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Abstract: The authors numerically investigated the characteristics of surface plasmons excited on a thin metal grating placed in
planer or conical mounting. After formulating the problem, the solution method, Yasuura’s method (a modal expansion approach
with least-squares boundary matching) was described. Although the grating is periodic in one direction, coupling between TE and
TM waves occurs because arbitrary incidence is assumed. This requires the employment of both TE and TM vector modal func-
tions in the analysis. Numerical computations showed: (1) the excitation of surface plasmons with total or partial absorption of
incident light; (2) the resonance character of the coefficient of an evanescent order that couples the plasmon surface wave; (3) the
field profile and Poynting’s vector. The plasmons excited on the surfaces of a thin metal grating are classified into three types:
SISP, SRSP, and LRSP, different from each other in the feature of field profile and energy flow. In addition, the eigenvalue of a
plasmon mode was obtained by solving a sequence of diffraction problems with complex-valued angles of incidence and using the

quasi-Newton algorithm to predict the real angle of incidence at which the absorption occurs.
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INTRODUCTION

It is widely known that a metal grating supports
plasmon surface waves in the optics region (Raeter,
1982; Nevier, 1980). Excitation of a plasmon surface
wave causes resonance absorption, which can be
observed as partial or total absorption of incident light
accompanied by an abrupt change of diffraction effi-
ciency called resonance anomaly.

If the grating is thick enough, the surface waves
can be excited on the lit surface alone and the surface
waves in this case are called single-interface surface
plasmon (SISP). While if the grating is thin, which is
the case we are interested in, simultaneous excitation
of plasmon surface waves on both the surfaces occurs.
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The plasmons interact with each other to form two
types of coupled plasmon modes: a short-range sur-
face plasmon (SRSP) and a long-range surface
plasmon (LRSP).

When a thin metal grating is illuminated by a
monochromatic plane wave, resonance absorption
occurs at the angles of incidence at which the SRSP
and LRSP are excited. The angles are called reso-
nance angles and are determined by the phase-
matching condition: The phase constant of an eva-
nescent order agrees with the real part of an eigen-
value of a plasmon mode. Because the coupled modes
are different in eigenvalues, two absorption dips
corresponding to two coupled modes are observed.

In the following sections we first formulate the
problem of diffraction by a thin metal grating as-
suming that the grating is placed in conical mounting.
That is, the plane of incidence spanned by the incident
wavevector and the grating normal is assumed to
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make an arbitrary azimuth angle with the direction of
periodicity. If the azimuth is zero, the placement is
termed planer or classical mounting. In a planer
mounting case the resonance absorption can be seen
for TM-wave (p polarization) incidence alone. While
in a conical mounting case, it is observed for both
TE-wave (s polarization) and TM-wave incidence.

After describing the problem, we introduce
briefly the solution method: Yasuura’s method (Ya-
suura and Itakura, 1965; 1966a; 1966b; Yasuura,
1971; Okuno, 1990). It is a modal expansion approach
combined with least-squares boundary matching.
Approximate solutions inside and outside of the metal
layer are defined in terms of linear combinations of
vector modal functions with unknown coefficients.
The coefficients are determined in order that the so-
lutions satisfy the boundary conditions in the least-
squares sense.

On the other hand, by solving a sequence of dif-
fraction problems with complex-valued incident angles
and using the quasi-Newton iteration algorithm, we
can find the eigenvalues of the plasmon modes. Having
the eigenvalues of a grating, we can predict the reso-
nance angles by applying the phase-matching condition.

Numerical computations were carried out for a
relatively thick (the thickness to period ratio is 0.4 and
the period is a little less than the wavelength) and two
thin gratings (the ratio is 0.08 or 0.02). After ob-
serving the resonance absorption as dips in efficiency
curves, we show the resonant character of the modal
coefficient of an evanescent order, the field distribu-
tion, and energy flow. Besides, we illustrate the
thickness dependence of the eigenvalues obtained by
the iteration procedure. Prediction of the resonance
angles from the eigenvalues agrees well with the
numerical result for the diffraction problems.

FORMULATION OF THE PROBLEM

Fig.1 illustrates the schematic representation of
diffraction by a thin metal grating. The grating is
uniform in y and is corrugated in x with a period d.
The grating has an upper and a lower surface, which
are given by

{Sl: z, =1,(x) = hsin(2nx/d),
S,z =m(x)=n(x)—e,

(b)

Fig.1 Schematic representation of diffraction by a thin
metal grating. (a) Conical mounting; (b) Planer mounting

where e and % are thickness and amplitude of the
grating. Note that (x,z) denotes a point on the surface
of the grating while P=(X,Z) denotes a point inside a
region. The surfaces separate the whole space into
three regions: Vi [Z>m(X)], V> [m(X)>Z>m,(X)], and
V3 [Z<m(X)]. We assume that the region V; is occu-
pied by a metal with a complex-valued refractive
index n, and that regions V; and V3 are vacuums
(m=ns=1).

The electric and magnetic field of an incident
light are given by

Ei i o )
{ e } (P)= Le, } exp(jk' - P - jot), )
and

h =1/ ou,)k' xe', ©)

here, €' is the electric field amplitude, h' is the mag-
netic field amplitude and &' is the incident wavevector
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defined by
ki=(a,ﬂ,—]/), (4)

where a=nksinbcosg, [=nksinésing, y=nikcosé,
and k=2m/A.

As shown in Fig.1a, @ is the polar angle between
the z axis and the incident wavevector k', and ¢ is the
azimuth angle between the x axis and the plane of in-
cidence. When ¢=0 in Fig.1a, the incident light comes
from a direction orthogonal to the grooves as shown in
Fig.1b. This arrangement is called planer or classical
mounting, in which the diffracted waves propagate in
directions in the plane of incidence. While if ¢#0 as in
Fig.1a, the directions in which the diffracted waves
travel lie on a cone centered at the origin. This is
termed conical mounting. Because the planer mounting
is a special case, we confine ourselves to the conical
mounting case in the following discussion.

Let us decompose the electric amplitude e' of the
incident light into a transverse-electric (TE) and a
transverse-magnetic (TM) component. Here, the TE
or TM means the absence of the z-component in the
relevant electric or magnetic field. To do this we first
define two unit vectors that span a plane orthogonal to
K taking into account that ¢' is on that plane:

{eTE = (sing,—cos¢,0), 5)

e™ = (cosfcos¢,cosBsin g, sin ).

Apparently, e'" has no z component. The fact that the
magnetic field accompanying e cannot have any z
component is seen by direct manipulation. In addition,
they are perpendicular to each other and both of them
make a right angle with &'. Hence, e'* and e™ are the
unit vectors in the directions of the TE and TM
component in the sense above. The electric field am-
plitude €' is decomposed as

e'=e™ cosd+e™ sin g, (6)

where &is the angle between e'" and ¢ (Fig.2) and is
termed a polarization angle. In particular, =0 and
o=n/2 stand for TE (or s) and TM (or p) wave inci-
dence. Thus, the incident light is specified by a
wavelength A, an azimuth angle ¢, a polar angle 6,

and a polarization angle &. The time factor ¢ ' will

be suppressed hereafter.

Fig.2 Definition of a polarization angle

We denote by E{(P) and H{(P)the diffracted

electric and magnetic field in V; (=1, 2, 3). They
satisfy the following requirements:
(D1) Helmholtz’s equations in each region;
(D2) A periodicity condition that fX+d,Z)=
& X,Z), where f denotes any component of E{(P)

40 py.
or H;(P);

(D3) A radiation condition in z that the diffracted
field in V; (or in V3) propagates or attenuates in the
positive (or negative) z direction;

(D4) The boundary conditions that the tangential
components of the total electric and magnetic fields
are continuous across the boundaries S; and S;.

METHOD OF SOLUTION

We employ Yasuura’s method (Yasuura and
Ttakura, 1965a; 1996a; 1966b; Yasuura, 1971; Okuno,
1990) in solving the problem above on a computer,
the method which is a modal expansion approach
combined with least-squares boundary matching.
Because the diffracted fields have both TE and TM
components, we need TE and TM vector modal
functions to construct solutions. The vector modal
functions are derived from the Floquet modes (sepa-
rated solutions of scalar Helmholtz’s equations sat-
isfying the periodicity and the radiation condition)
and are defined by

P (P)=elt exp(jk,, - P)

Jjm

ith TE _ k . . (7)
wit ejm _( jm ><lz)/| kjm Xlz |’
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9, (P)=e, exp(jk,, - P)

jm

(®)
with e} = (e, xk,,) / |e;f xk,,|,
m=0,+1,£2, ... (PeV,,j=12,3).
Here, i, is a unit vector in the z direction and
klm :(am’ﬂﬁylm)’ k2m :(a)n’ﬂﬂszZm)J (9)

k3m :(am’ﬂ’_}/?sm)

are the wavevectors of the mth order space harmonics
in V; with
o, =a+2mn/d, (10)

and

7]2m :(njk)z - (0[; +ﬂ2)’ Re(yjm) 2 O> Im(y]m) > 0.
an

Note that ¢, and ¢;" modal functions will be em-

ployed in constructing approximations for the dif-
fracted electric fields. For the magnetic fields we
define

v (PY=(op,) 'k, x 9%, (P) (¢=TE, TM; j=1,2,3),
(12)

which are obtained from ¢f, through Maxwell’s

equations. Note further that the modal functions in V;
are up-going plane waves while those in V5 are
down-going. The modal functions in V,, however,
include both up- and down-going waves. To distin-
guish the travelling direction of a modal function in
V>, we use superscripts ‘+’ and ‘—’ representing up-
and down-going waves.

We form approximations for the diffracted
electric and magnetic fields in regions V; (=1, 2, 3) in
terms of finite linear combinations of the TE and TM
vector modal functions:

E¢ N TE
{ o }(P) =>4 (N)V%}(P)
m==N 1m y (13)

v ASEA(N)[;KM}(P),

Im

E;N _ 5 e (Psz+
{ e } (P)= Z 4, (N){ } (P)
- T™M+ gp;rrl:z/H
+ Z A2m (N)|: TM+:|(P)
m=-N l//2m (14)
L e an| P
A2m N TE P
+mZ,N ( )szm }( )
L e | Pom
+ _z A2m (N)|: TM_:|(P)5
Ejy | o 5 e an| Pon
i Jor- £ ol

3m

. iy (15)
£ Y A (N){("Z";A}P),

3m

here, N is a truncation size and the notation
A7, (N) (g=TE, TM) means that the 47, coefficient

jm
depends on M.

Because the approximations above already sat-
isfy the requirements (D1), (D2), and (D3), the modal
coefficients should be determined in order that the
approximations meet the boundary condition (D4).
According to Yasuura’s method, this boundary
matching is done in the sense of least squares. That is,
we look for the coefficients that minimize the mean-
squares boundary residual

]N = "v X (EldN +E' - E;N)”zw "'”v>< (E;N - E;N)"zm

W ox (Y + H - 1), (16)

+W? ”v x(HS, — HY, )"Z20 .

Here, Sj¢ and Sy denote the first period of the upper
and the lower surface, v is a unit normal vector to the
surfaces, W is a constant (the intrinsic impedance of
vacuum is usually employed), and |]f|\s/0 denotes a

mean-square norm of a function f'defined on S (=1,
2).

To solve this least-squares problem on a com-
puter, we should discretize the problem to have a
least-squares problem stated in a finite-dimensional
vector space. This is done first by locating equally-
spaced J sampling points on both Sjy and Syo. Then,
removing the common phase dependence ¢ and
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applying the trapezoidal rule, we have an approxi-
mation of /y in the form that

d
I, = - |lea- £, (17)

here, @ is an 8Jx8(2N+1) Jacobian, A4 is an 8(2N+1)-
dimensional solution vector, and f is an 8J/-dimen-
sional vector whose lower 4/ elements are zero. Al-
though the derivation of Eq.(17) via Eq.(16) is closely
related to Yasuura’s theory (Yasuura and Itakura,
1965a; 1996a; 1966b; Yasuura, 1971), there is an
alternative way that is straightforward. We introduce
the second way in Appendix A for readers’ con-
venience.

It is accepted knowledge that the number of
sampling points in Yasuura’s method should be
J=2(2N+1) (Okuno, 1990). Hence, the size of the
Jacobian is 16(2N+1)x8(2N+1). We employ the sin-
gular-value decomposition (SVD) or the QR de-
composition in solving the discretized least-squares
problem above (Lawson and Hanson, 1974). Usually
we prefer the QR algorithm because it is faster than
the SVD algorithm. We apply the SVD when we need
to examine the nature of the least-squares problem for
some purpose, e.g., in finding a necessary and suffi-
cient number of sampling points or in looking for an
appropriate location of the sampling points.

NUMERICAL RESULTS

Here we show some numerical results obtained
by the method described in the preceding section.
After making necessary preparation, we show the
results for both the planer-mounting and coni-
cal-mounting cases.

Preparation

The grating is assumed to be made of silver and
the period and the depth are given by d=0.556 um and
2h=0.006 um. The thickness to period ratio e/d is a
parameter varying from 0.02 (e=0.01112 um) to 0.4
(e=0.2224 pm). As an incident light we choose a
monochromatic plane wave whose wavelength is
4=0.650 pm. The refractive index of silver at this
wavelength is given by 7n,=0.07+4.20; (Hass and
Hadley, 1963).

It should be noted, however, that the index of a
metal film depends not only on the wavelength but
also on the thickness of the film, in particular when
the film is extremely thin. It may take unusual values
if circumstances require. When dealing with a thin
metal structure, hence, we should be careful in using
the index value given in the literature. As for the value
taken in our computation, we assume that 7,=0.07+
4.20j is available even for the case of e/d=0.02
(e=0.2224 um). This is because a similar assumption
was supported by experimental data in a problem of
diffraction by an aluminum grating with a thin gold
over-coating.

The resonance absorption is observed primarily
as a dip of an efficiency curve. The mth order TE- and
TM-wave efficiency are defined for the propagating
orders in regions V; and V3 as

" (¢=TE, TM; j=1, 3). (I8)

Pl =, 17|42,

The efficiency of an mth order propagating mode is
given by

Pin =P +Pm (=1, 3), (19)

and a total efficiency

ptmal = z pjm (20)
J-m

is a sum of the efficiency of all the propagating orders.
It is worth mentioning that the efficiency of a propa-
gating mode is per period power carried away by the
propagating mode normalized by the incident power.
The quantity 10, hence, is the extinction power

absorbed in the grating provided the 47, coefficients

are accurate. Because convergence of solutions has
been proven in Yasuura’s method, we can employ the

A}, (N) coefficients with a sufficiently large N in
evaluating the absorbed power, the large N for which
the coefficients are stable.

Planer-mounting case

Here we examine the resonance absorption from
a couple of viewpoints: diffraction efficiency, be-
havior of modal coefficients, field distribution, and
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power flow. Because there is no mode conversion in
planer mounting, we deal with the TM-wave
(p-polarization) incidence alone in this subsection.

1. Diffraction efficiency

Fig.3 shows the total diffraction efficiency of a
thin silver grating as functions of the angle of inci-
dence. We observe partial absorption of incident light
as the dips of efficiency curves in addition to the
constant absorption corresponding to the reflectivity
of silver. We assume that the dips are caused by the
excitation of surface plasmons. If this is the case, each
of the dips is related to one of the three types of
plasmon modes: a single-interface surface plasmon
(SISP) that is observed as the single dip at #=7.95° on
the e/d=0.4 curve; a short-range surface plasmon
(SRSP) seen at 6=6.41° on e/d=0.08 curve and at
6=18.30° on e/d=0.02 curve; and a long-range surface
plasmon (LRSP) found at 6#=8.78° on e/d=0.08 and
6=9.63° on e/d=0.02.

1.0 : — =
~_
08 f e/d=0.02
06} #=0°
3 H d=0.556 ym
Y eld=0.08 h=0.03 um
0.4} 4=0.650 um
0.2 |
e/d=0.4
0.0 . - : .
0 5 10 15 20 25

o)
total

Fig.3 Total diffraction efficiency p
the angle of incidence 6

as functions of

Figs.4a and 4b show the normalized power car-
ried away by the zeroth order reflected (in ;) and
transmitted (in 73) mode. When the grating is thick
(e/d=0.4), the power can be seen in V; alone and no
transmitted power exists in V3. Increasing 6 from 0°,
we first observe the dip at 6=7.95° corresponding to
the absorption in Fig.3. Increasing 6 further, we meet
a small anomaly at £=9.63° at which the —1 order
starts propagating to carry the difference of power
between Fig.3 and Fig.4a. While if the grating is
relatively thin (e/d=0.08), the power exists in both V;
and V3. Although the power in V'3 is small in general,
it becomes large at the angles of incidence at which
the absorption is observed in Fig.3. This suggests that

coupled oscillations occur on the upper and lower
surface of the grating. When the grating is extremely
thin (e/d=0.02), which is comparable to the skin depth
of silver at this wavelength, the grating is almost
transparent and the power in V3 is nearly the same as
that in V. The result of coupled oscillations can be
seen clearly at 6=9.63°, which corresponds to the
LRSP as we will see later. While the oscillations at
6=18.30°, which are related to the SRSP, are not so
evident. This difference comes mainly from the even
and odd nature of the LRSP and SRSP.

ze
Q -
eld=0.02
/d=0.08%
0.2 F
eld=0.4
0.0 " . " ;
0 5 10 15 20 25
0(°)
(@)
1.0
0.8 |
0.6 | y
gg [premrememmr R [ — L J—
5 o
0.4 1 eld=0.02
02} ea=008ii ]
0.0 k=== ey Ei
0 5 10 15 20 25
0(°)
(b)

Fig.4 Zeroth order diffraction efficencies p,' (a) and

ps, (b) as functions of ¢

2. Expansion coefficients
We examine the same phenomena observing the
modal coefficients in V; (=1, 3). Figs.5 and 6 illus-

trate the —1 order modal coefficients 4" for e/d=0.4

and 0.08. Fig.7, in addition to the —1 order, shows the
+1 order coefficients for e/d=0.02. This is because the
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order of the evanescent mode that couples the surface
plasmons is —1 in the cases of e/d=0.4 and 0.08 and is
+1 in the e/d=0.02 case.

We observe in Fig.5a (e/d=0.4) resonance

character of the coefficient 4" near 6=7.95°: en-

hancement and rapid change in phase. While the co-

efficient 4;",=0 remains unchanged as we see in

Fig.5b. This means that the incident light causes a
coupling between the —1 order evanescent mode and
an oscillation on the upper surface of the grating. The
oscillation exists locally in the vicinity of the illumi-
nated surface and, hence, does not have any influence
on the field in V5. We will see later that the substance
of the oscillation is the plasmon surface wave using a
phase-matching condition. The specific angle at
which the absorption occurs will be called a reso-
nance angle hereafter.

25

= 4
25
0(°)
(@)
25 .
Re —
20 | Im
15} |
- 10 | J
2o
5t |
0
-5 ]
-10 ;
0 5 10 15 20 25
0()
(b)
Fig.5 The —1 order modal coefficients 4] (a) and

A" (b) as functions of 0 at e/d=0.4

In Fig.6 (e/d=0.08) we find the resonance fea-
tures in both 4"} and 4,",. They, in addition, appear

around two angles of incidence: 6#=6.5° and 8.8°. This
means that the oscillation in the vicinity of the lit
surface causes another oscillation on the lower sur-
face at this thickness. The oscillations interfere with
each other and result in two coupled modes: the SRSP
and LRSP. Because the eigenvalues of the coupled
modes are different from each other, we observed two
dips in Fig.3 at the resonance angles corresponding to
the eigenvalues. We will show later a method for
predicting the resonance angles.

In Fig.7 (e/d=0.02) we observe similar resonance

characteristics of 4" and 4;" at 6=9.63°, which
corresponds to the sharp dip in Fig.3. At this reso-

nance angle the —1 order evanescent mode couples the
oscillations to excite an LRSP mode. While at 6=18.3°

<
78 L
-10
0 5 10 15 20 25
6(°)
(@)
<
_6 L 4
78 L 4
-10 . : .
0 5 10 15 20 25
0(°)
(b)
Fig.6 The —1 order modal coefficients 4] (a) and

A", (b) as functions of 6 at e/d=0.08
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where the broad dip occurred in Fig.3, no distinct

feature can be seen in 4" or 4,",. Instead we notice
: ™ ™ :

weak resonance in 4, and 4, at this resonance

angle. Here, the +1 order evanescent mode couples
the oscillations to excite an SRSP mode.

4
2 B 4
Im_ | Im
0 e W v
- N - —F’v
s 2t Re \ Re i
~
= 4} |
E ol ™ Re —
A -6 b A Im e ]
4 Re ..
-8t i Im - |
-10 J
-12 R
0 5 10 15 20 25
0%
(@
4
2t Im —J Re b
N s N
= o R
2. 2} ke W Im |
<~
2z |
~
=6 Re ]
A;—Ml Im ...
-8 F Re ]
Axrluw Im -
=10 J
-12 . L " . .
0 5 10 15 20 25
0%
(b)

Fig.7 Modal coefficients A" and 4" (a); 4,", and
A;Y' (b) as functions of ¢ at e/d=0.02

3. Field distribution and energy flow

We consider the same phenomena observing
field distribution and energy flow near the grating
surfaces. In the former we find that the total field is
enhanced and that the —1 or +1 diffraction order is
dominant at the resonance angle. In the latter we ob-
serve the symmetric (even) and anti-symmetric (odd)
nature of the oscillations, which correspond to the
LRSP and SRSP.

Figs.8~12 show the field distribution (a) and
energy flow (b) in the vicinity of the grating surface at

the resonance angles observed in Fig.3. Although the
parameters in these figures are the same as before, we
show the relative thickness e/d and the resonance
angles in Table 1 for readers’ convenience. The table,
in addition, includes the number of the evanescent
mode that couples the oscillations and the possible
type of the plasmon mode.

To draw the field distribution we first calculate

Table 1 Thickness, angle of incidence, number of eva-
nescent order, and type of plasmon

Fig. eld 6 (degree) Mode Type
8 0.40 7.95 -1 SISP
9 0.08 6.41 -1 SRSP
10 0.08 8.78 -1 LRSP
11 0.02 9.63 -1 LRSP
12 0.02 18.30 +1 SRSP

*h=0.03 um, d=0.556 pum, A=0.650 um

1.0 v — .
SISP IEEY)
08 I —1st |[EY| =
0.6 | \_\ ]
Vacuum
= ~
5 04 F————
(/ o
02 F Ag 6=8° ]
0 ______
Vacuum'
_0'2 i i " L i i i \
0 2 4 6 8 10 12 14 16
3
[N

02 L i i i
0.2 0.4 0.6 0.8 1.0 1.2¢
x/d

(b)

Fig.8 Field distribution (|E| and |E}"}|) (a) and energy

flow (b) at 6=7.95°, which corresponds to the single dip
on the e=0.4 curve in Fig.3
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the total field E'=FE" JrE;l and the electric field of —1

(or +1) order diffracted mode E ;)" =4; "¢ " (m=—1 or

m

1) in each region. Then, taking the absolute values, we
plot the distribution shown in Figs.8a, 9a, 10a, 11a,
12a. The abscissa and ordinate show the field mag-
nitude and a normalized distance in z. The parallel
broken lines are the grating surfaces.

The energy flow at a point P is given by
Re[S(P)], where S(P)=(1/2)E'(P)x H'(P) stands
for Poynting’s vector, E' and H' denote total fields,
and the over-bar means complex conjugate. We cal-
culate the energy flow at each point located densely
near the grating surface and show the results in
Figs.8b, 9b, 10b, 11b, 12b.

Now let us examine the results in each figure.
Fig.8a shows the field distribution (total and —1 order)
for the thick case (e/d=0.4) at 6=7.95°, which corre-
sponds to the single dip in Fig.3.In this figure we

0.5

04} SRSP ]
—1st |EY~
0.3F . .
02 Vacuum 1
0.1E
S ol Ag
N (U —
0.1 Vacuum
0.2
703 -
704 -
-0.5 . - . bt et .
0 1.5 2.0 253.0 3540 4550 55 6.0
|E|
R
N

_020 1 1 L Il

Fig.9 Field distribution (|E| and |E[™|) (a) and energy

flow (b) at 6=6.41°, which corresponds to the left dip on
the ¢=0.08 curve in Fig.3

notice strong enhancement of the total electric field
(Note that the magnitude of the incident radiation is 1),
the enhancement which is observed only in the vi-
cinity of the resonance angles. The total field above
the grating surface decays exponentially in z and the
configuration and the magnitude are almost the same
as those of the —1 order evanescent mode. The state of
affairs is nearly the same in the metal region except
for the rapid decay. Because the grating is thick, the
oscillation near the upper surface does not reach the
lower surface and, hence, the field below the grating
is zero. Fig.8b illustrates the energy flow S, which is
magnified by 25 in the metal region. We see that the
energy flow is almost in the x direction and that it
goes in opposite directions in vacuum and in metal.
This is commonly observed when an SISP is excited.
Figs.9 and 10 show the same thing for the rela-
tively thin case (e/d=0.08). Fig.9 illustrates the results
at 6=6.41° where the left dip is observed in Fig.3.
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Fig.10 Field distribution (|E'| and |E[™)|) (a) and en-

ergy flow (b) at 6=8.78°, which corresponds to the right
dip on the ¢=0.08 curve in Fig.3
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While Fig.10 depicts the results at #=8.78°, the right
dip in Fig.3. In Figs.9a and 10a we notice again the
enhancement of the total filed and the dominating
nature of the —1 order evanescent mode. The rate of
enhancement in Fig.9a is not so large as that in
Fig.10a. We can understand the difference assuming
that the former and the latter are the results of the
LRSP and the SRSP mode excitation. Figs.9b and 10b
complement the understanding showing the even and
odd nature of relevant oscillations.

Figs.11 and 12 are the results for the extremely
thin case (e/d=0.02). We can repeat similar discus-
sions except that the +1 order evanescent mode cou-
ples with the oscillation in Fig.12 and that strong en-
hancement (Fig.11) and cancellation (Fig.12) are seen
as the results of an extremely thin metal structure.

4. Prediction of resonance angles

As we suggested before, the resonance absorp-
tion occurs at a specific angle of incidence (the reso-
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Fig.11 Field distribution (|E| and |EY||) (a) and en-

ergy flow (b) at 6=9.63°, which corresponds to the left
dip on the ¢=0.02 curve in Fig.3

nance angle) at which the x-direction phase constant
of an evanescent order agrees with the real part of an
eigenvalue of a plasmon mode on a metal grating.
Hence, if we find the eigenvalue, we can predict the
resonance angle. A method for finding the eigenvalue
(propagation constant) was proposed by Neviere
(1980), who evaluated the propagation constant of a
surface plasmon mode as a complex pole of a scat-
tering matrix for the diffraction problem. We here
provide an alternative algorithm that is efficient in
numerical computations: Instead of finding the poles
of the scattering matrix, we look for a com-

plex-valued angle of incidence at which|4,"| takes a

1m
maximal value. Here, m is a diffraction order that is
assumed to couple the surface plasmons.
To find the angle of incidence we first calculate
the propagation constant g, of a plasmon mode
(SISP, SRSP, or LRSP) that can be excited on a plane
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Fig.12 Field distribution (|E'| and |E}}"|) (a) and energy

flow (b) at 6=18.3°, which corresponds to the left dip on
the ¢=0.02 curve in Fig.3
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interface. Then, we set

sin &,

A mAld=a,, =a,, 'k 20n

at

to have an initial guess 6, in an iteration procedure
for finding the complex-valued angle of incidence 0,

that makes|A1TmM| maximum. In the iteration we solve
diffraction problems with complex incident angles by
using Yasuura’s method and seek &, employing a

quasi-Newton algorithm. On having the 0s,, we obtain
a normalized propagation constant expressed by

a,, =sing, +mild. (22)

We can predict the resonance angle 6, by using a
phase-matching condition

Rea,, =sin0 +mi/d (23)

and by solving this equation with respect to ..
Table 2 shows the propagation constant &,

~1.00 e
-1.05| LRSP’ SISP 1
-1.10 } //r’ .
=-1.15 ¢ / -

& 120 ISRSP

© -125t
-130t ’ .
1351} ‘ .
-1.40 } ’ .
-145} I
~150 L — . ‘

0 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
eld
(@)

obtained through the iteration procedure, the pre-
dicted resonance angle 6,, and the angle of incidence
64 at which the absorption occurred in Fig.3. The
good agreement between 6, and 6,4 supports our as-
sumption in subsection “Diffraction efficiency”.

5. Thickness dependence of &,

In Fig.13 we show the normalized propagation

constant &, as a function of the thickness e/d. It is

seen clearly that the SISP alone is excited for a rela-
tively thick grating (e/d>0.2) and that ¢, is almost

independent of e/d in that range of thickness. When
e/d decreases from 0.2, the curve splits into two that

correspond to the SRSP and LRSP. The nature of &,
for the SRSP (G, ) and that for the LRSP (&, s, )
are considerably different:

(C1) |0?SRSP| depends strongly on e/d and in-
creases with decrease of e/d, while|dLRsp| decreases
slightly.

(C2) Qg has a relatively large imaginary part

that increases with decrease of e/d; whereas the

0

LRSP
_0005 r SISP

—0.100 }

Imd,

—0.015 SRSP 4
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-0.030 — : ‘
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Fig.13 Real part (a) and imaginary part (b) of &, as a function of e/d

Table 2 Propagation constants of plasmon modes, predicted resonance angles, and the angles at which absorption

occurred”
eld Mode Type Redq,, Ima,, 0, (degree) 64 (degree)
0.40 -1 SISP —1.03069769 —0.003400046 8.00 7.95
0.08 -1 SRSP —1.05735615 —0.006013251 6.47 6.41
0.08 -1 LRSP —1.01633632 —0.001975368 8.84 8.78
0.02 +1 SRSP —1.48586084 —0.028050984 18.47 18.30
0.02 -1 LRSP —1.00184339 —0.000331986 9.63 9.63

" h=0.03 pm, d=0.556 pm, A=0.650 pm
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imaginary part of ¢, is small and approaches zero.

Because of (C1), the resonance angles of LRSP
and SRSP, respectively, are in close vicinity to and
apart from that of the SISP. Item (C2) means that the
resonance is stronger in the LRSP than in the SRSP. In
addition, the resonance in the SISP becomes weak
when e/d is reduced. These properties estimated from

the thickness dependence of ¢, are in good agreement

with the results shown in subsections from “Diffraction
efficiency” to “Field distribution and energy follow”.

Conical-mounting case

Here, we show some results obtained in the
conical mounting case in which the azimuth angle
¢=30° is fixed. In that case, the resonance absorption
occurs not only for the TM-wave incidence but also
for the TE-wave incidence (Matsuda et al., 1999;
Bryan-Brown et al., 1990). Let us assume, for sim-
plicity, a TE-wave is incident on the grating placed in
conical mounting. Then the diffracted waves consist
of both TE- and TM-components because TE-com-
ponents alone cannot satisfy the boundary conditions.
Hence, the conical mounting necessarily causes
TE-TM mode conversion, and the TM component of
an evanescent diffraction odder can couple the sur-
face plasmons.

Fig.14 shows the total diffraction efficiency as a
function of @ for several e/d’s (e/d=0.4, 0.08, 0.02). In
the efficiency curves we observe partial absorption of
incident light as the dips that occur at the same angles
for both TE- and TM-wave incidence. Comparing
them with the figures in the planar mounting case, we
find that each curve shows much the same behavior as
that in the planar mounting, just with a slight shift in
the location of dips. Each one of the dips in Fig.14a
relates to one of the three types of plasmon modes.
The SISP is observed as the single dip at #=9.40° on
the e/d=0.4 curve; the SRSP is found at 6=7.54° on
the e/d=0.08 curve and 6=20.50° on the e/d=0.02
curve; and the LRSP is seen at 6=11.47° on the
e/d=0.08 curve and 6=20.88° on the ¢/d=0.02 curve.
Classification of the dips into the three plasmon types
can be done again by observing the field profile and
energy flow shown below. In Fig.14b we observe
almost the same behavior. Absorption peaks occur
almost at the same angle of incidence: 9.42° (SISP);
7.56° and 20.88° (SRSP); 10.43° and 11.47° (LRSP).
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Fig.14 Total diffraction efficiency p"™ as a function of

the angle of incidence 0 in conial mounting. (a) TM-
wave incidence; (b) TE-wave incidence

Fig.15 illustrates the normalized power carried
away by the zeroth order diffracted mode for a
TM-wave incidence (6=90°). Figs.15a and 15b, re-
spectively, correspond to the reflected and transmit-
ted power.

In Figs.16, 17 and 18 we show the 8 dependence
of the coefficients of evanescent space harmonics that
couple the plasmon modes. As in the planar mounting
case, we observe strong resonance character of the
coefficients.

In Figs.19~23 we show the field distribution and
energy flow in the vicinity of the grating surface at the
angles of incidence at which the absorption was ob-
served in Fig.14. From which, we can classify the dips
into the three plasmon types. For readers’ convenience,
we show the values of resonance angle 6 as well as the
plasmon type on the figures.
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CONCLUSION

We solved the problem of plasmon resonance
absorption in a thin metal grating placed in planer and
conical mounting. Calculating diffraction efficiency,
expansion coefficients, field profiles, and energy flow,
we examined the characteristics of the absorption in
detail. We showed that a plasmon surface wave is
excited by coupling of an evanescent space harmonic
with the surface wave and that the plasmons on a thin
grating can be classified into one of the three types of
plasmon modes: the SISP, SRSP, and LRSP. We gave
an interpretation of the distinctive features of the three
modes based on the even and odd nature of the modes
and on the thickness dependence of plasmon wave-
numbers.

We are working with detailed examination of the
absorption in conical mounting, in which the azimuth
angle has a large influence on the location and
strength of the absorption and an enhanced TE-TM
mode conversion occurs. This would be useful in
practical application and is an important subject for
further examination.
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APPENDIX A: ALTERNATIVE WAY OF OBTAINING THE LEAST-SQUARES PROBLEM

It is worth to mention that Eq.(19) can be found
alternatively first by describing the boundary condi-
tions at each of the sampling points to obtain a set of
linear equations with respect to the modal coefficients.
Then, determining the number of sampling points in
order that the number of linear equations be twice the

number of unknowns (total number of ¢j, modal

functions employed), we have an overdetermined set
of linear equations. Requiring a least-squares solution
of the set of equations, we have a least-squares
problem with respect to a mean-square error given by
Eq.(19).

If we take this way, we first should notice that a
sampling point provides us with four linear equations.
This is because the tangential components of both
electric and magnetic field should be continuous and a
tangential component is described by two parameters,
e.g., x- and y-component. Hence, if we locate J sam-
pling points on both §; and S,, we have 8J linear
equations with respect to the modal coefficients. On
the other hand, because the number of unknowns is
8(2N+1), the required number of linear equations is
16(2N+1). This gives a recommended number of
sampling points J=2(2N+1).



