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Abstract: A single screw compressor (SSC) is an important component found in many refrigeration systems. However, the
durability is not so good because of the friction between its meshing pair. Therefore the column envelope meshing pair was proposed to prolong the operating life of SSCs, although it has not been applied to commercial refrigeration systems. To accelerate the
industrial application, a mathematical model for analyzing the column envelope meshing pair is established based on the geometry
and kinematics. Equations giving the flanks of column envelope grooves are obtained, and teeth flank meshing with the groove is
designed. Results show that this model could be applicable in the design of the column envelope type SSC.
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INTRODUCTION
Single screw compressors (SSCs) (Zimmern et
al., 1972), developed by Zimmern in the 1960s, are
widely used in refrigeration, air/gas compression and
chemical engineering systems (Wu and Tao, 2006).
The structure of a typical SSC is shown in Fig.1.
Essentially, a screw rotor meshes symmetrically with
two star-wheels to double the swept volume and
balance the radial thrust on the screw rotor (Zimmern
et al., 1972), and their angular velocities, ω, have a
relation as follows:
p=

ωb φb na 11
= =
= ,
ωa φa nb 6

(1)

where n is the teeth number; φ is the rotational angle
as shown in Fig.2; subscripts ‘a’ and ‘b’ denote the
star-wheel tooth and the screw rotor groove. In this
article the teeth number ratio, p=11/6 is selected.
This ratio gives 12 gas packets per unit revolu*
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tion of the rotor compared with 1 gas packet per unit
crank revolution in a conventional reciprocating
compressor, which reduces pressure pulsations in the
discharge flow. The performance of an SSC is thus
superior to that of a single piston design (Bein, 1991).
And the performance of an SSC is superior to that of a
twin screw compressor for its balanced radial thrust
on the rotor (Zhang, 2007).
However, the discharge capacity of a newly
produced SSC decreases sharply several hundred
hours after operation (Zimmern et al., 1972) although
the performance is good during the first operation.
This behavior is un-doubtly attributed to rapid wear of
the star-wheel teeth flank meshing with the screw
grooves in the compressor (Zimmern, 2000). The use
of high wear-resistance material helps to prolong the
life of SSCs, but it does not solve the basic problem
related to the operational life. We need to meet the
challenge of developing a suitable structure profile
for reducing friction between the two components of
the meshing pair (Zimmern, 1990; Wu and Tao, 2005).
The original type of meshing pair in an SSC is a
straight line envelope meshing pair (LEMP). The
contact line between the star-wheel tooth flank and
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Fig.1 Basic components of a typical single screw
compressor
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Fig.2 Schematic diagram of geometric and kinematic
relations between the tooth and the groove

the screw rotor is fixed on the star-wheel tooth flank,
and thus wear is progressive. Zimmern (1976) developed the column (frustum) envelope meshing pair
(CEMP), which was expected to have good
wear-resistance (Boblitt, 1987). And this type of
meshing pair was modified by Jensen (1998; 2000)
and Wu et al.(2007) to improve its machinability.
However, little attention has been paid to the
mathematical model of the CEMP (Yang, 2006; Yang
and Liang, 2007; Zhang et al., 2006), although a
mathematical model for the LEMP of an SSC was
presented by Yang (2002).
This paper presents the mathematical model for
designing the CEMP in the SSC.

MATHEMATICAL MODEL FOR THE CEMP
The basic idea for deriving the mathematical
model is to extend the straight line of the LEMP to the
column surface, and the groove flank is designed to be
meshed smoothly with the column surface.

Coordinate systems
Four right-handed Cartesian coordinates are introduced (Jin and Tang, 1985) according to the geometric and kinematic relations between the tooth and
the groove. As indicated in Fig.2, S1 (X1, Y1, Z1) and S3
(X3, Y3, Z3) coordinates are used for expressing the
starting positions of the star-wheel and the rotor and
thus are stationary; the origin O1 is chosen at the
center of the star-wheel; Z1-axis is in the direction of
the axis of the star-wheel; and Z3-axis is on the axis of
the screw rotor. The coordinates S2 (X2, Y2, Z2) and S4
(X4, Y4, Z4) are used for describing the rotation of the
star-wheel and the screw rotor around the Z1- and
Z3-axes.
Meshing between the tooth flank and the groove
flank
The groove flank is an envelope of the tooth
flank, which is a part of the envelope column surface
as shown in Fig.3 (the cross section of the C-C in
Fig.2).

Envelope column

Screw rotor

t Tooth
Tooth flank

α
d

Groove flank

Fig.3 Cross section of the CEMP

The tooth flank and the groove flank must be
moved with relative velocity in which each velocity
should be tangential, i.e., relative velocity is tangential to the moving surfaces at the contact point. And
thus the relative velocity of the surfaces at the contact
points must be orthogonal to its normal vector (Kang
et al., 1996; Liu et al., 2000; Richmond, 1996) shown
as follows:
v ⋅ n = 0,

(2)

where n represents the normal vector of the column
surface, and v is the relative velocity between the
column surface and the groove flank.
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An envelope column representing the tooth flank
is fixed in the coordinate S2 as shown in Fig.4, and the
axis of the column is set normal to the Z2-axis. In
Fig.4, the coordinates L, K, and M denote the position
of the envelope column denoted by “i” in the coordinate S2; u is the height of point B on the envelope
column; β is the inclinational angle of the envelope
column, and its sign is determined by spiral right rules;
θ is the circumferential angle of point B and is defined
as the mesh angle. So the position of point B is

b2 = [ x2

z2 ] ,
T

y2

(3)

where
d
⎧
⎪ x2 = L − u sin β + 2 cos θ cos β ,
⎪
d
⎪
⎨ y2 = K + u cos β + cos θ sin β ,
2
⎪
d
⎪
⎪ z2 = M + 2 sin θ ,
⎩
0 ≤ θ < 2π, 0 ≤ u ≤ H ,

O2

The condition that the tooth flank and the groove
flank should be meshed can be obtained by substituting Eqs.(3)~(5) into Eq.(2) and expressed as follows:

(6)

⎡ E (u , φa ) ⎤
θ (u , φa ) = arctan ⎢
⎥,
⎣ F (u , φa ) ⎦

(7)

⎡ E (u , φa ) ⎤
θ (u , φa ) = π + arctan ⎢
⎥,
⎣ F (u , φa ) ⎦

(8)

or

Eq.(7) and Eq.(8) are valid when the groove flank
meshes with the tooth on its right and left flanks,
respectively. Finally, the equation giving the surface
of the groove flanks can be derived by substituting
Eq.(7) or (8) into Eq.(3) and transformed from the
coordinates S2 to S4, expressed as

Hn
2
u
B

M

L
K

(5)

The mesh angle θ can be derived from Eq.(6):

i
Y2

p(a − y2 cos φa − x2 sin φa ), y2 cos φa + x2 sin φa ]T .

where
⎧ E (u , φa ) = L sin β − K cos β + pM sin( β + φa ) − u ,
⎨
⎩ F (u , φa ) = p [ K cos φa + L sin φa + u cos( β + φa ) − a ].

θ
Z2

v3 = v3a − v3b = ωa [ y2 sin φa − x2 cos φa − pz2 ,

E (u , φa ) cos θ − F (u , φa )sin θ = 0,

where d is the diameter of the column; subscript ‘2’
denotes the vector or the variable evaluated in the
coordinate S2. Assume that point B is a contact point
when the coordinate S2 rotates by φa. So the normal
vector and the relative velocity of the column surface
at point B should obey Eq.(2).
Axis of
star-wheel

star-wheel and the screw rotor at point B. Thus, the
relative velocity at point B could be given in the coordinate S3 by Eq.(5):

β

ϕ (u, φa , φb ,θ )

X2

= [ χ (u , φa , φb ,θ ) η (u , φa , φb ,θ ) ξ (u , φa ,φb ,θ )]T ,

Fig.4 Column surface in coordinate S2

The normal vector n can be given in the coordinate S3 as follows:
n3 = [ − cosθ cos(β + φa ), sin θ , − cosθ sin(β + φa )] . (4)
T

According to the kinematics between the
star-wheel and the screw rotor, the relative velocity at
point B is the difference between velocities of the

where
χ (u, φa , φb ,θ )
d
⎛
⎞
= ⎜ L − u sin β + cos θ cos β ⎟ cos φa sin φb
2
⎝
⎠
d
⎛
⎞
+ ⎜ M + sin θ ⎟ cos φb + a sin φb
2
⎝
⎠
d
⎛
⎞
− ⎜ K + u cos β + cos θ sin β ⎟ sin φa sin φb ,
2
⎝
⎠

(9)
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η (u, φa , φb ,θ )
d
⎛
⎞
= ⎜ L − u sin β + cos θ cos β ⎟ cos φa cos φb
2
⎝
⎠
d
⎛
⎞
− ⎜ M + sin θ ⎟ sin φb + a cos φb
2
⎝
⎠
d
⎛
⎞
− ⎜ K + u cos β + cos θ sin β ⎟ sin φa cos φb ,
2
⎝
⎠
ξ (u , φa , φb ,θ )
d
⎛
⎞
= ⎜ L − u sin β + cos θ cos β ⎟ sin φa
2
⎝
⎠
d
⎛
⎞
+ ⎜ K + u cos β + cos θ sin β ⎟ cos φa .
2
⎝
⎠
From Eqs.(7), (8) and (1), it is shown that Eq.(9)
has only two independent parameters, u and φa, and
thus can be simplified as follows:

ϕ (u,φa ) = ϕ (u,φa ,φb ,θ )
= [ χ (u,φa , φb ,θ ) η (u, φa ,φb ,θ ) ξ (u,φa ,φb ,θ )]T .
(10)
In the range of 0≤u≤H,
⎛ a − Rb
− arcsin ⎜
⎝ Ra

⎞
⎛ a − Rb
⎟ ≤ φa ≤ arcsin ⎜
⎠
⎝ Ra

⎞
⎟,
⎠

(11)

where a is the central distance between the star-wheel
and the screw rotor; Ra is the radius of the star-wheel;
Rb is the radius of the screw rotor.
Meshing surface of the tooth flanks
On the other hand, the contact surface on the
envelope column can be obtained by substituting
Eq.(7) or (8) into Eq.(3), is expressed as
c2 = [κ (u , φa ) τ (u , φa ) σ (u , φa )]T ,

where
d
⎧
⎪κ (u , φa ) = L − u sin β + 2 cos[θ (u , φa )]cos β ,
⎪
d
⎪
⎨τ (u , φa ) = K + u cos β + cos[θ (u , φa )]sin β ,
2
⎪
d
⎪
⎪σ (u , φa ) = M + 2 sin[θ (u , φa )].
⎩

(12)

Because there are only two independent parameters in Eq.(12), the equation expressing the
contact line can be obtained by giving the value of
φa .
The contact arc marked by the envelope angle, α,
as shown in Fig.3, could be easily obtained by subtracting the minimum value of θ(u,φa) from its
maximum value at the given value of u. And the
greater the column diameter, d, the longer the length
of the contact arc, and thus the better the
wear-resistance of the meshing pair and the longer the
operating life of SSCs.
The diameter of the envelope column should be
equal to that of the milling cutter, because the milling
cutter surface fabricates the groove flank as the envelope column moves along the groove flank to obtain good meshing between them. The larger the diameter of the milling cutter, the greater the envelope
column diameter. Thus while a large diameter milling
cutter is suitable, this diameter must, however, be
smaller than that of the groove width. The diameter of
the milling cutter, i.e., the column diameter d is thus
limited by geometrical and kinematic conditions as
follows:
d<

(a − Ra ) p
(a − Ra ) 2 p 2 + Ra 2

b.

(13)

DESIGN METHOD FOR CEMP
The diameter of the column, d, and other geometrical parameters of the meshing pair, (L, K, M, H,
β), should be determined from the mathematical
model of the CEMP. The geometrical parameters are
shown in Fig.4 and Fig.5. And other parameters of the
compressor, i.e., the thickness of the star-wheel t, the
diameters of the screw rotor and the star-wheel, the
length and width of the star-wheel tooth, and the
centric distance of the meshing pair, could be determined according to the required discharge capacity
and compression ratio of the compressor.
Firstly, the inclinational angle of the envelope
column β is usually set as 0°. The diameter of the
column d is taken as its maximum, as shown in
Eq.(13).
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Fig.5 Position of the envelope column at the tooth root

Secondly, the coordinates L, K, and M give the
position of the envelope column, denoted by “i” in
Fig.4. On the other side, the position of the envelope
column at the root of the tooth could be denoted by
introducing an angle γ as shown in Fig.5. So the L, K,
and M are given by the following equation:
⎧
d
⎪ M = − cos γ ,
2
⎪
⎪
⎪
b d
⎨ L = − sin γ ,
2 2
⎪
⎪
2
⎪ K = ( R − l )2 − ⎛ b − d sin γ ⎞ .
a
⎜
⎟
⎪
⎝2 2
⎠
⎩

H = l cos β .

(14)

(15)

Then the design work is focused on the introduced angle γ. Substituting Eq.(14) into Eq.(7), the
meshing angle θ is obtained at the position u=0:
⎡ E (γ , φa ) u = 0 ⎤
⎥,
⎣⎢ F (γ , φa ) u = 0 ⎦⎥

θ (γ , φa ) = arctg ⎢

(16)

where
⎞
⎛ a − Rb
⎟ ≤ φa ≤ arcsin ⎜
⎠
⎝ Ra

⎞
⎟.
⎠

The value of γ should be given as an initial condition repeatedly until θ(γ,φa) satisfies the above
condition.
The CEMP of an SSC with a discharge capacity
of 3 m3/min is designed, and the dimensions are obtained as depicted in Tables 1 and 2.
Table 1 Dimensions of the SSC
Parameter
Radius of star-wheel and rotor, R (mm)
Tooth thickness, t (mm)
Central distance of the compressor, a (mm)
Tooth width, b (mm)
Tooth length, l (mm)

Value
77
7
123.2
23
30.8

Table 2 Design results of the CEMP

The length of the column H is

⎛ a − Rb
− arcsin ⎜
⎝ Ra

(18)

(17)

Finally, the meshing angle θ is limited by the
tooth thickness t. Here θ ranges to satisfy the condition that the contact surface of the envelope column is
within the tooth flank and thus,

Parameter
Diameter of the column, d (mm)
Position of the envelope column, L (mm)
Position of the envelope column, K (mm)
Position of the envelope column, M (mm)
Height of the envelope column, H (mm)
Inclinational angle of the envelope column,
β (rad)
Position angle of the envelope column, γ (rad)

Value
16
4.622
45.968
−4
76.15
0
π/3

The envelope angle, α, in Fig.3 is obtained as
0.268 rad when subtracting the minimum from the
maximum value of θ(u,φa) at the tooth tip, u=H. And
the contact arc at the tooth tip is given as αd/2=2.2
mm. It means that the contacting surface of the tooth
flank is wide enough to enhance the wear-resistance
of the meshing pair.
In addition, the γ denoting the position of the
envelope column at the tooth root ranged between
0.826 and 1.14 rad in the above case. However, the
area of the sides of the tooth flank exposed to high
pressure in the high-pressure chamber and its clearance to the groove flanks would depend on the
amount of γ, and thus the gas forces applied on the
star-wheel and lubricating situation would also depend on y. So the value of γ must be optimized to
balance the gas forces on the star-wheel, and also to
improve the lubricating situation.
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CONCLUSION
In this paper the mathematical model for CEMP
in the SSC is derived from the geometry and kinematics. Research focuses on the geometrical parameters of the CEMP, which enables the design of
the compressor by CAD/CAE/CAM.
A design method for the CEMP is proposed
based on the mathematical model, and then parameters for the CEMP of an SSC with a discharge capacity of 3 m3/min are designed. Thus it is shown that the
contacting surface of the tooth flank is wide enough to
enhance the wear-resistance of the meshing pair.
Results obtained from this paper could be applied in the design and production of the single screw
compressor (Sun and Fang, 2006; Kiyoharu, 2007),
and thus could accelerate its industrial application.
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