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Abstract: Randomness plays a major role in the interpretation of many interesting traffic flow phenomena, such as hysteresis,
capacity drop and spontaneous breakdown. The analysis of the uncertainty and reliability of traffic systems is directly associated
with their random characteristics. Therefore, it is beneficial to understand the distributional properties of traffic variables. This
paper focuses on the dependence relation between traffic flow density and traffic speed, which constitute the fundamental diagram
(FD). The traditional model of the FD is obtained essentially through curve fitting. We use the copula function as the basic toolkit
and provide a novel approach for identifying the distributional patterns associated with the FD. In particular, we construct a
rule-of-thumb nonparametric copula function, which in general avoids the mis-specification risk of parametric approaches and is
more efficient in practice. By applying our construction to loop detector data on a freeway, we identify the dependence patterns
existing in traffic data. We find that similar modes exist among traffic states of low, moderate or high traffic densities. Our findings
also suggest that highway traffic speed and traffic flow density as a bivariate distribution is skewed and highly heterogeneous.
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1 Introduction
Although no consensus has been reached regarding the occurrence of some interesting traffic
flow phenomena, such as hysteresis, capacity drop
and spontaneous breakdown, it is generally agreed
that randomness plays a significant role therein. Much
effort has been devoted in the last two decades to
either describing or interpreting traffic flows and jams
probabilistically. For example, a model of probabilistic breakdown near on-ramps was postulated as an
analogy of a nucleation, growth and condensation
process (Mahnke and Kaupužs, 2001; Kühne et al.,
2004). The capacity of a transportation facility is
regarded as a random variable above which the traffic
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flow breaks into stop-and-go or even standing traffic,
which enables the analysis of the reliability of a traffic
network (Brilon et al., 2005). The dynamics of the
breakdown probability have been modeled in a phenomenological manner which, coupled with a kinetic
model, gives information on traffic breakdown possibility over a specified time-space domain
(Hoogendoorn et al., 2008). It is also known that the
car-following and cellular automata (CA) model can
include stochastic ingredients, as randomization of
certain parameters is introduced. Nagel et al. (2003)
discussed these models in detail in the context of
reproducing phase transition. As for the macroscopic
model, with the assumption that flux function is
driven by parameter uncertainty, the new model admits a stochastic process as a solution, which is interpreted as a prediction with imperfect knowledge of
reality (Li et al., 2008). The inter-relations of flow
speed and occupancy reflect the nature of traffic flow
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and have been widely studied (Cassidy and Bertini,
1999).
The above list is not comprehensive but, clearly,
a deep understanding of randomness associated with
traffic variables is highly desirable. To this end, we
provide a statistical approach based on the application
of a copula function. With this approach, the traffic
speed and density data from loop detector measurements can be analyzed. In particular, when modeled
by bivariate distribution on a speed-density plane, the
inter-dependence structure of the two variables can be
recovered from data. Our approach can be regarded as
a generalization of the traditional way to obtain the
fundamental diagram (FD), and thus encompasses a
broader perspective of the speed-density relation. We
apply this approach using the literal freeway loop
detector measurement of GA-400, and obtain new
insights into the dataset. As for potential applications
of this kind of analysis, we enumerate the validation
of microscopic traffic flow models and reliability
analysis of general traffic flow models among others.
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discuss a copula of general dimensions. When it
comes to our proposed nonparametric copula, we
assume two dimensions to make the statement concrete.
A copula is defined as a multivariate distribution
function with uniform 1D marginal distributions:
C:(u1, u2, …, ud)∈[0, 1]d a (u1, u2, …, ud)∈[0, 1].
Firstly, Sklar (1959)’s theorem states that, for each
continuous multivariate distribution function, a
unique decomposition exists, namely

F ( x1 , x2 ,K , xd ) = CF ( F1 ( x1 ), F2 ( x2 ), K , Fd ( xd )), (1)
where F1(x1), F2(x2), …, Fd(xd) are marginal distribution functions of F1(x1, x2, …, xd), and CF(·) is its
copula function. A largely equivalent formulation of
Eq. (1) is

f ( x1 , x2 ,K , xd ) =

∂CF
⋅ f1 ( x1 ) f 2 ( x2 ) K f d ( xd )
(∂x1 K ∂xd )

≡ cF ( F1 , F2 , K , Fd ) f1 f 2 K f d ,
(2)

2 Copula function: basics and estimation
The copula function is a statistical tool modeling
the dependence relations among the elements of
random vectors. The concept of copula was first introduced in the seminal work of Sklar (1959). In the
last decade, its merits have been realized by researchers in the fields of operations research and
engineering. In particular, the copula function assumes rich functional forms and thus presumably
models the data more flexibly. Many copula functions
find their counterparts in multivariate distributions,
and thus are analytically appealing and reduce the
difficulty of estimation. Moreover, a copula function
is not restricted to a certain dimension, so its application to data of high dimension is promising. Finally,
a copula provides a possible way to visualize the
complex dependence relation of 2D data. The applications of copula include decision making and risk
management (Clemen and Reilly, 1999; Junker and
May, 2005; Chavez-Demoulin et al., 2006) and hydrological frequency analysis (Favre et al., 2004). For
state-of-the-art reviews, we refer to Nelsen (1999),
Trivedi and Zimmer (2007) and Genest and Favre
(2007). In the following introduction to copula, we

where cF() is actually the density of CF(). Decomposition of Eqs. (1) or (2) has a great advantage in that
the marginal information and inter-dependence relation of all marginal distributions are split, which implies that a joint distribution may be constructed by
modeling these two aspects independently.
A second property of a copula is that it is invariant under non-decreasing transformation of each
margin, i.e., the copula corresponding to random
vector (X1, X2, …, Xd) is the same as that of (h1(X1),
h2(X2), …, hd(Xd)) when h1(·), h2(·), …, hd(·) are
non-decreasing. This implies that, in realistic applications, the underlying copula remains invariant even
when the metrics change. These properties make the
copula function an appropriate measure of dependence for multivariate data.
For the real application of modeling data with a
parametric copula family (e.g., Gaussian copula,
t-copula), two successive steps are often involved, i.e.,
specification and estimation. The specification of the
parametric form of a copula is generally a difficult
task because it is not directly observable. The result of
mis-specification could be disastrous when the subsequent model is sensitive to the specification error,
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i.e., the specification error is non-decaying (Devroye,
1982). If the parametric form of a copula function is
adopted, many techniques exist for estimating its
parameters, although none of them is perfect. Usually,
upon the determination of the functional form of a
parametric copula, standard maximum likelihood
estimation (MLE) procedures apply. Assuming that
the parameter set of a particular copula is β, the corresponding log-likelihood function reads:
n

l ( β ) = ∑ log cF ( F1 ( xi1 ), F2 ( xi2 ),K , Fd ( xid ))
i =1

n

d

+ ∑∑ log f j ( xij ),

(3)

i =1 j =1

and the MLE of parameter set β is defined as follows:

β MLE = arg max l ( β ).

(4)

straightforward nonparametric estimator of the copula
function. We assume that all the data involved below
are bivariate. Nonetheless, most of the following
statements could be generalized to a higher dimension
with little difficulty.
We construct the nonparametric copula as follows. First, the available data are transformed:
xi = ( xi1 , xi2 ) a ( F1 ( xi1 ), F2 ( xi2 )).

(5)

Owing to the first property of copulas mentioned
above, the transformed data corresponds to the same
copula function as the original data. Since the marginal distribution function Fi(·) is typically unknown
in practice, one may use its empirical estimation, e.g.,
the empirical distribution function. Assuming that the
data in use are already transformed, a kernel estimator
of the copula function can be defined as follows:
n

The nonparametric copula estimator has attracted attention in recent years (Chen and Huang,
2007). Compared with the parametric family, the
nonparametric copula estimator has two advantages
and hence appears more promising. First, the step of
model specification is avoided, so the risk of
mis-specification no longer exists. Second, the nonparametric family is much more flexible than its parametric counterpart, so it is easier to extract the information regarding dependence patterns from the
data under consideration. One popular approach for
estimating a copula function nonparametrically is to
use the methodology of kernel estimation (Silverman,
1986).
In any kernel estimation method, the kernel
function and bandwidth are the two indispensable
elements. The quality of kernel estimation depends
mainly on the bandwidth (Silverman, 1986). Various
optimal bandwidth selection methods exist but most
of them are computation intensive and involve a
tricky human selection step. In practice, for the purpose of data visualization and preliminary exploration,
it is desirable to have a nonparametric estimator that
is immediately applicable, i.e., tedious computation
of optimal bandwidth should be avoided if possible.
Rather, a reasonable approximation of optimal estimation with significantly less computational effort is
preferred. Following this principle, we provide a very

f ( x) = n −1 det( H ) ∑ k ( H −1/ 2 ( x − xi )),

(6)

i =1

here k(·) is the kernel function, conventionally taken
to be the standard bivariate normal density function,
and H is a 2×2 matrix controlling the smoothing degree. The optimal smoothing matrix is notoriously
difficult to select. A rule of thumb from Silverman
(1986) is adopted, which is actually the Cholesky
factor of the covariance matrix of the data. That is, let
H be the matrix L satisfying
LLt = (cov( X i , X j )).

(7)

Since the copula function is defined only on a
bounded region, it is also required that the estimated
density function is bounded. Unfortunately, the above
estimator does not have such a property automatically.
To circumvent the problem, one can apply a scaling
factor less than 1 to the original smoothing matrix, or
adopt the bounded kernels such as the beta density
function. The scaling factor approach is quite
straightforward. The value of the scaling factor can be
determined by visual inspection. That is, one reduces
the value of the scaling factor from 1 gradually, with
an appropriate step size, e.g., 0.1. This process is
terminated when the estimation obtained has the least
support region that covers the area [0,1]×[0,1].

21

Li et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng) 2010 11(1):18-24

3 Case study: freeway investigation
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We used the estimation method presented above
to analyze the dependence structures of traffic speed
and density data. The data under investigation came
from GA-400, which is a toll road to the north of the
Atlanta metropolitan area, Georgia, USA. The length
of road monitored by NaviGAtor, which is the intelligent transportation system (ITS) used in Georgia, is
about 20 km. The site map is shown in Fig. 1. The
data were extracted from video cameras that were
operated automatically, by software running in the
background. A virtual loop detector was placed over
each of the lanes and traffic conditions were reported
every 20 s. Therefore, the dataset can be regarded as
equivalent to loop detector data. Contained in the
original dataset were the time-mean speed and flow
rate at various stations. From these two variables, the
density of traffic flow could be calculated, as the ratio
of flow rate to speed. The following analysis concentrates on the speed-density relationship at one
fixed station rather than the speed-flow relation,
which could be considered more natural from a data
acquisition point of view. The speed-density relation
has been one of the most popular and intriguing topics
in traffic flow theory since the 1960s, when Greenshields’ model and numerous subsequent variations
were proposed. This is partly because the
speed-density relation links directly to kinetic wave

models, perhaps the most attested traffic flow models
up to now. Our investigation aimed to further understand this fundamental relation. Moreover, according
to the Highway Capacity Manual 2000 (HCM2000),
the speed-density relation directly indicates the level
of service (LoS) of a roadway, therefore, the
inter-dependence of density and speed is more significant.
Fig. 2 shows the mean and standard deviation of
the traffic speed plotted against the corresponding
traffic density. The mean speed decreased as a function of density and fluctuated significantly when the
density value was high. The standard deviation varied
over the range of density, reaching a peak of 25 km/h
at about 30 veh/km. One interpretation of this phenomenon is that when the traffic flow is approaching
the critical capacity, the system is very uncertain and
driver speed spreads over a large range. These observations indicate that the traffic characteristics,
especially the variability features, were quite heterogeneous. In this sense, the FD obtained by plain regression methods could be misleading, since such
methods implicitly assume that the fluctuation of
noise is well-behaved. Such an FD is not realistic
enough to accommodate the real random features
shown by data.
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Fig. 2 The mean and standard deviation of speed vs. density (shaded areas indicate the data regions to be analyzed)

N

Fig.1 The geometry of the road under investigation
(GA-400, Georgia, USA) (From Google Map)

We performed our analysis in three representative regions. Regarding traffic dynamics, bivariate
data (k, v) in three regions are typical. One is k~0, v~vf,
i.e., the free flow state. The second is k~kj, v~0, i.e.,
the congestion state. Another is kc~kj/2 and the corresponding vc, the state when the system is approximately critical. The three regions are indicated in
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Fig. 2 by shaded squares. For simplicity, the free flow
speed vf and jam density kj were identified by visual
inspection as 100 km/h and 120 veh/km, respectively,
for this dataset. In each region, a bandwidth of Δk=10
veh/km was predefined and the bivariate data whose
first component fell within [k−Δk/2, k+Δk/2] were
selected, where k is one of kf, kj or kc.
The descriptive statistics of the three selected
datasets can be found in Table 1. The correlation,
Kendall’s τ and Spearman’s ρ are all dependence
measures between the speed and density, lying in the
range of [−1, 1]. When a bivariate normal distribution
is considered, there exists simple correspondence
between the three measures. However, we found no
straightforward correspondence among these measures from the calculated values. This implied that the
dependence structure was beyond the descriptive
ability of the three measures, and that the copula
function should be employed to capture the dependence relation of the data. The normality of each
dataset was checked. Assuming the dataset follows a
bivariate normal distribution, Kendall’s τ and
Spearman’s ρ corresponding to the correlation can be
obtained directly (the values in parentheses). Normality was evaluated by comparing these values with
those calculated from the data. The free flow state
data was not even close to normal, while the critical
state and congestion state data could be reasonably
regarded to follow the normal distribution.

sity increased. In addition, in all the contour plots,
three very similar modes existed. Namely, the locations of the peaks in the contour plots tended to coincide. We interpret this as the existence of special
traffic patterns around the equilibrium speed-density
relation, possibly owing to different driver behaviors
in accelerating, decelerating and constant traffic flow,
which are also believed to be the cause of hysteresis.
Thus, it seems that the fluctuation around an FD type
plot does not distribute evenly. Many factors may
influence this, and our study shows that the fluctuation (i.e., scattering) cannot simply be treated as statistical error. The copula approach presented here
helps to unveil the underlying patterns, but a full
understanding of the scattering phenomenon requires
further investigation.

Table 1 Descriptive statistics of the original speeddensity data
Sample size Correlation
τ
ρ
Free flow
2721
−0.096
−0.102
−0.135
state
(−0.061) (−0.092)
Critical
3517
−0.138
−0.083
−0.115
state
(−0.088) (−0.132)
Congestion
317
−0.144
−0.100
−0.142
state
(−0.092) (−0.138)

The nonparametric copula estimation procedure
described above was applied to this dataset. We present the important findings in Fig. 3. The irregular
shapes of the copula functions show that existing
parametric families like the Gaussian copula, t-copula
and Archimedean copula will fail to capture the dependence pattern. The negative values of the correlation, Kendall’s τ and Spearman’s ρ of the data confirm this finding. Close scrutiny within the plot reveals that speed was more likely to decrease as den-

Fig. 3 The estimated copula function and corresponding contour plot for the traffic data. (a) Free flow state;
(b) Critical state; (c) Congestion state
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If empirical data are available, sampling via the
nonparametric copula is straightforward, through
simply adding noise to local samples (Hörmann et al.,
2004). Table 2 shows a comparison of the dependence
measures of the original and simulated samples,
where the values before ‘/’ are for original samples
and the remainder are for simulated samples. All
variables were approximated quite well, with relative
errors of no more than 25%.
Table 2 Comparison of dependence measures of
original and simulated samples
Free flow state
Critical state
Congestion state

Correlation
−0.096
/−0.081
−0.138
/−0.171
−0.144
/−0.179

τ

ρ

−0.102
/−0.097
−0.083
/−0.096
−0.100
/−0.115

−0.135
/−0.144
−0.115
/−0.142
−0.142
/−0.174
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speed and density at a very fine resolution. The copula
is a promising tool for revealing features of traffic
flow that were previously hidden. Therefore, we hope
that this study will promote further investigation of
the inter-dependence of traffic states. Traffic flow
theory will be significantly advanced if our understanding of the FD is deepened.
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