X))}

=D % @y @ (L) # Ly py > (X * X))

=2 Xpakrp e O Woy #Lay iy > X k)

= (A, ®id,)pg, (m),

(e ®id,)p," (m)
= ZS(JC,K m '[IA((()),A) #1,4((1),/) > X ]
=2 m- [y # L > lFm.

Obviously f'is a right A-linear, and we only need
to show that f'is a right z-C-comodulelike map. In fact,
for any meM, aemn,

polzv (f(m)) = Z'xal( ®f(m)'[1A((0),A) #IA((I),a) > X,.]
= Zxal( ®f(m'[1A((0),A) #IA((I),a) > X1
=(id . ® [)p, (m).
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