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Abstract:
Least squares support vector machines (LS-SVMs) are modified support vector machines (SVMs) that involve
equality constraints and work with a least squares cost function, which simplifies the optimization procedure. In this paper, a novel
training algorithm based on total least squares (TLS) for an LS-SVM is presented and applied to multifunctional sensor signal
reconstruction. For three different nonlinearities of a multifunctional sensor model, the reconstruction accuracies of input signals
are 0.001 36%, 0.031 84% and 0.504 80%, respectively. The experimental results demonstrate the higher reliability and accuracy of
the proposed method for multifunctional sensor signal reconstruction than the original LS-SVM training algorithm, and verify the
feasibility and stability of the proposed method.
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INTRODUCTION
In the last decades, people have paid more attention to the development of multifunctional sensors,
which is a new direction in modern sensor technology.
Multifunctional sensors have been applied in the field
of environmental perception (Sun and Shida, 2002),
industry measurement (Yuji and Shida, 2000), aeronautics, astronautics, and micro-mechanical technology. In general, a multifunctional sensor can simultaneously detect several different non-electric
signals and greatly reduce the size and consumption
of the measurement system. The schematic structure
of a general multifunctional sensor is shown in Fig.1,
and this multi-variable transfer function model can be
described as
*
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yi = f i ( x1 , x2 ,… , xn ), i = 1, 2,..., n,

(1)

where x1, x2, …, xn are the input signals, y1, y2, …, yn
are the output signals, and fi (i=1, 2, ..., n) describes
the transfer function of sensitive component i, which
in general is nonlinear. The estimation of the input
signals can be obtained through the signal reconstruction algorithm, and this process is the so-called
sensor signal reconstruction.
By now, many reconstruction algorithms have
been proposed to estimate the regression function in
multifunctional sensor signal reconstruction (Flammini et al., 1999; Sun et al., 2004; Liu et al., 2007).
These methods are based on the empirical risk minimization (ERM) principle, which ensures the actual
risk close to the empirical risk for a large sample size.
For a small sample size, however, minimizing the
empirical risk cannot guarantee a small value for the
actual risk, and thus this leads to overfitting and poor
generalization capabilities (Vapnik, 1999). A support
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by
y = g ( x) + ν .
(2)
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Fig.1 Schematic structure of a multifunctional sensor

vector machine (SVM) and its modified algorithms
are new machine learning methods based on statistical learning theory and the structural risk minimization principle, and it can efficiently deal with the
small sample size problem, restrain overfitting and
improve the generalization capability (Vapnik, 1998).
A least squares support vector machine
(LS-SVM), being a recently reported least squares
version SVM, involves equality constraints instead of
inequality constraints and adopts a least squares cost
function. Therefore it expresses the training by solving a set of linear equations instead of a quadratic
programming problem, which greatly reduces computational cost (Suykens and Vandewalle, 1999). In
this paper, we present a novel solution for LS-SVM
based on total least squares (TLS). This method enables us to solve the sensor signal reconstruction
problem in the condition where input signals and
output signals are both contaminated by noise.
This paper is organized as follows. In Section 2
we briefly review the SVM and LS-SVM algorithms,
and then describe the solution procedure for LS-SVM
based on TLS. In Section 3, we build up a simulation
model of a multifunctional sensor and analyze the
nonlinearity degree of this multifunctional sensor
transfer function by a simple nonlinearity measurement, and then we discuss the experimental results for
different nonlinearity levels obtained by the proposed
approach and the original one. We conclude the paper
in Section 4.

THEORY AND ALGORITHM
Least squares support vector machine
SVM was originally developed for pattern recognition (Cortes and Vapnik, 1995) and then Vapnik
(1998) extended the results to solve the regression
problem by promoting a novel so-called ε-insensitive
loss function: |y−f(x)|ε=max{0, |y−f(x)|−ε}. Consider
a nonlinear regression problem. The dependence of a

The function g(·) and the statistics of independent
noise ν are unknown. All that is available is a training
dataset { xi , yi }iN=1 , where xi∈ún is a sample of the
input vector x and yi∈ú is the corresponding value of
the equation output. The problem is to provide an
estimation of the dependence of y on x. And the
Vapnik’s SVM is intended to estimate the following
function:
f ( x ) = w Tϕ ( x ) + b , x ∈

n

, b∈

(3)

by minimizing the regularized risk functional:
N
1 T
w w + C ∑ yi − f ( xi ) ε ,
2
i =1

(4)

where the nonlinear function φ(·) maps the input data
into a higher dimensional feature space. However,
this function is constructed in an implicit way, and C
is the regularization parameter that controls the
trade-off between minimizing the model complexity
and the empirical risk. Minimizing Eq.(4) is equivalent to the following constrained optimization problem by introducing two sets of non-negative slack
variables {ξi }iN=1 and {ξi* }iN=1 :

min ∗ J ( w , ξ , ξ ∗ ) =

w ,b ,ξ ,ξ

N
1 T
w w + C ∑ (ξi + ξi∗ )
2
i =1

(5)

s.t.
−ε − ξi∗ ≤ w Tϕ ( xi ) + b − yi ≤ ε + ξi , ε , ξi , ξi∗ ≥ 0. (6)
The slack variables measure the deviation of
data outside the ε-insensitive tube, and they are penalized in Eq.(5). It is obvious that training an SVM
amounts to solving a complex quadratic programming
problem (Smola and Scholkopf, 2004). To avoid the
complicated computation, Suykens et al. developed a
least squares version of SVM for a classification and
nonlinear function estimation problem (Suykens and
Vandewalle, 1999; Suykens et al., 2002). The main
difference between LS-SVM and SVM is that the
quadratic loss function is taken with equality constraints. Namely, the LS-SVM is formulated as
follows:

499

Liu et al. / J Zhejiang Univ Sci A 2009 10(4):497-503

min J ( w ,ν ) =
w , b ,ν

1 T
γ N
w w + ∑ν i2
2
2 i =1

(7)

s.t.
yi = w Tϕ ( xi ) + b + ν i , i = 1, 2,… , N .

(8)

And the solution to the minimization problem can be
obtained through solving the following linear equations by utilizing Lagrange multipliers techniques:
⎡0
⎢
⎣1N

1TN ⎤ ⎡ b ⎤ ⎡ 0 ⎤
⎥ ⎢ ⎥ = ⎢ ⎥,
Ω + γ −1 I ⎦ ⎣ α ⎦ ⎣ y ⎦

(9)

where y=[y1, y2, …, yN]T, 1N=[1, 1, …, 1]T, α=[α1,
α2,…, αN] is the Lagrange multipliers vector, and
Ωij=(φ(xi))Tφ(xj)=K(xi, xj). The kernel function K(·, ·)
should satisfy Mercer’s condition, which can reduce
the expensive calculations of the inner product in the
high-dimensional feature space and has no need for
the explicit form of the nonlinear mapping. The
typical choices of the kernel function include linear
kernel, polynomial kernel, sigmoid kernel, and RBF
kernel. Hence the LS-SVM for function estimation is
formulated as
N

y ( x ) = ∑ α i K ( x , xi ) + b,

(10)

i =1

where αi and b are the solutions to Eq.(9). Therefore
LS-SVM solves a set of linear equations instead of a
computational quadratic programming problem.
Furthermore, in the case of LS-SVM, the additional
tuning parameters are less than those for standard
SVM, which can significantly reduce the level of
complexity control for model selection.
Total least squares algorithm for LS-SVM
Eq.(9) can be represented in the form
Αx = b,

known exactly and inevitably contaminated by observational noise. Thus the matrix A is often nearly
ill-conditioned in practice. Though the inverse of a
badly conditioned matrix is possible, the solution
often exhibits numerical instabilities, which means
that small changes in the matrix and observation
vector can lead to large changes in the computed
solution. Therefore, the TLS method is much more
reasonable and stable in the case of noise data by
considering the perturbation bias of both matrix and
observation vector (Rahman and Yu, 1987).
To solve Eq.(11) by means of the TLS strategy,
we suppose E and e are the perturbation effects of A
and b respectively, and the TLS algorithm looks for an
optimal solution to the following corrected equation
that minimizes the perturbation effects on the given A
and b:
( A + E ) x = b + e.

(12)

Obviously Eq.(12) can be transformed as follows:
( B + D ) z = 0,

(13)

⎡1 ⎤
where B=[−b, A], D=[−e, E], z = ⎢ ⎥ . Then the TLS
⎣ x⎦
solution to Eq.(13) can be formulated as a constrained
optimization problem:

min || D ||2F s.t. b + e ∈ range( A + E ),
D, x

(14)

where ||D||F denotes the Frobenius norm of matrix D,
and the solution can be calculated by singular value
decomposition (Rahman and Yu, 1987). Actually, it
should be noted that the TLS solution to Eq.(11) is the
optimal solution to Eq.(12), while the matrix inversion method calculates the solution to Eq.(11) in a
straightforward manner.

(11)

RESULTS AND ANALYSIS
⎡0
1TN ⎤
⎡b ⎤
⎡0⎤
with A = ⎢
, b = ⎢ ⎥ , x = ⎢ ⎥ . As
−1 ⎥
⎣ y⎦
⎣α ⎦
⎣1N Ω + γ I ⎦
for the square and full rank matrix A, the unique solution can be explicitly obtained by matrix inversion.
However, the kernel matrix Ω and observation vector
b consist of measurement signals, which are rarely

A simple nonlinearity measurement
It is clear that the performance of the reconstruction algorithm is related to the nonlinearity degree of the function Eq.(1). However, this important
parameter is very difficult to discuss or measure explicitly. Box (1971) proposed a formula to estimate
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the bias between the estimates of the parameters and
their true parameter values in the least squares estimators, which can be viewed as an indication of the
extent of nonlinear behavior of a given model
(Ribeiro et al., 2005). Bates and Watts (1980) developed a new nonlinearity measurement method
based on the geometric concept of curvature, which
showed the intrinsic and parameter effect curvatures
associated with a given model (Moreira et al., 2006).
While useful in many ways, both measures are less
useful in the context of measuring nonlinearity in the
case of multifunctional sensor signal reconstruction.
Since the dependence of the function set Eq.(1) is
usually unknown, it is therefore very difficult or of
high computational complexity to investigate the
first- and second-order derivatives of the function,
which are needed for both measures.
Obviously, when unaware of the true functional
form of the function set Eq.(1), we can estimate a
linear model and judge its performance by some
standard statistical criterion. One criterion, root mean
square error (RMSE), will deteriorate when the function deviates more and more from a linear model. It is
clear that the errors in the linear model will arise
entirely as the result of the nonlinearity; the larger
errors mean the more nonlinearity. When the function
is actually linear, all errors will disappear or near zero.
Therefore, the RMSE can be used as a measure of
nonlinearity.
Consider a function in which the dependence of
a scalar output on a vector input is described by
Y = f ( X ).

(15)

The function f(·) is unknown. All that is available is a
set of dataset { X i , Yi }iN=1 . The problem is to find a
linear function that optimally approximates Eq.(15).
Here, the LS-SVM with linear kernel is used, and then
the optimal linear estimation of Eq.(15) can be obtained as follows:
Yˆ = f Linear-LSSVM ( X ).

(16)

Therefore, the measurement of nonlinearity can be
formulated as
1 n ⎛ Yi − Yˆi
Nm =
∑⎜
n i =1 ⎜⎝ Yi

2

⎞
⎟⎟ ,
⎠

(17)

where Yi and Ŷi are the ith actual value and estimated
value respectively, and the error criterion used here is
the relative error (RE) instead of the residual error.
Actually, the residual error is not suitable for assessing the accuracy of estimation. The residual error of
prediction usually increases with the magnitude of the
actual value. However, a small residual error does not
guarantee good estimation accuracy, because it does
not take into consideration the magnitude of the actual
value and thus penalizes the prediction of a large
value. Thus it is not adequate for comparing the regression accuracy between a large actual value set and
a small one. While the RE reflects the ratio of the
estimated value to the actual value, which takes into
account the magnitude of the actual value and allows
the larger absolute error for a larger actual value, the
RE is more suitable for the assessment of the regression accuracy.
Simulation model and its nonlinearity analysis
To verify the feasibility of the proposed method,
a physical model of a two-input two-output multifunctional sensor used in the experiment has been
built up and shown in Fig.2.
Vcc (= 5 V)
R2 (= 1 kΩ)

R1 (= 1 kΩ)

x

RS kΩ

RS kΩ

y

u

v
R3 (= 1 kΩ)

Fig.2 Circuit model of a two-input two-output sensor

The input signals are x and y, which represent the
ratio of the slide resistor lower side resistances to the
entire resistances. The output signals are u and v (V).
According to KCL, the system transfer function can
be described as follows:
5[2 x + y + RS xy (2 − x − y )]
⎧
⎪u / V = 3 + R [ y (1 − y ) + x(1 − x)] ,
⎪
S
⎨
⎪v / V = 5[2 y + x + RS xy (2 − x − y )] .
⎪⎩
3 + RS [ y (1 − y ) + x(1 − x)]

(18)

The resistance of the slide resistor, RS kΩ, can
control the nonlinearity of the transfer function. For
instance, the nonlinear transfer function becomes a
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linear function when RS=0, and it can be detected
from experiments that the nonlinearity of the transfer
function is growing with increasing RS. To illustrate
the influence of parameter values on model nonlinearity and the usefulness of the proposed nonlinearity
measurement, the measurement of nonlinearity and
box plots of the RE of the reconstructed input signal x
for different parameter values are shown in Fig.3. As
for the symmetry properties of Eq.(18), only the reconstructed signal x is discussed. Here, the training
input set (xi, yi) is a Cartesian product of two input
signal sets, which are both composed of 17 equally
spaced data points over the interval (0.1, 0.9). Thus
we obtained 289 training samples (xi, yi, ui, vi) generated from the above function for different RS’s. And
similar to the training dataset, the test input set is also
a Cartesian product that is composed of 81 equally
spaced data points in the interval (0.1, 0.9). Therefore
we obtained 6561 related test samples.
0.4
0.2

analysis. Furthermore, the proposed measure of
nonlinearity is nearly zero for a linear function,
non-zero for a nonlinear function, and increases with
the deterioration of nonlinearity. Therefore, it could
be a useful tool to measure the nonlinearity degree of
an unknown function.
Experiment results and discussion
In the previous section we presented the theoretical results for TLS solution to LS-SVM and analyzed the nonlinearity of the simulation model, which
makes the need evident to verify whether the proposed method can lead in practice to a better generalization performance than the original one for different nonlinearity levels. Furthermore, it can be
found that the generalization performance of
LS-SVM depends on a good setting of the regular
parameter and kernel parameter. For a more accurate
comparison, we numerically compute the generalization error with an RBF kernel, here the RMSE as a
function of regular parameter γ and kernel parameter
σ. The RMSE is calculated according to

Relative error

0
2

−0.2

RMSE =

−0.4

1 n ⎛ xi − xˆi ⎞
⎟ ,
∑⎜
n i =1 ⎝ xi ⎠

(19)

−0.6
−0.8

where n is the total number of test sets, xi and xˆi are

−1.0

the ith test input signal and related reconstructed
signal calculated by LS-SVM with TLS solution or
original solution, respectively. In the case of LS-SVM,
the generalization performance is influenced by the
choice of (γ, σ) when using an RBF kernel.
The experimental setup is the same as in Fig.2. A
total of 289 examples were used as the training dataset, and 6561 examples as the test set. Then we built
the regression function with the given set of parameters {γ, σ}, training the function for two different
solutions to the training set. The performance of the
parameter set can be measured by the RMSE on the
test set. In particular, we plotted the generalization
error of two solutions versus parameters for different
nonlinearity levels. The experiment results are shown
in figures as surface plots, where Figs.4a~4c are the
RMSE of input x using the original solution versus
parameters for different nonlinearity degrees, and Figs.
5a~5c are the RMSE of input x using TLS solution
versus parameters for different nonlinearity levels.

−1.2

2
0
5
10
Resistance of the slide resistor (kΩ)

Fig.3 Box plots of the relative error of x for different RS’s

As shown in Fig.3, each box plot is based on the
results of the test dataset of varying RS’s. For RS=0,
the transfer function Eq.(18) becomes a linear model
and we notice that the range of RE is very close to
zero and measurement of nonlinearity (1.42E−009) is
also approximately zero, which implies that the estimated values from LS-SVM with linear kernel perfectly match the actual values. For other parameter
values, the nonlinearity measurement and the range of
the RE increase quickly with growing RS (the measurement of nonlinearity is 0.0349, 0.0675 and 0.0982
for RS=2, 5 and 10, respectively), which means that a
higher parameter value causes a higher nonlinearity.
The practical results are in accord with the previous
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Fig.4 RMSE of x using LS-SVM vs parameters σ and γ for different RS’s
(a) RS=2; (b) RS=5; (c) RS=10

0.10
0.05

15

σ2

2
0 0

(a)

5

10
lg γ

0
4

15

σ2

2
0 0

(c)

(b)

Fig.5 RMSE of x using TLS solution vs parameters σ and γ for different RS’s
(a) RS=2; (b) RS=5; (c) RS=10

As shown in Figs.4a~4c, the risk surfaces are flat
and smooth with respect to the whole kernel parameter range and the small regular parameter range,
while the risk surfaces show rapid deterioration with
respect to the whole kernel parameter range and the
large regular parameter range. Furthermore, the shape
and range of risk surfaces with respect to the small
regular parameter region almost remain unchanged
with increasing nonlinearity levels, while the shape of
risk surfaces dramatically changes and the range of
risk surfaces rapidly increases, such as the range of
RMSE from 0 to 0.8 for RS=2, from 0 to 6 for RS=5,
and from 0 to 120 for RS=10, with respect to the large
regular parameter region.
As shown in Figs.5a~5c, the risk surfaces are flat
and smooth and the shape of risk surfaces almost
remain unchanged with respect to the whole parameter range for all nonlinearity levels, which means
that the neighboring parameter values result in the
neighboring risk values and this fact guarantees the
stability of the proposed solution for all nonlinearity
levels over the whole range of parameters.

The range of risk surfaces increases slowly with the
increasing nonlinearity levels, such as the range of
RMSE from 0 to 0.1 for RS=2, from 0 to 0.15 for RS=5,
and from 0 to 0.2 for RS=10.
From the results above we can conclude that the
TLS solution is more stable and accurate than the
original one. Therefore, it can guarantee a lower
generalization risk.
Finally, we can choose the parameter set that
performed best. Here two evaluation criteria are used,
i.e., the RMSE and the maximum relative error
(MRE), and the MRE is defined as
MRE = max ( xi − xˆi ) / xi .
1≤ i ≤ n

(20)

The optimal parameters are set and the related
results are shown in Table 1, where it can be found
that both the MRE and RMSE calculated by the
proposed solution are smaller than the original ones
for all nonlinearity levels. Moreover, for input signals
x and y, the optimal parameter set and two evaluating
criteria calculated by the proposed solution are the
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Nonlinear
level
RS=2
RS=5
RS=10
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Table 1 Reconstruction results comparison of two methods with optimal parameters setting
Input signal x
Input signal y
Method
σ2
MRE (%)
RMSE (%)
lg γ
σ2
MRE (%)
RMSE (%)
lg γ
Original
6
3.5
0.135 01
0.025 33
6
2.8
0.099 89
0.017 91
Proposed
12
1.1
0.001 36
0.000 12
12
1.1
0.001 36
0.000 12
Original
4
0.9
0.564 99
0.123 85
5
0.8
0.360 83
0.054 63
Proposed
10
0.4
0.031 84
0.001 82
10
0.4
0.031 84
0.001 82
Original
4
0.3
1.111 67
0.142 49
4
0.3
1.027 09
0.188 32
Proposed
6
0.2
0.504 80
0.043 18
6
0.2
0.504 80
0.043 18

same for all nonlinearity levels, and this fact is in
accord with the symmetry properties of Eq.(18).
While for the original solution, MRE and RMSE of
the two input signals are totally different for all
nonlinearity levels, and the optimal parameter sets of
two input signals are the same for RS=10 only.
Therefore, it proves that the proposed method is more
robust and accurate than the original one.
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We proposed a new training algorithm for
LS-SVM based on the TLS method. Actually, a wide
range of problems in estimation, identification and
reconstruction can be transformed into seeking the
solution to an overdetermined equation. Though the
least squares method is a popular algorithm, it only
takes into account the error of the observer vector,
while TLS considers the errors of both the transfer
matrix and the observer vector. Therefore the estimation accuracy of the TLS solution is better than that of
the LS method in the case where input signals and
output signals are all contaminated by noise (Zhang et
al., 1995). The experimental results suggest that the
proposed solution is suitable for the multivariable
condition and may achieve better generalization performance and stability of signal reconstruction than
the original solution under different nonlinearity levels. Hence, the proposed approach can be immediately used by practitioners who are interested in applying LS-SVM to various application domains.
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