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Abstract:    In this paper, a geometric approach to fault detection and isolation (FDI) is applied to a Multiple-Input Multi-
ple-Output (MIMO) model of a frame and the FDI results are compared to the ones obtained in the Single-Input Single-Output 
(SISO), Multiple-Input Single-Output (MISO), and Single-Input Multiple-Output (SIMO) cases. A proper distance function based 
on parameters obtained from parametric system identification method is used in the geometric approach. ARX (Auto Regressive 
with eXogenous input) and VARX (Vector ARX) models with 12 parameters are used in all of the above-mentioned models. The 
obtained results reveal that by increasing the number of inputs, the classification errors reduce, even in the case of applying only 
one of the inputs in the computations. Furthermore, increasing the number of measured outputs in the FDI scheme results in 
decreasing classification errors. Also, it is shown that by using probabilistic space in the distance function, fault diagnosis scheme 
has better performance in comparison with the deterministic one. 
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INTRODUCTION 

 
Fault diagnosis methods are generally classified 

into two categories: system-based and model-based 
methods. 

System-based methods consist mainly of hard-
ware redundancy (voting) (Gilmore and McKern, 
1970; Broan, 1974), software redundancy (Zimmer-
man and Lyde, 1993; Tokatli et al., 2005) and 
fault-sensitive-filter (Hamelin et al., 1999; De Persis 
and Isidori, 2001; Szaszi et al., 2002; Frisk and As-
lund, 2005) methods. Despite being used easily, sys-
tem-based methods have major limitations and 
drawbacks namely: (1) requiring detailed mathe-
matical models (usually in the state space form) of the 
process, (2) being suitable for sensor and actuator 
fault detection, but not, in general, applicable for 
system faults, and (3) being suitable for the determi-
nistic case but suboptimal in the presence of the noise 

(Park, 1991; Willsky, 1976). 
Model-based methods consist mainly of multiple 

model (Basseville et al., 1986; Boukhris et al., 2001), 
parametric modeling (Isermann, 1993; Bachschmid et 
al., 2002) and Nearest Neighbor (Gersch et al., 1983) 
methods. Those methods do not have the limitations 
and drawbacks of system-based methods, but their 
major drawback is that they fail if the operational 
mode is not exactly the same as any of the 
pre-modeled modes (Sadeghi and Fassois, 1991). 

The geometric approach is a model-based 
method defined by using parametric models and dis-
tance functions and does not have the mentioned 
limitation where any fault is modeled by a hy-
per-plane; isolation of faults from the same category 
but with different magnitudes is possible (Sadeghi 
and Fassois, 1997). In most engineering applications, 
the parametric model-based fault diagnosis methods 
are based on the Single-Input Single-Output meas-
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urements (SISO or univariate models), and acceptable 
results are obtained (Sohn et al., 2003). However, 
there are cases where SISO model may not be ap-
propriate for fault detection and isolation (FDI), and 
more accurate results are sought, wherein multivari-
ate models may be the only alternative.  

This approach has so far been used for fault 
isolation in univariate systems (Sakellariou and Fas-
sois, 2000). In this study, the geometric approach to 
FDI has been extended to the multivariate systems 
and the results are compared with the ones obtained 
from the univariate cases. The system is a finite ele-
ment model of a frame, with single or double 
force-acceleration (input-output) measurements. All 
of the models are considered linear and time-invariant 
systems with a single-fault at a time. 

The modeling and FDI are explained in future 
sections. Then results and discussion are summarized, 
and the conclusion is given in the final section. 
 
 
MODELING 
 

In the geometric approach to FDI, an appropriate 
parametric model is selected for the system, and by 
using parametric system identification techniques, 
model parameters are obtained in any states. Then, 
any of no-fault and faulty mode model’s parameters 
are represented as feature vectors, each being as a 
point in appropriate hyper-space. The feature vectors 
(or the points in the appropriate hyper-space) corre-
sponding to the same modes are then approximated as 
hyper-planes, each of which representing a specific 
mode. The procedure applied to the considered frame 
is as follows. 
 
Forming feature vector 

The finite element model of the frame is shown 
in Fig.1. As shown in the figure, the frame has 10 
elements and 4 supports. F1 and F2 are the input 
forces, while a1 and a2 are output accelerations (re-
sponses) of the system. 

By running the finite element model for 100 s, 
1000 sets of input-output data were recorded; 660 sets 
(corresponding to the seconds 2 to 67) were used for 
parametric modeling, and 330 sets (corresponding to 
the seconds 68 to 100) were used for validating step. 
Consequently, by applying 330 sets of unused data in 

 
 
 
 
 
 
 
 
 

parameters estimation, validation was performed. 
This frame was modeled by the ARX (Auto Regres-
sive with eXogenous input) and VARX (Vector ARX) 
models in the form of SISO, MISO (Multiple-Input 
Single-Output), SIMO (Single-Input Multiple-Output) 
and MIMO (Multiple-Input Multiple-Output) systems, 
respectively, as follows (Soderstrom and Stoica, 
1989). The orders of the VARX and ARX models 
were selected within different orders by comparison 
of the models frequency and time-domain responses. 
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where y, u and w are output, input and noise signals, 
respectively. Also, a and b are coefficients and q−1 is 
the backshift as follows: 
 

1 ( ) ( 1).q y t y t− = −  
 

The first canonical form of the parametric mod-
els is used in VARX models. The general form of 
VARX model is: 
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Fig.1  Schematic diagram of the frame
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where A(q−1) and  B(q−1) are matrix polynomials 
where A(q−1) in double-output models is as follows: 
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The first canonical form is defined such that the 

matrix polynomial A(q−1) obeys the following condi-
tions (Kashyap and Rao, 1976): 

(1) A(q−1) is lower triangular (i.e., A2(q−1)=0 in 
our model);  

(2) A(0)=I; thus in our model: 
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(3) degree of  A3(q−1)≤degree of A4(q−1) (i.e., 

g≤r); 
(4) B(q−1) is arbitrary. 
All the above-mentioned models are written in 

the following linear regression form: 
 

                T( ) ( ) ( ),t t t= +Y Φ Wθ                     (5) 
 
where Y(t) and W(t) are the output and noise signals, 
respectively; in single-output and two-output models, 
they are: 
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The inputs and outputs of the models are chosen 

to be: 
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Φ(t) which include any type of the above models 

are selected to be: 
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The parametric feature vector in all of the above 

mentioned models is: 
 

T
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which consists of 12 entities (eight of which are cor-
responding to the autoregressive estimated parame-
ters, and the remaining four are associated with the 
exogenous ones). By casting the obtained data from 
the finite element model in the linear regression form, 
the following set of equations are obtained: 
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where N is the number of measurements (or the 
number of input-output sets). The compact form of 
Eq.(6) may be written as: 
 

            Y=Φθ+W,                                (7) 
 
where the prediction error vector is: 
 

                   W= Y−Φθ,                               (8) 
 
where Y and Φ for one-output models are an N×1 
vector and an N×12 matrix, and for two-output mod-
els are a 2N×1 vector, and a 2N×12 matrix, respec-
tively. If the number of measurements in the 
one-output models is 12, Φ will be a square matrix, 
and if Φ is non-singular, the parameter vector will 
have a unique answer which is obtained from solving 
the set of linear Eq.(6). Due to the disturbances and 
model errors, more data will be used (i.e., N>12). 
Also, since the first and second rows of Φ in the 
two-output models have 4 and 8 non-zero members, 
respectively, the number of measurements will be 
more than 8 times (i.e., N>8). Finally, the parameter 
vector θ in any of SISO, MISO, SIMO, and MIMO 
models will be obtained by minimizing prediction 
errors and the least squares method in the following 
way (Soderstrom and Stoica, 1989): 
 

              θ=[ΦTΦ]−1ΦT Y.                            (9) 
 

The input and output signals selection were 
performed by considering the model limitation and 
comparison of the fault diagnosis results in different 
states to have the least error in fault diagnosis results. 

The random input signals u1 and u2 with intensity 
of 5 and 3 units, respectively, are shown in Fig.2. For 
validation, the frequency response function (FRF) 
based on power spectrum estimation of the in-
put-output signals obtained from the simulation is 
compared to the one obtained from the parametric 
modeling which is depicted in Fig.3. Also the simu-
lation and one-step-ahead prediction results for SISO, 

MISO, SIMO, and MIMO models are shown in Figs.4 
to 7. In Figs.3~7, grey and black lines mean finite 
element and parametric models, respectively. 

Since the comparison of results corresponding to 
both probabilistic and deterministic spaces is consid-
ered in validation, the feature vector θ and the dis-
tance function in the two mentioned spaces will be 
used as follows (Luenberger, 1986). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.2  Input signals (the time scale is 0.1 s). (a) All data of 
first input; (b) Zoomed data of first input; (c) All data of 
second input; (d) Zoomed data of second input 
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Fig.3  Frequency response of the SISO frame’s finite
element and parametric models. (a) Magnitude; (b)
Phase angle 
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Fig.4  Single-Input Single-Output models’ responses (the
time scale is 0.1 s). (a) Validation data; (b) Zoomed for see
details 
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In the deterministic space, the members of fea-
ture vector θ include only the model’s parameters, so, 
the feature vector θ and the distance function of two 
vectors are as follows: 
 

[ ]TT
1 2 12[ ] ... ,θ θ θ= =θθ µ            (10) 

T( , ) tr[( )( ) ],u u uD = − −θ θ θ θθ θ µ µ µ µ          (11) 
 
while in the probabilistic space, the members of fea-
ture vector θ include the model’s parameters as well 
as their variances. Therefore, in this space, the feature 
vector θ and distance function of two vectors are: 
 

1 12
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Parameters’ variances, which are the diagonal 

members of the parameters’ covariance matrix, are 
obtained as follows (Ljung, 1999): 
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Modeling of probable modes  

Probable faulty modes (no-fault and faulty) are 
modeled in the form of reduction of stiffness caused 
by events like crack, cavity and impurity in any of the 
elements 1, 2, and 3. Considering the presence of 
inevitable non-homogeneity in the process of pro-
duction parts, reduction of stiffness is allowed up to 
5%, and the no-fault mode is modeled by creating 
such a state in any of the elements. The locus of fea-
ture vectors corresponding to ith mode (i=1,2,3,4) is a 
hyper-plane. In the deterministic space, the equation 
of the hyper-plane is: 
 

1 2 1 3 2 12 11 0 =0,i i i iθ θ α θ α θ α α+ + + + +"          (15) 
 
where i

jα  (j=0,1,2,…,11) are the hyper-plane’s 

coefficients, that is, the normal vector ni, representing 
the ith hyper-plane is: 
 

         T
1 2 11[1 ] .i i i iα α α=n "                      (16) 

Fig.5  Two-Input Single-Output models’ responses (the
time scale is 0.1 s). (a) Validation data; (b) Zoomed for
see details 

1000

500

0

−500

−1000
700      800     900     1000 

a 1
 

400

200

0

−200

−400
800       820       840      860

a 1
 

Time (s)                                            Time (s) 
(a)                                              (b) 

Fig.6  Single-Input Two-Output models’ responses (the 
time scale is 0.1 s). (a) Validation data of first output; (b)
Zoomed data of first output; (c) Validation data of second
output; (d) Zoomed data of second output 
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Fig.7  Two-Input Two-Output models’ responses (the time 
scale is 0.1 s). (a) Validation data of first output; (b)
Zoomed data of first output; (c) Validation data of second
output; (d) Zoomed data of second output 
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The set of equations to obtain the hyper-plane’s 
coefficients will be: 
 

               T
0( ) ( ) 0.i i if α= + =θ n θ                   (17) 

 
In order to estimate the coefficients of any 

mode’s hyper-plane, that is the ith operational mode, 
the following procedures were carried out: a certain 
reduction of stiffness (or, elasticity module) was ap-
plied to a specific element and considered to be a state 
(a point on the representing hyper-plane), and the 
finite element model was run for each one of the 25 
states or 49 states, in deterministic or probabilistic 
spaces, respectively. Since any of the feature vectors 
obtained from the above-mentioned states corre-
sponding to the ith operational mode must satisfy the 
equation of the ith hyper-plane, the following set of 
equations in the deterministic space were obtained: 
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In the probabilistic space, 49 equations were 

obtained in similar way. To estimate the hyper-plane’s 
coefficients, the above-mentioned set of equations is 
in the form of linear regression as: 
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or in the compact form: 
 

                        1 ,i i i= −ψ α a                             (20) 
 
where αi and ψ i  are a 12×1 vector and a 25×12 matrix, 
respectively. Taking into account the effect of noise 
and other (random) errors, the number of equations 
(i.e., the number of states) was selected to be more 
than two times that of the number of the hyper-plane’s 
coefficients. The hyper-plane’s coefficients were 
estimated by the least squares method as follows 

(Myers, 1990): 
 

             T 1 T
1[( ) ] ( ) ( ).i i i i i−= −α ψ ψ ψ a                (21) 

 
 
FAULT DETECTION AND ISOLATION  
 

The distances between the estimated feature 
vector of an operational mode (as a point on the hy-
per-space) and each of the hyper-planes are calculated; 
the operational mode is designated as that mode 
whose distance is minimal. Reduction of elasticity 
module (or, stiffness) in any of the elements 1, 2, and 
3 to the amount of 1%, 2%, 3%, 4%, 10%, 20%, 30%, 
40%, 50%, 60%, 70%, and 80% of the nominal value, 
was considered as operational (unknown) modes. FDI 
was performed in 37 operational states (13 of them 
were corresponding to the no-fault mode and the 
remaining 24 were associated with the faulty modes). 
These operational modes were not used in forming the 
hyper-planes. For FDI, the distance between feature 
vector of the unknown operational mode θ u, and each 
of the hyper-planes represented by the normal vector 
ni, should be calculated. The distance calculation is 
based upon minimizing the distance between vector 
θu and each of the hyper-planes (Luenberger, 1986). 
Since the distance function is always non-negative 
and monotonic, in order to increase the computational 
efficiency, the quadratic form of the distance function 
was minimized. To convert the constrained minimi-
zation to an unconstrained optimization, the Lagrange 
Multipliers approach was adopted (Strang, 1986). The 
Lagrangian is obtained as follows: 
 

2

T
0

( , ) ( )
( )( ) ( ),

u i

u u i i

L d fγ

γ α

= +

= − − + +

θ θ θ
θ θ θ θ n θ

        (22) 

 
where γ and d(θ u, θ) are the Lagrange multiplier and 
the distance between vector θ 

u and vectors θ, respec-
tively. The optimizing of L is equivalent to minimiz-
ing the distance function subject to f 

i(θ)=0. Differen-
tiation of L with respect to θ and γ leads to a set of 
1+12 linear equations of the form: 
 

               T
0

,
( )

ui

ii γ α
    

=      −    

θ θI n
n 0

                (23) 
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where I is a 12 12×  identity matrix. Solving Eq.(23) 
results in the distance between vector θ u and f i(θ)=0 
yielding: 
 

T 1 T
0( , ( ))=min ( , )= [( ) ] [( ) + ],

                                                  ( ).            (24)

u i u i i i i u i

i

d f d

f

α−

∈

θ θ θ θ n n n n θ
θ θ

   
By repeating the above-mentioned procedure for 

each one of the hyper-planes (operational modes), the 
distances between the vector θ u and the hyper-planes 
are obtained. Finally these calculated distances are 
compared with each other and the unknown opera-
tional mode is classified as the mode with which the 
calculated distance is the minimum. That is: 
 

( , ( )) ( , ( )),  ;  , 1,2,3,4,
                                            ( ).                (25)

u i u j

u i

d f d f i j i j
f

< ∀ ≠ =

∈

θ θ θ θ
θ θ

 
 
RESULTS AND DISCUSSION 
 

As mentioned earlier, in geometric approach, 
fault diagnosis is done through parametric system 
identification handling signals with random nature. 
Therefore, the results of fault diagnosis are obtained 
probabilistically, so, to evaluate and compare the FDI 
results of different models, the mean value and the 
variance of the number of classification errors in any 
of the models were used, via  Mont-Carlo simulation. 
To this end, fault diagnosis scheme was performed 50 
times for each of the models, then the mean and 
variance of classification errors in any of the models 
was obtained. The obtained results in the probabilistic 
and deterministic spaces by 49 and 25 states are pre-
sented in Table 1. 

As can be observed from Table 1, using the 
probabilistic space has the highest performance  
 

 
 
 
 
 
 
 
 
 

among different types of the spaces; these results are 
shown in Fig.8. 

The above results show that increasing the 
number of inputs improves the FDI performance; as 
classification error in MIMO model is less than SIMO 
one, and in MISO model is less than SISO one. The 
reason is the outputs’ further enrichment, which is 
caused by further activation of the system dynamics 
caused by increasing the number of inputs. This 
concept is also true in the cases where two inputs are 
applied to the system, but one of them is used in 
computations. Also fault diagnosis scheme in 
two-output models performs better compared to sin-
gle-output ones; as classification error in MIMO 
model is less than MISO one, and in SIMO model is 
less than SISO one.  The reason is to acquire further 
information on the system dynamics through in-
creasing the number of outputs. While the parametric 
system identification in two-output models can be 
done by using less measurement (N>8) than that in 
single-output models (N>12). 

However, it should be mentioned that the effect 
of inputs number on FDI performance is more marked 
compared to the outputs one, as classification error in 
MISO model is less than that in SIMO model. The 
reason is that the increase in the number of inputs 
excites the system dynamics more effective, while by 
increasing the number of outputs, the obtained data 
from the system dynamics increase. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Probabilistic with 49 states Deterministic with 49 states Deterministic with 25 states 

 Mean value 
(and percent) 

Variance value 
(and percent) 

Mean value 
(and percent) 

Variance value 
(and percent) 

Mean value 
(and percent) 

Variance value
(and percent) 

MIMO 2.15 (5.81%) 2.25 (6.08%) 2.75 (7.43%) 3.00 (8.11%) 3.15 (8.51%) 3.26 (8.81%) 
MISO 2.78 (7.51%) 2.71 (7.32%) 11.00 (29.73%) 3.76 (10.16%) 11.32 (30.60%) 4.26 (11.51%)
SIMO 2.88 (7.78%) 3.46 (9.35%) 6.34 (17.14%) 9.62 (26.00%) 6.70 (18.11%) 10.79 (29.16%)
SISO* 3.00 (8.11%) 2.90 (7.84%) 9.40 (25.41%) 6.57 (17.76%) 10.06 (27.19%) 5.89 (15.92%)
SISO 3.14 (8.49%) 3.43 (9.27%) 9.44 (25.51%) 5.93 (16.03%) 10.54 (28.49%) 6.09 (16.46%)

     * MISO model in which one of the inputs has been used in the computations 

Table 1  Classification errors (misclassifications) in 37 operational modes 

MIMO     MISO     SIMO     SISO*      SISO 

Mean Variance 

*MISO model in which one of the inputs has been used in the computations 

Fig.8  Classification errors in different models 
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By using probabilistic space in calculation of 
distances and utilizing variances of the estimated 
parameters in addition to the parameters themselves, 
the FDI performance is noticeably improved in 
comparison to the deterministic one. Since the num-
ber of used parameters in the probabilistic distance 
function was almost twice that of the deterministic 
one, it may be thought that increasing the number 
parameters is the main cause of performance im-
provement. In order to investigate this, fault diagnosis 
based on deterministic space was performed by in-
creasing the modeling mode numbers to 49 states and 
the FDI results were compared to that of probabilistic 
ones which are shown in Fig.9. As it is concluded 
from the figure, increasing the number of parameters 
from 25 to 49 in deterministic space improved the 
FDI performance slightly; the performance in prob-
abilistic space is still much better than that of deter-
ministic space. 
 
 
 
 
 
 
 
 
 
 
 
 
 
CONCLUSION 
 

In order to study the performance of geometric 
approach to FDI, fault diagnosis scheme was applied 
to the SISO, MISO, SIMO and MIMO models of the 
frame.  

The results demonstrated that the increase in the 
number of inputs causes the decrease in classification 
errors, as the superior performances were associated 
with the models having two inputs (even applying 
only one of the inputs in the computations).  

The increase in the number of the outputs, al-
though less marked, also caused reduction in FDI 
errors, as FDI in the two-output models had less 
classification errors compared to the single-output 
models. In summary, the rank of the performance of 

the models was: MIMO, MISO, SIMO and SISO, 
respectively.  

Finally, the performance of FDI in the probabil-
istic space was better than that in the deterministic 
space. While, the FDI accuracy of the MIMO model 
was the most in the deterministic space. 
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