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Abstract: In general, every system is in one of the three states: normal, abnormal, or failure state. When the system is diagnosed
as abnormal state, it needs predictive maintenance. If the system fails, an identical new one will replace it. The predictive main-
tenance cannot make the system “as good as new”. Under these assumptions, the reliability index and the inspection-replacement
policy of a system were studied. The explicit expression of the reliability index and the average income rate (i.e., the long-run
average income per unit time) are derived by using probability analysis and vector Markov process method. The criterion of
feasibility for the optimal inspection-replacement policy under the maximum average income rate is obtained. The numerical
example shows the optimal inspection-replacement policy can raise the average income rate when the optimal inspec-
tion-replacement policy is feasible.
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INTRODUCTION

It was assumed that systems could be repaired as
good as new in earlier studies on the maintenance of a
system. Because this assumption is far from actuality,
some new models have been developed continuously
(Barlow and Hunter, 1960; Brown and Proschan,
1983; Yeh, 1988a; 1988b; Stadje and Zuckerman,
1990). These new models make study of repair close
to actual situation. Inspecting and diagnosing the
system to find the omen of failure and to avoid hap-
pening of failure is the newest effective measure to
raise reliability, safety and economy. The failures of
any system can be classified to three categories. The
first one is a slow progressing failure, which can be
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found by inspection equipments and can be remained
for long time without repairing but just for watching,
studying and later treatment. The second one is the
failure that occurs suddenly without any warning
signs and cannot be found by inspection. The third
kind of failure is between the above two, which may
be found by inspection and avoided with proper
measures. When the system is in developing failure, it
is in an abnormal state. The repair for an abnormal
system after it has been inspected and diagnosed is
called predictive maintenance. In this state, though
the system is not damaged seriously, it cannot be
repaired as good as new. Because the system can be
damaged seriously after it fails, an identical new one
replaces it. This paper studied the reliability and the
optimal inspection-replacement policy of the system.
The optimal inspection-replacement policy is to de-
termine how often a system is inspected and how
many predictive maintenances a system is replaced
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such that the average income rate of a system is
maximized. There are many results about inspection
and diagnosis technology (Chen, 2003; Liu et al.,
2003), and some results about reliability and inspec-
tion-replacement policy (Su, 1997; Chelbi and
Ait-kadi, 1999; Biswas et al., 2003; Su, 2003), but

many important problems are remained to be resolved.

The aim of this paper is to build a model by prob-
ability analysis and vector Markov process method
(Shi, 1999) and to study reliability and inspec-
tion-replacement policy.

DEFINITION AND CHARACTER DESCRIPTION
OF SYSTEM

Definition 1
cumulative distribution functions (abbreviated c.d.f.)
are F(7) and H(f), F(t)=1-F(f), H(t)=1-H({), if for
all real £0, F(t)<H(f), then X is called stochastically
smaller than Y, denoted by X<Y; otherwise X is called
stochastically larger than Y, and denoted by X>Y.
Definition 2  Let {X,, n=1,2,...} be a sequence of
non-negative and independent random variables. If
Xo<sXur1, n=1,2,..., then {X,, n=1,2,...} is called a
monotonously increasing stochastic process. If
X2 Xu+1, n=1,2,..., then {X,, n=1,2,...} is called a
monotonously decreasing stochastic process.

The lifetime sequence of actual repairable sys-
tem is a monotonously decreasing stochastic process,
but the repair time sequence is a monotonously in-
creasing stochastic process.

The system has the following characters:

(1) The system has 3 modes—normal, abnormal
and failure. The system can transfer from normal to
failure directly, or from normal to failure via abnor-
mal. Normal and abnormal are the working states of
the system. Whether the system is in normal or ab-
normal state can be known through exact inspection
and diagnosis. When the system fails, it can be known
without inspection and diagnosis.

(2) After a new system (system at the beginning
of operation or after replacement) begins its ith nor-
mal, it is inspected and diagnosed every random time
period T; to know whether it is in normal or
abnormal. The c.d.f. of T; is H/(x). Density function of
T; is hi(x). Failure rate of 7; is a;(x). Inspection and
diagnosis can be finished instantaneously. When the

X, Y are random variables, their

system is inspected and diagnosed in abnormal, it
accepts the ith times predictive maintenance. The c.d.f.
of the Y; of the ith times predictive repair time is G{(y).
Density function is g,(y). Repair rate is w;(y). The
mean is E(Y;)=w;. After the new system begins its ith
times normal, it transfers from normal to abnormal at
failure rate A;p; and to failure at A,,. When the new
system is in abnormal after its ith times normal, it
transfers to failure at failure rate Ai2. Aigili+i01,
/liozf/liﬂoz, /11'125 /1,'+112, i:1,2,3,... {Yl, i:1,2,...} is a
monotonously increasing stochastic process. If the
system fails during working, it is replaced by an
identical new one. The c.d.f. of Y of replacement time
is G(y). Density function is g(y). Replacement rate is
1(). The mean is E(Y)=u.

(3) All random variables are independent.

(4) At =0, a new system is installed and begins
normal work. When the system is inspected and di-
agnosed in abnormal after it begins the Nth times
normal, it will not need predictive maintenance and is
replaced by an identical new one. Gp(y) is c.d.f of
replacement time. Gp(y)=G(»).

(5) The normal working reward, abnormal
working reward per unit time are K, and K; respec-
tively. Average cost for inspection and diagnosis each
time, replacement each time, predictive repair each
time are E1, E,, E3, respectively.

The state of system is defined as follows. State (i,
0,7) means that a new system is in the ith normal and
inspected and diagnosed n times. State (i,1) means
that the system is in abnormal after the ith times
normal, i=1,2,...,N. State (i,3) means that the system
is in its ith times predictive repair, i=1,2,...,N—1. State
(N,3) means that the system is in replacement state
after inspected and diagnosed in abnormal after the
Nth times normal. State (7,2) means the system is in
replacement state after failure during its ith times
working state, i=1,2,...,N.

Let S(¢) be the state of the system at time ¢. De-
fine supplementary variables as follows. Xj,(f) de-
notes the inspection and diagnosis interval time when
S()=(i,0,n). X;1(¢) denotes the inspection and diagno-
sis interval time when S(t)=(i,1), i=1,2,....N. Yi(?)
denotes the predictive repair time of system at time ¢
when S(¢)=(i,3), i=1,2,...,N—1. Y(¢) denotes the re-
placement time of system at time ¢ when S(¢)=(i,2),
i=1,2,...,N. Yp3(f) denotes the replacement time of
system at time ¢ when S(f)=(N,3). After supplemen-
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tary variables are introduced, the process is a vector
Markov process (Shi, 1999).

The state probability density of system is defined
as follows:

Pio,,(t,x)dx=P{S(t)=(i,0,n), XSXV[O”(Z)<)C+(1)C},

Pil(t:x)dx:P{S(t):(ial)a xs)(il(t)<X+dx} ’
i=1,2,...,N;

PiS(tay)dy:P{S(t):(i:3)a )’5Y13(f)<y+dy} >
i=1,2,...,N—1;

P3(1.y)dy=P{S()=(N.3), y<Yn3(1)<y+dy},

PiZ(tay)dy:P{S(t):(iaz)a )/Sle(f)<y+dy} )
i=1,2,...,N.

STATE PROBABILITY DENSITY EQUATIONS
OF THE SYSTEM

By probability analysis, we can get the state
probability density differential equations as follows:

0 0
|:8t ax +/1101 +/1102 +a, (‘x)j| lOn(t x) = 0’

n=0,1,2,-;i=1,2,---,N,

o O
|:6t ax+/1112+ai(x):| (2, x) = ﬂ’ol;PIOn(t , %),

i:1929"'7 )

(M
2

0 0 i=1.0....
{54_54-”(3;)}32(@)/)—0, i=1,2,---,N, (3)

g“"i_'—#i(y) PiS(t’y):Oa l.:1,2,"',N- (4)
ot Oy

The boundary conditions are

Ry(60)=80)+ ) [ ()1, y)dy o

+ [, e GIP (8, ),
Poy(,0)= [ g1, (0 B_5 (£, )y, i=1,2,-+,N,  (6)

Py, (6,00 = [ ", ()P, (£, x)dx
n=12,--, i=1,2,---,N,
P,(1,0)=0, i=1,2,---,N, (®)

(7

Py(60)= Ao ) [ Byt 00+ A [ R (6,00, (9)
n=0

P,(1,0)= J.:ai (x)P,(t,x)dx, i=1,2,---,N. (10)
The initial conditions are as follows:
Roo (va) = 5()(), (11)

the others are 0.
Let Bo(s)=Dy(s)=1,

B(s)= ll_[ﬂkm [h: (s+ Aoy +Ao) — h: (s+ 4, )]lL[gZ (s)

(12)

D(s)= H(/lklz Aot = A1 — h, (5 + Aoy + i)
(13)

Ji($)= (Ao + A ) Ay, — 102)[?1'*(5'""]’101 + ) 14
ilm/llle (s+4,), i=12,..N, )

¢ (5= Ba® [1 I SCLACT{O NG }

D(s) p D,(s) D, (s)

(15)
F©=[rod 7o=1-r@. (16

Using Shi (1999)’s method, we can get the state
probability density of the system in terms of the
Laplace transform as follows:

DBy (5:%) = C () (A — Aoy — Ay ), () A
(17)
R;(S’y) = Z'iOIC[(S)I__Ii (x)[e’(”/’wm*ﬂmz)x _ e’(~Y+A112)x]’ (1 8)
P(s,0)=C(8) ()G (e ™, (19)
Pi;(sﬂy) = ﬂnmc (S)[h*(s + /1101 + )“02)
—h (s + 4,)]G(»)e™ (20)
i=1,2,---,N.
RELIABILITY INDEX AND OPTIMAL

INSPECTION-REPLACEMENT POLICY OF THE
SYSTEM

Let
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102 )H (ﬂ’zOl + A'IOZ )]

B0 [ B Oy, -
“" D {2

D,(0)

B Ol (Ra) | < F(0)B,(0)

Z D,(0) Z D,(0)
B,(0)  EBOg|

o ROLAP2 D,-(O)} ' -

Availability

The probability that the system is working in
normal is called N-availability, whereas the probabil-
ity that the system is working in abnormal is called
A-availability. Denoting A4y(f) as the instantaneous
N-availability at time ¢, we have

40=33[ P, (t.x)dx

0
i=1 n=0

(22)

Using Eq.(17), we can get the Laplace transform
Oon(l)

A= CN s~y ~ A V(5 + 2y + ). (23)

Denote A4, as the steady N-availability. By ap-
plying the limiting theorem of the Laplace transform,
we have

JoA@d
A4, =lim————=lims4, (s)
t—>w t 50 (24)

_ZC( i12 i _ﬂ’iOZ)H (/1;01+/1102)

By applying the same method, we can obtain the
steady A-availability

4 :ﬁciﬂ’iOI[H (}%01"'102) H( 12)] (25)

Inspection and diagnosis frequency
Denote Wi(t) as the instantaneous inspection
frequency at time #, we have

W)= ZZ j a,(X)P, (1, x)dx+zj a,(x)P, (1, x)dx.

i=1 n=0

(26)

Using Eqgs.(17) and (18), we can get the Laplace
transform of W(t)

(S) ZC (e 102)hi*(s + Aoy + Aioy)

— Aoy (s + A1

27

Inspection and diagnosis frequency in (0,7] is

M, ()= [ W, (x)dx. (28)

Let M, be the steady inspection frequency. Ap-
plying the limiting theorem of the Laplace transform,
we have

[,
u =limsW, (s)
] t s—0 (29)

_ZC 12 102)h (1’101 +ﬂ’02) ﬂ';mh (112)]

M, =lim

Replacement frequency of the system
Denoting W,(f) as the instantaneous replacement
frequency at time ¢, we have

W,(t) = ZZ ,ozj B, (t,x)dx

i=l n=0

>

(30)
Py (6, x)dx + [ ", (x) Py (1, ).

Using Eqgs.(17) and (18), we can obtain the
Laplace transform of W,(¢)

VV; (8)=Ay0:Cy (S)[h; (s+ Ayor + Ayen) — h;/ (s + Ayp)]

+ Zﬁ(s)C,-(s). (1)

Denoting M,(f) as replacement frequency in (0,],
then we have

M, (0) = [ W, (x)dx. (32)

Denote M as the steady replacement frequency.
By applying the limiting theorem of the Laplace
transform, we get
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. M) .. .
M, :thT():hrrols% (s)

N (33)
=2 GO+ Cy Aoy [y oy + An) = b (A1

i=1

Frequency of predictive repair
Denoting Ws(f) as the instantaneous predictive
repair frequency at time ¢, then we have

W0 =3 [ @, (P, (6 x)dx (34)

Using Eq.(18) we can obtain the Laplace trans-
form of W3(t)

N-I
Ws* (s)= Z G (S)//i’iol[hi* (s+ Aoy + Ai) — hi* (s+2,,)]-
i=1
(35)

Predictive repair frequency in (0,¢] is

M) = [ W, (x)d. (36)

Denote M; as the steady predictive repair fre-
quency. By applying the limiting theorem of the
Laplace transform, we get

[, 7oy :
M, =lim =£i_r)r()1sVI/3 (s)

t—w

(37)
N-1

= Zqﬂ’[m[hi* (/11'01 + /11'02) - hi* (ﬂm )}
i=1

Optimal inspection-replacing policy for the system

We can obtain the average income rate of the
system by using the results obtained above. The ex-
pected total income generated by the system during
(0,f] is

R(N, Hy oo, Hy ) = K, [ 4y ()dx
, ' (38)
K, | A GOdx — E M, ()~ E,M, () — E,M, ().

We can obtain the average income rate:

. R NaHa“'aH >t
D(N, H, H, oo, Hy ) = lim S oo o)

>0 t

=K, 4, + K4 -EM, -EM,-EM,

N gt
= Zci {Ko (/11'12 - /11'01 - 2’:’02 )Hi (ﬂ’iOI + ﬁ"oz)
in1

1

+ Klﬂ“iOI [ﬁi* (ﬁ’im + j"02) - F]: ()“ilz )]

1

- El [(ﬂ’iIZ - /1i02 )hz* (/11'01 + /1'02) - )“imhi* (ﬂnz)]

1

- Ezfi(o) - E3ﬂ’i01 [hi* (AIOI + }“02) - h;* (ﬂm )]}

1

+ (E3 - Ez )CNﬂ’NOI [h;/ (/1N01 + ﬂ’NOZ) - h;/ (ile)]-

(39)

Obviously, D(N,H,,H,,...,Hy) is an explicit ex-
pression of N and H,,H,,...,Hy. We can find the op-
timal inspection-replacing policy (N°,H, ,H,, -,
H ;, )to make D(N,H\,H,,...,Hy) maximized.

By using the method in this paper, we can also
obtain the average income rate without inspection and
diagnosis:

RW = jmzko + /1101](1 — Ez (2’101 + /1102)1112 ) (40)
A + Aoy + (Ao + Ao A,

Comparing D(N",H, ,---,H),) and RW, we can
obtain the criterion for feasibility of optimal inspec-
tion-replacement policy.

IfD(N*,Hf,~~-,H;,)>RW, then optimal inspec-
tion-replacing policy is feasible.

It is difficult to search out the optimal inspec-
tion-replacement policy from all (H;,H,...,Hy). In
practice, the inspection time interval is often taken as
a constant for sake of conveniences. When the in-
spection time interval is a constant of u,
H () =(1-e™)/A, h' (1)=e™. Substituting them
into D(N,H\,H,,...,Hy), D(N,H\,H,,...,Hy) would be
expressed as a function of variables u and N, which is
denoted as L(N,u). Using the analytical or numerical
method, we can get the optimal inspection-replacing
policy (N',u"). The largest average income rate is
LN ). .

If LN ,u)>RW, the
tion-replacement policy is feasible.

optimal  inspec-
NUMERICAL EXAMPLE

Assume the data of some electrical products as
follows: 4i01=0.00069x1.05""; 4,,=0.00002x1.05"";
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2i12=0.004x1.01"" h™'; 4=26x1.06"", i=12,....N—1;
1=6 h; k=2900, £,=2050 ¥/h (¥ RMB); E,=4000,
E>,=1220000, Ez= 73000 ¥/once.

With a microcomputer, we can obtain the opti-
mal inspection-replacing policy N'=12, u '=20.7446 h,
and the maximum average income rate of the system
L(N"u")=2620.36 ¥/h, RW=2028.81 ¥/h. Obviously,
the optimal inspection-replacing policy in this exam-
ple is feasible.

CONCLUSION

Two hot topics are concerned by scholars. One is
the reliability and inspection policy of a system with
perfect maintenance. Another is the reliability and
replacement policy of a system with no inspection and
imperfect maintenance. Few research results are re-
ported on the challenging problem of the reliability
and inspection-replacement policy of a system with
imperfect maintenance. This paper deals with the
optimal inspection-replacement policy of a system
with imperfect predictive maintenance and replace-
ment after failure. The average income rate of the
system is obtained. Maximizing the average income
rate can therefore develop the optimal inspec-
tion-replacement policy. We also obtain the criterion
for feasibility of the optimal inspection-replacement
policy. The numerical example shows that the in-
spection-replacement policy can raise the average
income rate when it is feasible.
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