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Abstract:

This paper applies the EXP-function method to find exact solutions of various nonlinear equations. Tzitzeica-

Dodd-Bullough (TDB) equation was selected to illustrate the effectiveness and convenience of the suggested method. More
generalized solitonary solutions with free parameters were obtained by suitable choice of the free parameters, and also the obtained

solitonary solutions can be converted into periodic solutions.
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INTRODUCTION

Recently exact solutions including solitary so-
lutions, periodic solutions, and compacton-like solu-
tions for nonlinear equations have attracted much
attention. Many new approaches with merits on the
one hand and disadvantages on the other hand were
introduced to solve various nonlinear equations; for
examples, tanh-function method (Fan and Hon, 2003;
Wazwaz, 2005; Abdusalam, 2005; El-Sabbagh and
Ali, 2005; Bai and Zhao, 2006), F-method (Zhang et
al.,2006; Wang and Li, 2005; Yomba, 2005a; 2005b;
2005¢; Ren and Zhang, 2006; Wang and Zhang,
2005), variational iteration method (Wang et al.,
2005; He and Wu, 2006a; 2006b; Odibat and Mo-
mani, 2006; Bildik and Konuralp, 2006; Momani and
Abuasad, 2006), homotopy perturbation method (He,
2005a; 2005b; 2006a; 2006b; 2006¢; El-Shahed, 2005;
Siddiqui et al., 2006), and variational approach (Liu,
2004; 2005; Momani and Abuasad, 2006; He and Wu,
2006a; 2006b). Complete reviews are given in
(Rosenau and Hyman, 1993; Rosenau, 2000; 2006;
Pikovsky and Rosenau, 2006).

In this paper we apply a novel method called
EXP-function method to search for exact solutions of
various nonlinear equations.
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PRELIMINARIES

Considering a general nonlinear partial differ-
ential equation in the form

FQuyuuy, U, U U U Uy s U U U .c) = 0.
(1

Using a transformation
n=ax+by+cz+dt, 2)

where a, b, ¢ and d are constants, we can rewrite Eq.(1)
in the following nonlinear ordinary differential equa-
tion:

Gu,u'u"u",..)=0, 3

where the prime denotes the derivation with respect to
7.

The EXP-function method is very simple and
straightforward, and is based on a priori assumption
that travelling wave solutions can be in the form

um =Y a,expn) | Y a, exp(my),  (4)
n=-c m=—f
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where ¢, d, fand g are positive integers which could
be freely chosen, a, and b,, are unknown constants to
be determined.

RESULT ANALYSIS

Wazwaz (2005) applied the tanh method to some
special equations which are very difficult to solve.
One Wazwaz’s example is used here to illustrate the
effectiveness and convenience of the suggested
method; comparison with Wazwaz’s results will also
be made.

The Tzitzeica-Dodd-Bullough (TDB) equation
The TDB equation is of the form (Brezhnev,
1996; Wazwaz, 2005)

u, —e"—e=0. 5)

xt

Uses the transformation
v=e", (6)
so u=In(1/v), and Eq.(5) becomes

-, +Vvy, - V=t =0. (7

Introducing a complex variable defined as

n=hkx+ wt, ®)
we have
—kow" + ko(V')’ +v' —v* =0, )

where prime denotes differentiation with respect to 7.
According to the EXP-function method (He and

Wu, 2006b; He and Abdou, 2006), we assume that the

solution of Eq.(9) can be expressed in the form

_a,expn+a,+a_ exp(-n)

van expn +b, +b_, exp(-7) '

(10)

Substituting Eq.(10) into Eq.(9), by MATLAB we
obtain

4
L3¢ expln) =0. (11
A

where

A=[expn+b, exp(-n) +b,]",

C,=-a' -a,

C, =-3a}a, — a’ B, — 4a}a, + kwa'b, - kwa,a,,

C, =—6ala; +4kwa’b_, —3a’ab, —a'b_,

-3aa; -3ala  —4a)a , - 4kwa,a ,,

C, =—6kwabya_, - koa,ab] —12a}a_a, —6a,a ,a,
—4a,a; —3a,ab, — a, +6kwab_a, + koa'b_b,
+kwalb, —3a’a b, — kwa_,a, —3alayb |,

C, =-a, —3aaia_, —3ala b, —ab, +dkwalb.

-3a_,a; —3aa’, —6a,a_ab, —6a’a’,

-12a,a ,a; — 4kwa,a_b;,

C , =kwa’ b, -12a,a’a, - koa_a,b;

—6kwab_a_b, —ayb_, —3a,a’ b,
-3a’,a, -3a_,a;b, —4a_,a; —6aa_ab_,
- kwab’\a, + 6kwa_ab | +koab b,

C, =4kwa’ b, —3a,a’ b, —4kwaa b’

—daa’, —6a’a; —3a_alb_, —3a’,a.b, —a’,,

C,=-3d’,ab, —kwa_ab’, +kwa’b_b,

—4a’,a,—a’ b,,

_ 3 4
C,=—ab,-a,.

Equating the coefficients of exp(n7) to zero, we have
C =0, —4<i<4,ieR (12)

Solving the system Eq.(12), we obtain the following
three sets of solutions:

a,=0,a,=-b,, a,=0,b,=0, o=—1/(4k)

(b, and k are free parameters), (13.1)
a,=0, a =4a;, b,=3a,, b,=—4a,, o=-1/k
(b, and k are free parameters), (13.2)

a,=0, a =0, a, =kob,, b, =b(1+ke)/4

(by, k and o are free parameters).

(13.3)

Solution of TDB equation
From Eq.(13.1), we obtain the following exact
solution

—b_, exp[—kx +1 /(4k)]

M) = e — ()] + b expl ke — 1/ (A0)]

(14)
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where k and b_; are non-zero free parameters.
Applying tanh-function method, Wazwaz ob-
tained the following solution

W(x,1) = —{1 + tanh | (x—cr)/ (2\/2)]} /2
i —exp[i(x —ct)/ (2&)]
exp[x/(%/g) - \/Et/2] + exp[—x/(Z\/E) + \/Et/2] '
(15)

In case b_;=1, our solution Eq.(14) turns out to be
Wazwaz’s. The solution of the TDB equation there-
fore can be expressed as follows:

u(x,t)=—Inv(x,t)

a explkx —t/(4k)]+b_, explhkx —t/(4k)]
—b_, exp[—kx +1t/(4k)]

=In{~1—exp[2kx —1/(2k)]/b_,}.

=1

(16)

Here k and b_; are non-zero free parameters and re-
quires that b_;<0 and 2kx—t/(2k)>In(-b_,).

Eq.(13.2) corresponds to the following exact
solution

da; exp(—kx +t/k)+a,
exp(kx —t/k) —dag exp(~kx +1/k) +3a,’

(17)

v(x,t) =

where k and a are free parameters. So

u(x,t) =—Inv(x,t)
exp(kx —t/ k) —4a; exp(—kx +t/k)+3a,
4a? exp(—kx +1/k) +a,
:h{_H exp(ke —t/k) exp(kx—t/k)+4a, | (18)

=In

a, 4a, +exp(kx—t/k)

:ln{_lJrexp(kx—t/k)}.
aO

By Eq.(13.3), we obtain another solution, which
reads

- kab,
exp(kx + wt) + by (1+ ko) exp(~kx — 1) /4 + b,
(19)

v(x,t)

u(x,t)=mn[v"(x,0)]
| Explc + 00) + b2 (1+ kew)exp(—kx — wt) /4 + b,
kab, '

(20)

Our solutions containing some free parameters
are in generalized forms, and include special solutions
obtained by other methods, for example, tanh-function
method. If the free parameters are chosen to be
imaginary numbers, the obtained solitonary solutions
can be converted into periodic solutions.

Let a=iW, k=iK in Eq.(20), and using the iden-
tity exp(iKx+iWr)=cos(Kx+Wt)+isin(Kx+Wt), we
have

u(x,t) =In{{[1+ b, (1 - KW)/4]cos(Kx + Wt) +
i[1— b, (1= KW)/4]sin(Kx + Wt) + by} /(~KWh,)} .

21
Elimination of the imaginary part requires that
b’ 4
T(I_KW)ZL or l_b_2=KW (22)

0

We therefore obtain a periodic solution for the equa-
tion, which reads

W t) = 1n{200s[Kx—(4b0'2 —l)t/K]+b0}, 23)

by (4b,> —1)

where K and by are free real numbers. Fig.1 illustrates

its periodic solutions with different values of b,.
Instead of Eq.(10), we can also assume that the

solution can be expressed in a more general form:

ae’ +a,+a e’ +a,e”’
be" +b,+b e +b e

V() = 24)

After identification of the parameters in Eq.(24) by
the same manner as illustrated above, we obtain the
following solution

v(x,0) =] (@ b +a +b,b)(~b,)+a e -
boe™ |[[ (@b, +a +b,b)b, +a ) (25)

(b,)7e" +by+b e +b,e™ ],
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Fig.1 Periodic solutions of the TDB equation.
(a) bp=1; (b) b=2.01

where aj, b, b, and k are free parameters, and
n=kx—t/k. By suitable choice of the parameters, the
solution Eq.(25) can be converted into the above
obtained solutions.

If we choose the trial-function in the form

v(x,t)=(a,e”"+ae"+a,+a_e"+a,e’")- 26)
2 =217 \-1
b, e"+b,+b,e7")",

we can obtain the following solution by a similar
operation:

(1+ wk)(wk)’ b
a (-1+wk)

_ 2wk,
-1+ wk

n

-1

v(x,t)

24>, (~1+ wk)’ ¢ 2(wk)’b,

27

DISCUSSION AND CONCLUSION

We give a very simple and straightforward
method called EXP-function method for nonlinear
wave equations. We make some important remarks on
the method as follows:

(1+ wk)* (wk)’ b, a4 (-1+ wk)d?, o ’

(1) The solutions do not strongly depend on the
trial-function, so we can always choose the solution in
the form

n -1
_ae’+a ta,e
e"+b,+b e

v(17)

(2) The method leads to both the generalized
solitonary solutions and periodic solutions.

(3) The obtained solutions include naturally
those obtained by tanh-function method.

(4) The solution procedure by the help of
MATLAB or Mathematica is of utter simplicity.

(5) The method can be easily applied to many
kinds of nonlinear equations, and this letter can be
used as paradigm for real-life physics problems.
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