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Abstract:    This paper presents the results of an experimental research on reinforced concrete beams strengthened with an external 
carbon fibre reinforced polymer (CFRP) layer under long-term load action that lasted for 330 d. We describe the characteristics of 
deflection development of the beams strengthened with different additional anchorages of the external carbon fibre composite 
layer during the period of interest. The conducted experiments showed that the additional anchorage influences the slip of the 
external layer with respect to the strengthened element. Thus, concrete and carbon fibre composite interface stiffness decreases 
with a long-term load action. Therefore, the proposed method of analysis based on the built-up-bars theory can be used to estimate 
concrete and carbon fibre composite interface stiffness in the case of long-term load. 
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1  Introduction 
 

Carbon fibre reinforced polymer (CFRP) has 
been increasingly applied to strengthen and retrofit 
the elements of damaged structures. From a number 
of research endeavours, the introduction of design 
recommendations and effective application of the 
developed method for the strengthening technology, 
prove the prospective and practical use of CFRP in the 
near future. Strengthening technologies that apply 
CFRP have improved, and are close to perfection, in 
many countries. Strengthening building structures 
with carbon fibre composites are generally achieved 
by creating an external layer of the composite on the 
structure. It has been proved experimentally that the 
concrete and external reinforcement interface is not 
absolutely stiff (Weimer and Haupert, 2000; Ferrier 
and Hamelin, 2002; Gao et al., 2003; Davis et al., 
2004; Valivonis, 2006; Benzaid et al., 2008; Ferrier et 
al., 2010).  

It has been determined experimentally that a 
concrete layer impregnated with epoxy glue is formed 
along the concrete and carbon fibre composite inter-
face (Marchukaitis et al., 2007). The physical and 
mechanical properties of this layer are better than 
those of concrete for the member to be strengthened. 
Concrete tensile strength in this zone is increased, 
which improves resistance to cracking. The experi-
ments showed that the first vertical crack appeared 
above the impregnated concrete layer. Because of the 
growth of external forces, increasing shear stresses 
above the concrete and composite interface causes 
horizontal cracking. Therefore, the concrete layer 
above the concrete and composite interface is cracked 
significantly (Marchukaitis et al., 2007; Marčiukaitis 
et al., 2010). The formation of cracks and the tension 
stiffening effect depend on the concrete and steel bar 
interface stiffness and the concrete and FRP element 
interface stiffness (Lee et al., 1999). Because of a 
long-term load action, shear creep occurs in the in-
terface aforementioned, and the composite layer slips 
with respect to the reinforced concrete of the 
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strengthened member. The slip of the composite layer 
and concrete nonlinear creep (Balevičius and Dulin-
skas, 2010) reduce the stiffness of the strengthened 
member and causes additional deflection to occur.  

The duration and level of the long-term load 
have a significant influence on the behaviour of 
strengthened structures. Wang and Li (2006a; 2006b) 
experimentally investigated reinforced concrete 
beams strengthened with carbon fibre composites and 
subjected to a long-term load action, which showed 
that strengthening becomes less effective as the load 
level of concrete structures increases. 

To enhance the strengthening effect using carbon 
fibre composites, various methods of anchoring the 
composite layer have been proposed. Bolted steel 
plates were used as additional mechanical anchors in 
beams with prestressed CFRP (Diab et al., 2009). 
Non-metallic anchor systems with carbon fibre 
clamps were investigated to replace the steel anchors 
(Xiong et al., 2007; Kim et al., 2008a; 2008b). Sku-
turna et al. (2008) showed that additional anchors for 
the composite layer change the beam failure charac-
teristics, increase the load carrying capacity, and de-
crease the beam deflection. 

The development of beam deflection, subjected 
to a long-term static action, depends on the value of 
the reinforcement ratio of the cross-sectional carbon 
fibre composites. Tan and Saha (2006) revealed that 
deflection decreased from 23% to 33% when the 
reinforcement ratio of carbon fibre composites in-
creased from 0.64% to 1.92%. An experiment with 
old-new concrete composite beams showed that de-
flections mostly increase as a result of creep and 
shrinkage in the new concrete; however, the influence 
of slip strains on deflection is small (Wang et al., 
2011). 

Diab et al. (2009) pointed out that the greatest 
deformation of shear creep developed in the zones 
subjected to the highest shear stress, i.e., at the ends of 
the glued fibre.  

It is expedient in the analysis of deflecting multi- 
layer beams to allow for additional deflection caused 
by inter-displacements of the layers. The calculation 
results of the analysis of reinforced concrete beams 
strengthened with carbon fibre composites (Benyoucef 
et al., 2007a; 2007b) show that a slip between the lay-
ers and the intensity of corresponding shear stresses 
depend on the axial stiffness of the composite layer. 

However, most analyses of the deflection of re-
inforced concrete beams strengthened with carbon 
fibre composites (Tan and Saha, 2006; Fib Task 
Group 9.3, 2001) do not take into account the con-
crete and carbon fibre composite interface stiffness. 
Therefore, in the case of a long-term load action, the 
influence of shear creep deformations on beam de-
flection is completely neglected. According to re-
gression analysis results, a nonlinear model for con-
crete and fibre reinforced plastic interface behaviour 
has been proposed (Dai et al., 2005).  

Little research has focused on the influence of a 
long-term load on the behaviour of the strengthened 
structure. An inadequate number of investigations 
determine the influence of long-term load magnitude 
and stress strain state before strengthening, as well as 
various anchor methods on the behaviour of structures 
strengthened with carbon fibre composites during the 
long-term load action. Considering the above infor-
mation, experimental and theoretical investigations 
into reinforced concrete beams strengthened with 
carbon fibre composites subjected to a long-term load 
action were performed and are reported in this paper. 

 
 

2  Deflection analysis 
 

Formulae for deflection analysis of beams des-
tined for solid cross-section members cannot be used 
for layered members. Slips that occurred between the 
layers increase beam deflection. Because of the long- 
term load action, longitudinal shear creep deforma-
tions appear in the concrete and carbon fibre compo-
site interface and result in an increase in beam def-
lection. A method for deflection analysis of beams 
strengthened with carbon fibre composites is pro-
posed based on the built-up-bars (Rzhanitsyn, 1986; 
Marčiukaitis et al., 2006) theory that the long-term 
load action accounts for changes in the interface 
stiffness of the layers.  

The deflection of a beam loaded with uniformly 
distributed load p with a span length l can be calcu-
lated by the following modified expression: 
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where t is the time coordinate, λ is the parameter that 
evaluates the alteration of bond stiffness, and 
Eeff(t)Ieff(t) is the effective bending stiffness.  

The deflection of a strengthened beam loaded 
with two concentrated loads (Fig. 1a) can be used to 
estimate the influence of a long-term load using the 
following modified expression: 
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where M is the acting moment, and 1/D(t) can be 
expressed as follows: 
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The parameter that evaluates the alteration of 

bond stiffness during a long-term load action is de-
scribed as follows:  

 

k( ) ( ) ( ),t t t                         (4) 

 
where γ(t) is a parameter that indicates the influence 
of longitudinal shear forces during a long-term load-
ing period on the interface stiffness, and is evaluated 
using seven or eight formulae based on the loading 
conditions. The parameter ξk(t) is calculated as  
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where b is the width of a beam cross section, Gc,eff(t) 
is the effective shear modulus of a concrete and car-
bon fibre composite interface, and z is the distance 
between a cross section of the reinforced concrete 
element and a cross section of carbon fibre  
composites. 

The effective bending stiffness is as follows: 
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where Ec,eff(t) is an effective secant modulus of con-
crete, Ic,eff(t) and Ac,eff(t) are an effective moment of 
inertia and an effective cross section of the reinforced 
concrete element, respectively, Ef is the modulus of 
elasticity of the carbon fibre composite, and Af is a 
cross sectional area of the carbon fibre composite. 

If a beam is strengthened and concrete hardening 
age reaches 28 d, then  

Fig. 1  Evaluation of the bending stiffness of cracked 
beam sections 
(a) Loading scheme; (b) Non-cracked cross section A-A; (c) 
Section B-B with a newly opened crack after strengthening; 
(d) Cracked section C-C with the highest vertical crack 
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where c,t is the characteristic of concrete creep. 

If a beam is strengthened and loaded after more 
than 28 d of concrete hardening, the parameter that 
indicates the influence of longitudinal shear forces 
during a long-term loading period on the alteration of 
interface stiffness is as follows: 
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where k1 and k2 are coefficients that evaluate the 
concrete age and are calculated with expressions 
proposed by Livshyc (1976). 

The effective bending stiffness with an evaluated 
increment of longitudinal shear creep deformation 
can be calculated as follows: 
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When a beam is strengthened and loaded after 
more than 28 d of concrete hardening, then the effec-
tive bending stiffness is as follows: 
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It is necessary to evaluate the cracked region of a 

beam section as well as the shear of the concrete layer 
between the tensioned steel reinforcement and the 
external CFRP layers. The effective inertia moment of 
a cracked strengthened beam due to cracking of the 
tensioned layer is proposed as follows: 
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where Mcrc is the moment of cracking calculated by 
evaluating an increase in concrete tensile strength 
according to Marčiukaitis et al. (2010); Mr,s is the 
ultimate moment of the non-strengthened beam; Me is 
the acting moment of the strengthened beam; 

f f
1

s s1

;
E A

E A
  and, f f

2
eff c

( ) .
( ) ( )

A E
t

x t bE t
   

The inertia moment of the non-cracked cross 
section (section A-A in Fig. 1b) is as follows: 
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where s1 s2 s c,eff( ) ( ) ( ).t t E E t    Other designa-

tions are shown in Fig. 1. 
The inertia moment of the cracked section (C-C 

in Fig. 1d) is as follows: 
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The inertia moment of a section with a newly 

opened crack (B-B in Fig. 1c) is as follows: 
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The height of the compressed concrete zone at 

the highest vertical crack section (C-C in Fig. 1d) 
xeff(t) can be calculated according to 
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The effective secant modulus of concrete at dif-
ferent time intervals can be calculated by the adjusted 
effective modulus method: 

 

 c,eff c,eff 0 c( ) ( ) 1 ( ) ,E t E t t             (25) 

 
where Ec,eff(t0) is the primary secant modulus of con-
crete and χ is the coefficient of ageing. Variation in 
creep over time can be calculated according to the 
Eurocode 2 recommendations (EN 1992-1, 2001). 
 
 
3  Experimental research on strengthened 
reinforced concrete beams 

 

Fourteen reinforced concrete beams were pre-

pared for the experimental research. The objective of 
this research is to experimentally determine the in-
fluence of additional anchors on displacement of the 
external layer with respect to the strengthened ele-
ment. The beams in the tensioned section zone were 
reinforced with 2×Φ12 mm (μs=1.29%) steel bars and 
were reinforced in the compressed section zone with 
2×8 mm steel bars. The yielding strength of the 
tensioned steel bars was fs,y=318 MPa, and the ulti-
mate strength was fs,u=456 MPa. The yielding 
strength of compressed steel bars was fs,y=420 MPa, 
and the ultimate strength was fs,u=525.6 MPa. The 
compressive strength of concrete in the beams was 
fc=30.1 MPa, the tensile strength was fct=3.46 MPa, 
and the modulus of elasticity was Ec=32.38 GPa. A 
carbon fibre tape with a width of 100 mm was used 
for strengthening. The tensile strength of the carbon 
fibre tape was ff,t=1988 MPa, the modulus of elasticity 
was Ef,t=230 GPa, and the cross sectional area was 
Af,t=0.1837 cm2. The tensile strength of epoxy glue 
was fe,t=32.6 MPa, the modulus of elasticity was 
Ee=1.8 GPa, and the shear modulus was Ge=1.58 GPa. 
The dimensions of the cross section of beams and 
anchor methods of the external carbon fibre compos-
ite layer are presented in Table 1. 

Concrete beams reinforced with steel bars were 
strengthened according to the real working condition 
of the beams. Loading stages and strengthening time 
are described in Tables 2 and 3. Continuous carbon 
fibre fabric was placed using a dry system method. At 
times, the acting load could not be removed, but in 
general, the acting load must be decreased before 
strengthening. Considering these statements, several 
strengthening conditions of experimental beams were 
examined. Eight concrete beams reinforced with steel 
bars (B3S, B4S, B5S, B6S, B7S, B8S, B9S, and 
B10S) were loaded with long-term loads that reached 
60% of the resistance of the non-strengthened beams. 
After 14 d of long-term load action, beams B3S, B4S, 
B5S, and B6S were strengthened with an external 
carbon fibre composite layer. The long-term load of 
the other four beams, B7S, B8S, B9S, and B10S, was 
increased up to 86% of the resistance of the 
non-strengthened control beams. After five days, the 
load was decreased to 52% of the resistance of the 
non-strengthened control beams, and the beams were 
strengthened. Beams B11S and B12S were strength-
ened without external load action. 
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Table 1  Characteristics of strengthened beams (unit: mm) 

Beam 
Section dimension 

b×h* 
Strengthening scheme Cross section  

B1 104×198 

1200

25
25

8
612

B2 105×201 

B3S 100×200 

25
25

8
612

B4S 100×198 

B5S 101×199 

1200

3030

50 50

140 140Steel 
clamp

Steel 
clamp 25

25 Steel clamp

8
612

 
B6S 99×198 

B7S 100×198 

1200100 100

30

90

30

90

Steel 
plate

Steel 
plate

25
25 Steel plate

8
612

 
B8S 98×195 

B9S 100×201 25
25 CFRP clamp

8
612

 
B10S 100×199 

B11S 102×199 25
25

8
612

 
B12S 100×197 

* b and h are the width and height of a beam cross section, respectively 
 

Table 2  Loading stages of beams B3S, B4S, B5S, and B6S 

Beam Additional anchorage type t0=0 d t1=14 d t2=29 d 

B3S 
 Long-term load reached 

60% of the resistance of 
non-strengthened beams

Beams were 
strengthened  
with CFRP 

Load was increased up to 
98% of the resistance of 
non-strengthened beams

B4S 

B5S 
Steel clamp 

B6S 

 

Table 3  Loading stages of beams B7S, B8S, B9S, and B10S 

Beam 
Additional 

anchorage type 
t0=0 d t1=15 d t2=20 d t3=28 d t4=46 d 

B7S 
Steel plate 

Long-term load 
reached 60% of 
the resistance of 
non-strengthened 
beams  

Long-term load 
increased up to 86%
of the resistance of 
non-strengthened 
beams 

Long-term load 
decreased to 52% 
of the resistance of 
non-strengthened 
beams 

Beams were 
strengthened 
with CFRP 

Load increased 
to 97% of the 
resistance of 
non-strengthened 
beams 

B8S 

B9S 
CFRP clamp 

B10S 
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The long-term load intensity of all strengthened 
beams reached 98% of the resistance of the non- 
strengthened control beams, which corresponded to 
60% of the resistance of the strengthened beams. The 
external carbon fibre composite layer of beams B5S 
and B6S was also anchored with steel clamps. The 
external carbon fibre composite layer of beams B7S 
and B8S was also anchored with steel plates of 
100 mm×100 mm, which were anchored into beam 
concrete. The external carbon fibre composite layer of 
beams B9S and B10S was additionally anchored with 
carbon fibre tape clamps of a 100-mm width. The 
external carbon fibre composite layer of beams B3S, 
B4S, B11S, and B12S did not have additional anchors.  

During the long-term load experiment, the 
strengthened beams were loaded in pairs (Fig. 2). The 
arrangement of measurement devices for deflection, 
slip and deformations of the tensioned and com-
pressed layers are presented in Fig. 3. Deformations 
were measured on the external compressed concrete 
layer, on the compressed layer with a steel bar, on the  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

tensioned layer with steel bars, and on the external 
tensioned layer of carbon fibre composites. Longitu-
dinal shear deformations across the concrete to car-
bon composite interface were measured by fixing 
shear measurement devices near the ends of the an-
chors of external carbon fibre composite layers. The 
distance from the point at which the slip was meas-
ured to the free end of CFRP laminate varied because 
additional anchor methods captured different areas of 
CFRP laminate. For the beams without additional 
CFRP laminate anchors, the slip was measured at the 
point that was 0.11 m from the free end of the CFRP 
laminate. For beams with additional steel plates, steel 
clamps and CFRP clamps, the slip was measured at 
the point which was 0.12, 0.14, and 0.17 m, respec-
tively, from the free end of CFRP laminate. Beam 
deflection was measured in the middle of the span 
length. The external load was gradually increased by 
5 kN until the long-term load level was reached. De-
formations were measured after each increase in load 
level. 
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Fig. 3  Arrangement of deformation measurement devices on the experimental beam during a long-term loading
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Concrete prisms were loaded for compression 
with long-term static loads at the same time as the 
beams. The cross sections of the prisms were 
100 mm×100 mm, and they were 400 mm long. The 
long-term load intensity reached 60% of the com-
pressive strength of the prisms. Longitudinal and 
transversal deformations were measured. The effec-
tive modulus of the elasticity of concrete was calcu-
lated according to long-term prism test results. 

 
 
4  Analysis of longitudinal shear deformation 
evolution in concrete and carbon fibre 
composite interface 

 
Experiments with short-term loads showed that 

concrete and carbon fibre composite interfaces were 
not stiff. This research proved that during a long-term 
loading, longitudinal shear deformations in concrete 
and carbon fibre composite interfaces increased sig-
nificantly (Fig. 4). The slip of the external composite 
layer depends on the added anchors. Thus, the influ-
ence of additional anchors on the external composite 
layer was investigated during the experiment on the 
long-term load action. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Additional anchorage of the external composite 

layer influenced the slip of the external layer during 
short-term and long-term loading experiments 
(Fig. 4). It was experimentally determined that the 
horizontal slip of the external CFRP layer at the be-
ginning of the long-term load action in the beams 

where the external CFRP layer did not have additional 
anchors reached 0.029 mm. When the external CFRP 
layer had steel plates as additional anchors, the slip of 
the external CFRP layer was 24% lower (with respect 
to the beams where the external layer was not addi-
tionally anchored), and reached 0.022 mm. When the 
external CFRP layer was additionally anchored with 
steel clamps, the slip was 73% lower and reached 
0.0078 mm. When the external CFRP layer was ad-
ditionally anchored with carbon fibre clamps, the slip 
was 93% lower and reached 0.002 mm. During the 
long-term load action, the slip of the external CFRP 
layer increased. Longitudinal shear deformations 
rapidly increased during the first 50 d of the long-term 
load action. During this period, the slip of the external 
CFRP layer in the beams where the external CFRP 
layer was not additionally anchored was up to three 
times larger and reached 0.093 mm. When the exter-
nal CFRP layer was additionally anchored with steel 
plates, steel clamps or carbon fibre composite clamps, 
the slip was up to 2.4 times (0.054 mm), 4.8 times 
(0.038 mm) or 3.6 times (0.0073 mm) larger, respec-
tively, than at the beginning of the long-term load 
action period. 

The analysis of experimental results showed that 
when the external carbon fibre composite layer was 
additionally anchored with carbon fibre clamps, the 
slip following the first 50 d of long-term load action 
was 12.7 times smaller than in the strengthened 
beams where the external CFRP layer was not addi-
tionally anchored. When the external layer was addi-
tionally anchored with steel plates and steel clamps, 
the slip was 1.72 and 2.4 times smaller, respectively. 

At the end of long-term load action, the longi-
tudinal slip of the external carbon fibre composite 
layer was 4.2 times (0.123 mm), 3.6 times (0.079 
mm), 9.8 times (0.077 mm), or 12 times (0.024 mm) 
greater than the primary slip when the CFRP layer 
was not additionally anchored, additionally anchored 
with steel plates, additionally anchored with steel 
clamps or additionally anchored with carbon fibre 
clamps, respectively. This showed that the effective-
ness of additional anchorage decreased during the 
long-term load action, and the horizontal slip of the 
external CFRP layer was the smallest when it was 
additionally anchored with carbon fibre clamps 
(Fig. 4). In this case, longitudinal shear deformations 
in the concrete and carbon fibre composite interface 
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were 12 times lower than those in the beams in which 
the CFRP layer was not additionally anchored. Other 
anchoring methods did not have such influence 
(Fig. 4). Steel clamps do not have adhesion with the 
external surface of concrete, and they can move be-
cause of shear force action. Carbon fibre composite 
clamps have adhesion with the external surface of 
concrete and can effectively confine shear deforma-
tions in concrete and CFRP laminate interface. 

 
 

5  Experimental deflection of the beams 
strengthened with carbon fibre composites 

 
The experimental deflection results were ana-

lysed. Experimental research suggested that the de-
flection of the strengthened beams that were not pre-
viously loaded at the initial long-term load action 
period was 12% higher than that of the beams 
strengthened with the external load action (Fig. 5). 
The deflection of the beams that prior to strengthen-
ing were externally loaded was lower, because the 
concrete structure in the compressed zone was 
changed, and creep deformations developed along 
with a change in the concrete modulus of elasticity 
due to the long-term loading. 

However, over time, the deflection of the beams 
that were strengthened under external load action was 
higher than that of the beams that were strengthened 
without external load action. Experimental research 
indicated that after a 135-d long-term load action, the 
deflections became similar (4.33 mm) (Fig. 5). De-
formations in the tensioned layers and longitudinal 
shear deformations in the concrete and carbon fibre 
composite interface were also similar (Fig. 6). 

The deflection evolution of the strengthened 
beams when the external load was decreased is pre-
sented in Fig. 7. The first point corresponds to the 
moment when a long-term load level of the non- 
strengthened beams was reached; the second and third 
points occur when the long-term load level of the 
non-strengthened beams increased to 86%; the fourth 
and fifth points occurred when the long-term load 
level of the non-strengthened beams decreased to 
52%; the sixth point occurred when the beams were 
strengthened with an external CFRP layer; and, the 
seventh point occurred when the load increased to 
60% of the resistance of the strengthened beams.  
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Additional anchorage of the external carbon fi-
bre composite layer increases the stiffness of concrete 
and carbon fibre composite interface (Fig. 4), and 
decreases the initial deflection of the strengthened 
beams. Therefore, the deflection during the long-term 
load action was lower when additional CFRP lami-
nate was used as an anchor (Fig. 8). When the external 
carbon fibre composite layer was additionally an-
chored with carbon fibre clamps, the deflection of 
beams B9S and B10S during the first 100 d of the 
long-term load action was 2.1 times lower than that of 
the beams where additional anchorage was not used. 
Beams anchored with additional steel plates or steel 
clamps had little change in deflection. When addi-
tionally anchored with steel clamps, the deflection 
was 1.77 times lower, and when additionally an-
chored with steel plates, the deflection was only 1.19 
times lower than that in the beams where the external 
composite layer was not additionally anchored. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
At the end of the long-term load action (i.e., after 

330 d), the deflection increment of the strengthened 
beams when the external composite layer was not 
additionally anchored reached 1.562 mm. The de-
flection increment of the strengthened beams when 
the external layer was additionally anchored with 
steel plates was 1.366 mm; when the strengthened 
beams were additionally anchored with steel clamps 
or carbon fibre clamps, the deflection increment was 
0.98 mm and 0.795 mm, respectively. It was experi-
mentally determined that deflection increment at the 

end of the experiment when carbon fibre clamps were 
used was 1.96 times lower than that of the beams 
without additional anchors to the external layer. When 
steel clamps were used, it was 1.59 times lower; when 
steel plates were used, it was 1.14 times lower. 

Experimental research showed that the most ef-
fective strengthening was achieved when carbon fibre 
composite clamps were used. Carbon fibre clamps 
glued around the whole section can effectively de-
crease longitudinal slip of the CFRP (Fig. 4). 

 
 

6  Comparison of experimental and calcu-
lated deflection results 

 
Using the proposed calculation methodology, the 

deflection of the strengthened beams under the in-
fluence of a long-term load was calculated. The cal-
culated deflections and their comparison with ex-
perimental values are presented in Table 4. The cal-
culation results were also compared with the ex-
perimental results published by other researchers. The 
reinforced concrete beams used by Tan and Saha 
(2006) were strengthened with glass fibre reinforced 
polymer, and additional anchorage with GFRP clamps 
was used. Al Chami et al. (2009) used reinforced 
concrete beams strengthened with carbon fibre rein-
forced polymer, and no additional anchorage was 
used. Deflections of the strengthened beams were 
calculated at different time intervals (long-term load 
action at intervals of 100 and 300 d). The change in 
creep deformations in the compression zone was 
evaluated according to the proposed calculation me-
thodology as shown in Eq. (9) or Eq. (14). The stiff-
ness of the concrete and CFRP interface depends on 
various factors, such as tensioned concrete deforma-
tion characteristics, concrete cracking level, adhesive 
characteristics, and load level. The influence of in-
terface stiffness for beam deflection was evaluated 
using the effective shear modulus. 

The regression analysis of the experimental re-
sults was used to determine the effective shear 
modulus of the concrete and carbon fibre composite 
interface:  
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where ka is a coefficient that indicates the additional 
anchorage method for a carbon fibre composite layer. 
When the carbon fibre composite layer does not have 
additional anchors, then ka=1 when the anchors are 
placed under supports or pressed with an anchored 
steel plate, ka=0.9 when metal clamps are used as 
additional anchors, ka=0.7 when carbon fibre clamps 
are used as additional anchors, ka=0.65. 

A comparison of the experimental and calculated 
deflection results showed that the calculated results of 
the beams without additional anchorage were ap-
proximately 5% higher than those of the experimental 
ones. The calculated deflections of the beams with an 
external layer with additional anchors are approxi-
mately 6% higher than those of the experimental 
ones. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
 
7  Conclusions 

 
The change in longitudinal shear creep defor-

mations in the interface of concrete and CFRP and the 
evolution of creep deformations in the compression 
zone influenced the deflection of strengthened beams. 

Deflection analysis based on the built-up-bars 
theory is proposed in this paper. According to the 
proposed method, deflection can be calculated by 
accounting for the partial interface stiffness of the 
strengthened reinforced concrete member and carbon 
fibre composite, the creep deformations of the con-
crete compression zone and cracking of the tension 
zone of the strengthened reinforced concrete member. 

The experimental results showed that longitu-
dinal shear creep deformations developed during a 

Table 4  Comparison of experimentally determined and calculated deflections of strengthened beams at different 
time intervals 

Beam 

Deflection (mm) 

0 d 100 d 300 d 

ωv,exp ωv,cal ωv,exp/ωv,cal ωv,exp ωv,cal ωv,exp/ωv,cal ωv,exp ωv,cal. ωv,exp/ωv,cal

This study 

B3S 2.79 
3.37

0.881 4.04
4.66 

0.867 4.33 
5.07 

0.854 

B4S 3.28 0.973 4.57 0.981 4.80 0.947 

B5S 2.87 
2.97

0.966 3.57
3.86 

0.925 3.76 
4.00 

0.940 

B6S 2.87 0.966 3.61 0.935 3.86 0.965 

B7S 5.09 
5.17

0.985 6.12
6.16 

0.994 6.40 
6.51 

0.983 

B8S 4.08 0.789 5.19 0.843 5.40 0.829 

B9S 3.01 
3.41

0.883 3.56
4.08 

0.873 3.71 
4.18 

0.888 

  B10S 3.25 0.953 3.89 0.953 4.08 0.976 

  B11S 3.35 
3.57

0.938 4.21
4.66 

0.903  
 

 

  B12S 3.48 0.975 4.43 0.951   

Tan and Saha 
(2006) 

GB1-49 5.5 5.63 0.977   7.6   7.82 0.972   8.1   8.29 0.977 

GB1-59 7.0 7.24 0.967 10.0 10.15 0.985 10.8 12.11 0.892 

GB1-70 8.5 8.70 0.977 11.1 11.80 0.941 12.8 13.38 0.957 

GB3-40 4.5 4.77 0.943   6.1   6.48 0.941   6.9   7.17 0.962 

GB3-49 5.7 5.93 0.961   8.5   8.65 0.983   9.1 9.35 0.973 

GB3-59 7.7 8.02 0.960 10.4 10.60 0.981 11.6 11.94 0.972 

Al Chami et al. 
(2009) 

1M10 7.9 8.10 0.975 10.5 10.92 0.962    

2M10 7.8 8.12 0.961 10.7 11.05 0.968 12.4 12.81 0.968 

2M10 11.0 11.21 0.981 16.0 16.65 0.961 19.0 19.93 0.953 

2M15 7.1 7.54 0.942 10.4 10.69 0.973 12.3 12.85 0.957 

2M15 8.2 8.40 0.976 12.6 12.89 0.978 15.2 15.89 0.957 
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long-term load action in the interface of the 
strengthened flexural reinforced concrete member 
and carbon fibre composite. After a 330-d long-term 
loading, the slip of the CFRP layer increased 12 
times. An increase in the longitudinal shear deforma-
tions and creep deformations in the compression zone 
caused deflection to increase up to 52% during this 
time period.   

The results suggest that the additional anchorage 
of carbon fibre composite by steel plates, by steel 
clamps, or by carbon fibre clamps resulted in reduced 
longitudinal shear creep deformations and, conse-
quently, in reduced deflection. The most effective 
strengthening was obtained using carbon fibre clamps. 
When the composite layer was additionally anchored 
with carbon fibre clamps, the slip of the composite 
layer at the end of the test (i.e., after 330 d), was re-
duced by 5.1 times compared with the case when the 
external layer was not additionally anchored. By 
comparison, for the beams with the composite layer 
additionally anchored by steel plates and by steel 
clamps, the length of the slip decreased 1.5 and 1.6 
times, respectively. 

Deflection for the beams with the composite 
layer additionally anchored by carbon fibre clamps at 
the end of the long-term test of 330 d was 1.96 times 
lower than that for the beams without an additional 
anchorage of the composite layer. When the compos-
ite layer was additionally anchored by steel plates or 
by steel clamps, the deflection was 1.14 or 1.59 times 
lower, respectively. 

The analysis of theoretical and experimental de-
flection values showed that deflection values deter-
mined by the proposed method agreed sufficiently 
well with those determined by all test results in  
Table 4. 
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Abstract: Since the assumption of plane sections cannot be applied to the strain of unbonded tendons in pre-
stressed concrete beams subjected to loadings, a moment-curvature nonlinear analysis method is used to develop 
analytical programs from stress increases in unbonded tendons at the ultimate limit state. Based on the results of 
model testing and simulation analysis, equations are proposed to predict the stress increase in tendons at the 
ultimate state in simple or continuous beams of partially prestressed concrete, considering the loading type, 
non-prestressed reinforcement index βp, prestressing reinforcement index βs, and span-depth ratio L/h as the basic 
parameters. Results of 380 beams studied here and test results for 35 simple beams obtained by the China 
Academy of Building Research were compared with those from prediction equations given in codes and other 
previous studies. The comparison reveals that the values predicted by the proposed equations agree well with 
experimental results. 


