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Abstract:  In order to fair and optimize rational cubic B-spline curves used frequently in engineering, and to improve design
system function, some formulae on the degree and the knot vector, of the product of three B-spline functions, are presented; then
Marsden’s identity is generalized, and by using discrete B-spline theory, the product of three B-spline functions is converted into a
linear combination of B-splines. Consequently, a monotone curvature variation (MCV) discriminant for uniform planar rational
cubic B-spline curves can be converted into a higher degree B-spline function. Applying the property of positive unit resolution of
B-spline, an MCV sufficient condition for the curve segments is obtained. Theoretical reasoning and instance operation showed

that the result is simple and applicable in curve design, especially in curve fair processing.
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INTRODUCTION

Curve curvature is an important metric index of
the geometric property of the curve (Tai and Wang,
2004; Poston et al., 1995). It is a basic manipulation
to design a planar curve segment with monotone cur-
vature variation (MCV) and distinguish whether a
planar curve segment is MCV or not, especially as it
is of great significance in curve fairing procedure
(Dill, 1981; Jones, 1970; Farin and Sapidis, 1989). As
we all know, one of the basic principles of curve
fairing is that the curve should consist of relatively
few MCV segments (Farin and Sapidis, 1989). So,
one important task for CAD workers is to find an
MCYV criterion. However, results about MCV curves
have been obtained only in some special cases so far.

For example, there exist necessary and sufficient
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conditions for quadratic Bézier curves (Sapidis and
Frey, 1992) and quadratic rational Bézier curves
(Frey and Field, 2000; Wang et al., 2000), and suffi-
cient conditions for Bézier curves and B-spline curves
(Wang et al., 2004), etc. As the curvature computa-
tion is complicated, and the B-spline product and knot
vector analysis are full of difficulties, we have not
obtained any results of MCV condition for rational
B-spline curves that are the most common tools in
geometric design, which seriously affects the devel-
opment of rational B-spline design system.

To deal with the above problem, we first apply
ourselves to studying B-spline expression of the
product of three B-spline functions. By generalizing
the Marsden’s identity representing the single power
function as a linear combination of B-spline functions
to the case of the product of three-power functions,
we deduce the degree formula and the knot vector
formula of the product of three B-spline functions;
then we get the coefficients’ expressions converting
the product into a summation, and thereby change the
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product of three B-spline functions into a linear
combination of B-splines. Then, the MCV discrimi-
nant for uniform planar rational cubic B-spline curves
can be converted into an expression of higher order
B-spline functions, and using the property of positive
unit resolution of the latter, we finally get a novel and
simple sufficient discriminant condition. Three nu-
merical examples presented in this paper indicate that
the result is correct and effective.

DERIVATION OF GENERALIZED MARSDEN’S
IDENTITY

Definition 1 Let & be a positive integer, and N, (x)
defined on a non-decreasing sequence #=(%,), is called
the ith B-spline basis of order k (degree k—1). Then we
denote by Si, the linear space spanned by these
B-splines.
3
Definition 2 Let £ = Zki -2, here k; (i=1,2,3) are
i=1
positive integers. Suppose Pi={pi1, pi2, ..., Py i}

with k—1 elements is a subset of [;_={1,2,...,k—1},
and Py={pa1, P22, ---» Poy, 4} With ko—1 elements is a

subset of the set [,_;—P;, then let P; be the set
I 1—P—P, with the remaining k3;—1 elements. Given
an integer i, we define the corresponding knot vector

¢" and polynomial y o () with the digital subset
P; (=1,2,3) as follows:

P;
I =
= Conliisliliey iy el lipolige)s (D)

l//i,k/,tp/ (J/):(t,-ﬂ,ﬂ - y)(ti+p/2 - y)"-(tij,kf1 - y) (2)

Definition 3 be the digital set

k—1,k—k
Let H:Hk,—l,kz—l
consisting of all the integer subsets {P;, P,, P} de-
fined in Definition 2, then define its corresponding

polynomial as

> {H Vo (y,)}

_ {RBBJeIl] =L

V/i,kl,kz,k3,t(yl’y2’y3)_ k—1 k_k]
ke —1 )k, 1

We also denote by F; (j=1,2,3) the polynomial
formed by substituting the subscript “k—1" for “k;” in
the polynomial y,, , . (),¥,,;). For example,

F =W hna (V15225 13) -

Lemma 1 Letyy,y; and y; be arbitrary real numbers,

3
a=(k—1)/(k-1), Za]. =1, then we have

J=1

3
Yk ky kst (V15225 3) = zajF}(ti+k—l - yj) >

J=1

3
Wi—l,k,,kz,k},t(yl’yZ’yS) = Zaij(ti - yj) .

J=1

Proof We only prove the first equality. According
to Definition 3, the polynomial w,, ,  .(V,¥,,3)

corresponds to the digital set [], which implies that
the digital sets /;; and P; (7=1,2,3) can be uniquely
confirmed. Furthermore, three B-spline functions
corresponding to the digital set P;, can also be con-
firmed, and the associated order of each B-spline

3
function is &; (=1,2,3) which satisfies k = ij -2.
j=1

Similar to Definition 2, the digital sets /; , and
st = {qjl b qu EARRS] qj,kﬁ\_—l } (Szl a2a3)a corresponding

with the polynomial F; (=1,2,3), can be uniquely
confirmed, along with the associated B-spline func-
tions. The order of each B-spline function is kj

3

(s=1,2,3), and it satisfies k —1=) "k, —2, kj; =k, j#s,
s=1

5 =1,2,3; k;j =k—1.

In this way, the procedure of forming the digital
subsets Py,P,,P; can be seen as selecting digital sub-
sets 0;1,0,0;3 firstly, and then inserting the element
(k1) into the digital subset Q;;. From this viewpoint,
the digital subsets 0;1,0,,,0;3 are equivalent to the
part of the subsets P;,P,,P; in which the correspond-
ing subset P; contains the element (k—1). Therefore,
the digital subsets P;,P,,P; can be seen as the sum
aggregates of all selected digital subsets 0;1,0,0;3,
which correspond to the polynomials F; (=1,2,3).

According to Eq.(2), to each polynomial F;
(=1,2,3), we have
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V/i’kj’t[f, (yj) =l — i )l//i,kﬁ,t(}” (yj) >

Voo on O =Y

l,k/vj,
k=1\(k=k\) k-1 k=2 \k=k,-1
k=W \k,=1) &k, =1k, =1\ k,-1 )

Thus, it indicates that the value of the polyno-

0 (). 5% /. 5=12.3,

mial ., , . (3, ¥,,¥3), corresponding to the poly-

nomial F; (=1,2,3) equals (ki—1)F(t;1i—1—,)/(k=1).

From all the above analyses, we know that
Lemma 1 is true.

By Lemma 1 and some mathematical deduction,
we can easily obtain the generalized form of the
Marsden’s identity (Wang et al., 2001; Marsden,
1970).

Theorem 1 Let y, y» and y; be arbitrary real num-
bers, then we have the generalized Marsden’s iden-
tity:

3

H(x -V )i = Z‘//i,k, ey kot (D225 V3N, (%)

i=1

EXPLICIT EXPRESSION OF THE PRODUCT OF
THREE B-SPLINE FUNCTIONS

Let fi=2 ¢\N, . (fi€S,,.i=123) be

three given B-spline functions, where k; and z; are
their corresponding order and knot vector, respec-
tively. If we want to get the explicit expression of the
product of some B-spline functions, we must con-
struct a spline space Sy, which contains the product.
Concretely, we should determine the order and knot
vector of the space S,. As an application of the results
in (Merken, 1991), the following two lemmas can be
obtained.

3
Lemma 2 The order of the product f = H f;is at

i=l1

3
least equal to k = Zki -2.

i=l1
Lemma 3 Let Hy={hy, h,} be a subset of 5={1,2,3},
and denote the set consisting of the remaining one
integer by £, i.e., E;= I3\H,. Suppose the knot y oc-
curs with the multiplicity m; (m>0, i=1,2,3) in the
knot vector t; respectively, then the multiplicity m of

the knot y in the knot vector ¢ satisfies m>m =

max[z k,+my —ZJ.

JeH,

The following theorem will illustrate the relation
between the coefficients of the B-spline product and
the coefficients of each factor.

Theorem 2 Suppose three B-spline functions are the

3
same as that in Lemma 2. Let k=Zkl. -2, and

i=l1

construct the knot vector ¢ as outlined above.

3
Then f = H /i €S,,, and there exist coefficients d;

i=1

such that f = Z,diNi ,(x). Especially, for a given i,

Sk,

the knot vector ¢ defined by Eq.(1) satisfies
T, C t" (s=1,2,3), and d; is given by

> [H[Za <z‘>}]

_{(mapen s\
' k—1\(k—k,
k-1 )\k, -1
The coefficient o, (7)) is called discrete
B-spline of order £ (Wang et al., 2001; Cohen et al.,

1980), which can be defined by the following recur-
rent relation:

d

Ao ()= A ()

=Dk (U )a/’,k*l @O+ (1~ @ik (G ))aj#],kfl (@),
x—t,

@ (x) = @ .t (X) =1t

0, otherwise.

, ifz, <z,

i+k—-1°

Proof By the generalized Marsden’s identity in
Theorem 1, we have

3
H(x_yj)kj_l = zl/li,kl,kz,k],t(yl’yZ’yS)Ni,k,t(x)
=1 ;

Z Z [ l//i,kl.,r"f/ (y/)j Ni,k,t (X) (3)

_ i (RPN j=

o)
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Since f;(x)=(x—y, Yo (7=1,2,3), for any real

number a;; in [#;, t;+4] we have

(k;, =1-r)!
(k, =1)!

r =0,1,....,k. —1.

J

;=) =0 RCNE

Note that fi(x) is a polynomial of degree k—1
(=1,2,3). Hence, the order of the polynomial

3
f =H f, whose degree is not more than k-1, is

i=1

3
k=Zkl. —2. An arbitrary spline function f in the

i=l1
space Sy, can be expressed by the dual basis {4;4}.
Here, {44} is defined by

S DA @) £ a)

:kf zktf=r: (k—l)' H

where a; is an arbitrary real number in [#;, #]
(Marken, 1991). Thus, according to “the polynomial
theorem” (Richard, 1977) and “the Taylor expansions
of multivariate functions” (Lang, 1978), after rear-
rangement, Eq.(3) can be rewritten as follows:

. Z > ﬁhq“uﬂlam
Hfj i {B.P,P)ell

R () |

Because of the way the knot vector ¢ was con-

» (4

3
structed, we have f(x)= H f,(x)eS,,. From the
j=1
uniqueness of the expression of the B-spline function,
we can affirm there exist unique coefficients d; such

that f(x) = Z d.N,,,(x). Especially, fix an integer

and consider an arbitrary nonempty subinterval (z,
t,+1) contained in the interval [¢;, ¢;+4]. On this interval,
the polynomials f; and g; (7=1,2,3) are equivalent to

3
each other. Then H g,€8,,
J=l

ficients can be obtained by Eq.(4). Comparing the

, and its B-spline coef-

B-spline coefficient d; with that of Eq.(4), and re-
membering that the B-splines are linearly independ-
ent, we conclude that

3

ZH » (&)

‘P P, P;}EH Jj=

T

Since the above expression holds for all non-
empty subintervals (¢, f.1) in [t;, t+4], we have

) IIMWU)

di:{m%%}eﬂ J=1
-1\ k—k,
k—1){k, -1
In fact, Eq.(5) is just a disguised form of Theo-

rem 2. According to the theory of discrete B-spline
(Wang et al., 2001; Cohen et al., 1980), suppose

7, ct", then the number A (f) is just the ith
ik,

)

B-spline coefficient of the B-spline function f; on the
knot /Il,’kl )=
. o), andsimilarly 2, (1)) (s=2,3),

1
Z.fl le a/l K
we have the similar results.
It remains to prove that for a fixed integer i,

t" (s=1,2,3) defined in Eq.(1) satisfy the relation

refined vector ¢, so

7, t" . Suppose y is a knot in the knot vector 7, and

let My, My, My, M, My My My, be the corresponding
multiplicity in the knot vector 7,,7,,7,,¢,¢",t”,t",

respectively.  Now  we  must

m,<m, (s=1,2,3).

prove  that

Case 1  my=0, recalling the construction of ¢", we
conclude that m, >0, namely, m <m,.

Case 2 if m>0, there are three cases to be consid-
ered.

(1) If y<ty or y>t;y—1, from Eq.(1) we deduce
m, =m, and by Lemma 3 we have m > m,.

3
(2) If 1;<tjs1 <y <tirjm1< ti+r, We have Zm,;‘_ =m.
s=1

The worst case then occurs as max(m—m, )=



Xu et al. / J Zhejiang Univ SCIENCE A 2006 7(Suppl. 11):165-173 169

s—1

3
k, + Z k,=2. Therefore, we obtain mp 2m-—

Jj=1 J=s+1

s—1 3

ij + Z k; —2}. By Lemma 3, the set /3 must
Jj=I Jj=s+l

include the selection condition of H,={1,...,s—1,

s+1,...,3}, E;={s}, so we have m, 2mg.

(3) If y equals the knots both from within and
outside the range t.1, ti2, .., i1 (€.8. y=ti=ti1), a
combination of the above two arguments can estab-
lish the required inequality.

Thus the proof of Theorem 2 is completed.

A SUFFICIENT CONDITION OF MONOTONE
CURVATURE VARIATION FOR UNIFORM
PLANAR RATIONAL CUBIC B-SPLINE CURVES

Consider the following uniform planar rational
cubic B-spline curve:

D WEN,, (1)
rin =20 5 |
MO S N ()
i=1
ri:(xiayi)a t4§t§fn+1, }’l24, (6)

here, w;>0 is the weight of the associated control point,
and the knot vector is T :{t/}of} (t=j, j=0, +£1,
J) jmmo

+2,...).

Let us correct the definition of the curvature K of
the planar curve r(¢) before solving the MCV condi-
tion for it. In order to differentiate convex curves from
concave curves, we take 7(s) as a directed translation
angle of the tangent of the curve, defined on a point at
which the arc length of the planar curve is equal to s,
with regard to the forward direction of the x axis.
Then we can define

K = lim L8+ A)=T(s).

As—0

d’r

2
d'r 7 =——, then

— . r
dr?
the derivative of the curvature K, relative to the arc
length s (Farin, 1988), can be expressed as

Furthermore, let 7 = d—,i" =
t

[ [(i‘ XF)F-F)=3(F < F)(F - i")]
5 .

.16
|7

o (1) |
Applying p*(0)=SP (-jw(')(t)r“”(t) to

di =\
the derivative formula of the product function, we
know that in order to solve the former third order
derivatives of the rational B-spline curve r(¢), we
must seek for the former third order derivatives of p()
and w(?), namely

where
q, :WP_WP, q, :Wzﬁ_zwa —WWP7

9= w'p - 3wg, - wip — 3wy, ,

p(t)= ZAWi—lri—lNi,S,T (@), w(t)= ZAM/i—lNi,LT 0,
i=2 i=2
P(t) = ZAZM}:'—ZI}—ZNI',Z,T (t), W(t) = ZAZVVFZNLQ,T (t) 5
i=3 i=3

PO =D Nw_r N, (), W(E)=D Aw N, ().
i=4 i=4

Finally we obtain

[ ()

ds [l

AW =(q,%xq;)(q,-q,) —3(4,%4,)(q, " q,)

where A(f) and dK/ds have the same sign because w>0.
Therefore, if the MCV discriminant A(¢) satisfies
AM)>0 (45t<t,+1), the curve r(¢) is of monotone cur-
vature and increases (MCI); otherwise, if A(£)<0
(14<t<t,+1), the curve r(f) is of monotone curvature and
decreases (MCD).

The basic idea of the paper is as follows: first,
transforming the MCV discriminant A(¢) into an ex-
pression of the higher order B-splines; then, applying
the property of positive unit resolution of B-spline,
we can obtain a sufficient MCV condition for the
curve r(f).

Using Lemma 2, Lemma 3, Theorem 2 and re-
sults in (Merken, 1991), the vectors ¢, ¢, and g3 can
be expressed as:
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- ZAile,é,n (),
q, ZA2NI 10,7, @,

ZA3N1 12,75 (t) >

i

where 1), 7, and 73 are the knot vectors with multi-
plicities of 4, 9 and 12 of each knot in 7 respectively,
and

Ail: Z Z z {(W AW/v 17,41 w/rﬂAw 1)
(AP} H

5
ar (i)a./zs,r‘t”? (i)} (3}

4= 3 (X, A, 0
PEH

-3, 4,00 3]

Af: Z (z A. 510,75, xf’(l)

Pgl_[«l;l

11
_Z ) / 10,73,,6" (l) z Ja /4 losfzmtp(i)) (9 j

33 .
- zl Z(,‘Aj aj,12,133,tr (@)

reIT,

In the last two equalities above:

A=y X 2w

PP Psle 15

2
'(szA Wj372'?3 w] r]zA W 2)

’ a‘]_] ’4’11&” (i)a/z ,4,T,t‘“3'2 (l‘)a_h,z,T,t[?” (l)

AP =2 )

7
{Pro1 Py }EHZ

th/z ijrl

7
1 ) .
A./z aj1,3,T,tP22' (l)czjz,()»“'l’tpz22 (Z) [2) ’

31 311 3
A = 2 E E A'w, sF,
i i J v / -3%j-3
{P1sPyn EH

. 9
& 1030 (l)ajz,l,r,,f’x.z (@) [9}

A? =13

1 Z z Z z ijAZWJIz*zAJl'S

{Pr21:Pras - P e H“

) aj] ,4,T,[P!21 (l)ajz,Z,T,lPHz (l)ah’é’n ’tpu] (l) |:(3J(1 j:| ,

AP =3 Y

11
{Psay va}eHZ

th/z ijrl

11
2 . .
4, & arat (Z)ajg,lo,‘rz e (1) [2 Ja

A = >

9
{PMI’P}AZ}EHG

) 9
a./] NESWES (l)ajz 4T 3% (l) [6j ?

341
z/’l ij Ajl W./z ’.‘/‘z

11
A = S
9.6

(P PoansPs fe )
33

. . . 916
’ ajl ,4,1,1’3111 (l)(sz,4,7,t[3“2 (Z)a‘/‘334’1"tml3 (l) |:(3j (3j:| ,

Zj, Z‘/z z‘/s Wi Wy,
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ZAE D YRR 3 30 SRS
i y A by ety R TR AT

6.3
{Pai1-Paarz ,1’3413}51_[3,3

: : . 6)(3
: aj] ,4,T,tp34” (l)ajzA,T,tP“” (l)ajbl’]-’tf‘mn (l) |:(3j £3\J:| ]

where T21, T22, T31, T32, T33, T34, T311, T34] AIC the knot
vectors with the multiplicities of 7, 6, 10, 9, 11, 10, 7
and 7 of each knot in 7, respectively.

By the results above, applying the results in
(Morken, 1991), we can obtain the MCV discriminant

A(t):
A1) =D 5N 5. (D), (7)

where 7 is the knot vector with multiplicities of 29 of
each knot in T respectively, and

Zzs Z /1 J1>27, 7! t‘p
Pel_[zs Ji

28
)
Z Z J ,29121”(1)

P17/

&=

In the equality above, 7' and z* are the knot
vectors with multiplicities of 27 and 28 of each knot
in T respectively, and

B' =

=y 2 2,288

26
PII By GHI(

. . 26
. 0[‘/_1~17,rn’tm (l)ajz,ll,r'z,tp'? (l) 16 s

B=l ¥

28

{BPole[ ),

Z.il Z.fz le|SB]124

i . 28
‘ aj],ls,r”,,f?l (l)aszS,r”,t’ﬁ (l) 14 5

where,

Bll —

IR NEDWSINC IS

Pm A EH

. . 16
. 0!/,1,6’1_1 £ (l)aj2,12,73,tﬁ'? (l) 5 R

B,-”= 22,2, 4

10
BRa1: P EH

. 10
’ J ,0,71,¢ 1121( ) Ja6.7y.47122 (l) 5 ’

Bi=y 2 22,4,
1P|31 132 €H

. . 14
A oo DA () s |

14 _
Bl=y 2 2,2, -4)
14 Ji )2
AP EH

. ) 14
. a/l 6.7y .£041 (l)ajz,l(),rz,tﬁ"z (l) 5 R

where r“, 7% and " are the knot vectors with mul-
tiplicities of 17, 9 and 14 of each knot in 7 respec-
tively. The knot vector £ and the discrete B-splines

Ay (i) , which are involved in all equalities above,

are defined in Definition 2 and Theorem 2, respec-
tively. The valued field of i is the field that makes
B-splines nonzero value in the corresponding knot
vector.

By Eq.(7), applying the property of positive unit
resolution of B-spline, we can directly obtain the
following theorem.

Theorem 3  Let r(¢) be a uniform planar rational
cubic B-spline defined by Eq.(6), if the coefficients &
of the MCV discriminant in Eq.(7) satisfy &0 (<0),
the valued field of i is that which makes B-splines

Ni29.(f) have nonzero value in the knot vector 7 and

that not all of the coefficients &; equal zero, then r(?) is
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of MCI (MCD).

NUMERICAL EXAMPLES

Theorem 3 is verified by three numerical exam-
ples in this section. In Figs.1a, 2a, and 3a, solid line,
dotted line and rhombic sign mark the curve, the
control polygon and the control points, respectively,
while horizontal and vertical axis represent x and
y coordinate components of the control points and the

— The curve

curve’s points, respectively. In Figs.1b, 2b, and 3b,
we present the curvature plot of the corresponding
curve, where horizontal and vertical axis represent the
domain of knot ¢ interval and the curvature K of the
curve, respectively.

Example 1 In this example, the curve is defined by
Eq.(6) where n=6 and k=4 hold (Fig.1). Its control
points are (1.5 5.5; 1 3; 3.8 6; 7 10; 10 12; 12 11.8),
and the corresponding weights are (1; 3; 3; 7; 9; 15).
All MCV discriminant coefficients of the curve sat-
isfy £<0, and Fig.1b shows that the curve is MCD,

b/ Y The control polygon
o The control points
5t
3 ¥ L L s L L N L L L
2 4 6 8 10 12 4 5 6 7
X t
(a) (b)
Fig.1 The control polygon and the corresponding curve (a) and the curvature plot of the curve (b). n=6, k=4
121 0 I
—0.05
10f
~
v -0.15
8F /' —— Thecurve \
FEE The control polygon \\\ 025
/ o The control points N\ m
6 ; 1 1 \\h L L L 4
4 5 6 7 4.0 4.5 5.0 5.5 6.0
x t
(@) (b)
Fig.2 The control polygon and the corresponding curve (a) and the curvature plot of the curve (b). n=5, k=4
10 &
1t
8r N —— The curve
\\\ ————— The control polygon
6t \ o The control points 0.6
N N\ X
ni N
Ssee 02}
2F \\‘\\‘u\
. \\\ —02t
2 4 6 8 10 4.0 42 4.4 4.6 4.8 5.0
X t
(a) (b)

Fig.3 The control polygon and the corresponding curve (a) and the curvature plot of the curve (b). n=4, k=4
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which validate Theorem 3 is correct.

Example 2 In this example, the curve is defined by
Eq.(6) where n=5 and k=4 hold (Fig.2). Its control
points are (4 6; 7 12; 12 10; 14 8; 16 6), and the cor-
responding weights are (3; 3; 6; 9; 10). All MCV
discriminant coefficients of the curve satisfy £>0, and
Fig.2b shows that the curve is MCI, which validate
Theorem 3 is correct.

Example 3 In this example, the curve is defined by
Eq.(6) where n=4 and /=4 hold (Fig.3). Its control
points are (1 10; 4 4;9 2; 11 0), and the corresponding
weights are (1; 20; 3; 10). Fig.3b shows that the curve
is MCD, and after computing, it is known that not all
MCYV discriminant coefficients of the curve satisfy
&<0, which validate Theorem 3 is just a sufficient but
not necessary condition.

CONCLUSION

As illustrated from Theorem 3 and the numerical
examples, the discriminant method is applicable to
the whole rational B-spline curve containing seg-
ments of arbitrary number. If there are so many seg-
ments that the sufficient condition cannot hold, we
can successively decrease the number of the segments
and consider again whether the condition holds. In
contrast, the old method, which is applicable to Bézier
and rational Bézier curve, can only differentiate MCV
condition of a segment of the curve.
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