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Abstract:    This paper presents a deterministic model to predict the pit evolving morphology and crack initiation life of corro-
sion fatigue. Based on the semi-ellipsoidal pit assumption, the thermodynamic potential including elastic energy, surface energy 
and electrochemical energy of the cyclically stressed solid with an evolving pit is established, from which specific parameters 
that control the pit evolution are introduced and their influence on the pit evolution are evaluated. The critical pit size for crack 
nucleation is obtained from stress intensity factor criterion and the crack nucleation life is evaluated by Faraday’s law. Mean-
while, this paper presents a numerical example to verify the proposed model and investigate the influence of cyclic load on the 
corrosion fatigue crack nucleation life. The corrosion pit appears approximately as a hemisphere in its early formation, and it 
gradually transits from semicircle to ellipsoid. The strain energy accelerates the morphology evolution of the pit, while the 
surface energy decelerates it. The higher the stress amplitude is, the smaller the critical pit size is and the shorter the crack 
initiation life is. 
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1  Introduction 

 
Corrosion fatigue has been found to be respon-

sible for the degradation and failure of many metallic 
materials and structures (Ruiz and Elices, 1997; Zu-
panc and Grumb, 2010; Palin-Luc et al., 2010). A 
corrosive environment assists corrosion pit formation, 
pit evolution and eventually leads to fatigue crack 
initiation and growth to failure (Ishihara et al., 2008; 
2010; Bhuiyan et al., 2008). The overall process of 
corrosion fatigue fracture includes the following 
fundamental steps: pit initiation, pit growth, the tran-
sition from pit to crack, crack growth and fracture. 

However, the evolution of the pit until its transition to 
a crack in the preliminary stages may occupy the most 
significant portion of the life (Ebara, 2007), which is 
extremely important for the feasibility of predicting 
this stage of the damage process. 

A pit almost always initiates at some chemical 
or physical heterogeneity on the surface (Ma et al., 
2010). Materials such as high-strength aluminum 
alloys and stainless steel contain numerous con-
stituent particles, which play important roles in 
corrosion pit formation. Pit shape depends mainly on 
electrochemical processes in the metal/electrolyte 
interface and potential distribution inside the cavity 
(Liao and Wei, 1999; Wang et al., 2001; Perkins and 
Bache, 2005). Wei (2001) identified that pit growth 
was controlled by the limiting cathodic current den-
sity supported by the exposed constituent/ 
impurity particles within a growing pit. Codaro et al. 
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(2002) and Ghali and Dietzel (2004) indicated that 
the surface texture of a pit including its size and 
shape was directly decided by the value of potential 
due to the electrochemical reaction in the pit. 
However, neither effect of the electrochemical re-
action nor influence of fatigue stressing considered 
during pitting has been clearly brought out in its 
formulation. Ernst et al. (1997) indicated that an 
open hemispherical pit was unstable because the 
concentration of dissolved cations failed well below 
saturation near the rim of the pit, leading to pas-
sivation. The pit morphology appeared in hemi-
spherical shape at the early stage of growth and it 
tended to transit from hemispherical to cylindrical or 
dish shape. Harlow and Wei (1994) assumed that the 
pit took the shape of a semi-sphere and grew at an 
equal rate at all directions, and obtained the equation 
of pit depth varying over time. Rokhlin et al. (1999) 
predicted a steadily decreasing rate of pit growth 
with time. Harlow and Wei (1998) assumed the ac-
tual shape of the pit to be half of a prolate spheroid, 
and proposed three approaches for pit growth: con-
stant aspect ratio, discrete time-dependent aspect 
ratio and continuous time-dependent aspect ratio. 
Turnbull et al. (2006a; 2006b) proposed a mathe-
matical model to simulate the evolution of corrosion 
pits and the transition from corrosion pits to stress 
corrosion cracks. Valor et al. (2007) established a 
stochastic model of pitting corrosion to depict cor-
rosion pit initiation and growth.   

In spite of the advances achieved in pit initiation, 
evolution and its transition to crack, the modeling of 
the pit evolution process is still an open question. In 
this paper, we focus on the thermodynamic frame-
work of pit evolution during the corrosion fatigue 
process. Pit evolution is an irreversible thermody-
namics process, and the variation of thermodynamic 
potential during pit growth may incite the diffusion on 
pit surface, which also affects the evolving mor-
phology of the pit. A thermodynamic potential, in-
cluding elastic energy, surface energy and electro-
chemical energy, is formulated for a 3D cyclically 
stressed solid with a corrosion pit varying in shape 
and volume, from which the actual evolving mor-
phology is obtained. The critical pit morphology for 
crack nucleation and the corrosion fatigue crack nu-
cleation life are also discussed in this paper. 

2  Energetics of elastic solid with an evolving 
corrosion pit 

2.1  Modeling of the evolving pit  

Fig. 1 shows the 3D model of an evolving pit in 
the semi-infinite elastic solid. The pit evolves with 
the interaction of corrosion media and cyclic remote 
stress; the solid varies its elastic field and mor-
phology of the pit. Based on the symmetry of the 
problem, the evolution of the pit can be assumed as a 
sequence of semi rotating ellipsoids. The cross- 
section of the pit in the xy plane maintains a semi-
circle for the remote stresses σx, σy both equal to zero. 
Let a, b and c be semi-axes in x, y and z directions, 
respectively, 

 

1 1
,    ,

1 1

m m
a b r c r

m m

 
  

 
               (1) 

 
where m is the shape parameter of the semi-ellipsoidal 
pit, −1<m<1, r is the equivalent radius of the hemi-
sphere having the same volume with the semi- 
ellipsoidal pit. The hemisphere corresponds to m=0, 
the xy direction crack to m→1, and the thin-strip ver-
tical crack to m→−1.  

According to the semi-ellipsoid assumption, the 
actual morphology can be indicated as the sequence 
of shape parameter m and equivalent radius r, though 
the pit always changes its morphology during evolv-
ing process. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

x

y

z

Evolving direction

Fig. 1  Semi-ellipsoidal pit in semi-infinite elastic solid 
during corrosion fatigue 
σ: cyclic stress, σ0: average stress, σa: stress amplitude, ω: 
frequency, t: time 

σ=σ0+σasin(ωt) 
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2.2  Thermodynamic potential of elastic solid with 
an evolving corrosion pit 

The thermodynamic potential of elastic solid 
consists of elastic energy, surface energy and elec-
trochemical energy. When the pit evolves constantly 
under the interaction of the corrosion environment 
and cycle stress, the pit varies its shape and size, the 
solid varies its elastic energy and surface energy, and 
the anodic dissolution of the pit releases electro-
chemical energy. Thus, the thermodynamic potential 
Φ can be seen as a function of pit shape, pit volume 
and the applied cyclic load. The thermodynamic po-
tential of the elastic solid with an evolving pit can be 
expressed as 

 

E C S ,U U U                          (2) 

 
where UE is the strain energy, UC is the released 
electrochemical energy during the corrosion process, 
and US is the surface energy. 

As the pit varies its morphology during corro-
sion fatigue, the semi-infinite elastic solid containing 
a semi-ellipsoidal pit subjected to remote cyclic stress 
stores an infinite amount of strain energy. Yet, the 
energy difference between the solid containing a 
semi-ellipsoidal pit and the solid without a pit sub-
jected to the same stresses can be computed by the 
Eshelby inclusion theory (Eshelby, 1957; Wang and 
Li, 2004a; 2004b) 

 
3 2

E

2π
,

3

r
U B

E


                          (3) 

 
where E is Young’s modulus, σ is the remote cyclic 
stress, and B is a dimensionless coefficient, as a 
function of the shape parameter m and the Poisson’s 
ratio ν, specifically expressed as 
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where Sij (i,j=1,2,3) are the components of Eshelby 
tensor (Eshelby, 1957).  

When the initial pit grows to a random state, with 
the equivalent radius varying from r0 to r, the elastic 
energy differs by 

2
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                    (5) 

 
where r0 and B0 is r and B for the initial pit, respec-
tively. 

The surface area of the pit changes during the 
evolving process, leading to the variation of surface 
energy. The dimensionless coefficient A is (Wang et 
al., 2004), 
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where  1 2
(1 ) (1 )m m    . 

The surface area of the pit is written as 
 

22π ,S r A                                     (7) 

 
then the variation of the surface energy is  

 
2 2

S S 0 S 0 0( ) 2 ( ),U S S r A r A                (8) 

 
where γS is the surface energy per area on the pit 
surface, and A0 is A for the initial pit.  

Let ρ be the density, M be the molecular quality, 
and n be valence, the power of the dissolved anode 
metal is  

 

3 3
0

2π
( ) ,

3
Q r r nF

M


                        (9) 

 
where F is the Faraday constant.  

According to the electrochemical mechanism of 
corrosion, the anodic potential of the corrosion elec-
trochemical reaction can be expressed as 

 

0 ln ,nM

RT
E E a

nF


                      (10) 

 
where E is the metal’s standard electrode potential, 
R is the universal gas constant, T is the absolute 

temperature, and nM
a   is the activity of metal ion.  

Assuming the anodic potential remains un-
changed during pit evolution, the variation of elec-
trochemical energy is  
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C 0 .U E Q                               (11) 
 

Thus, the variation of thermodynamic potential 
ΔΦ can be rewritten as 
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2.3  Evolving morphology of corrosion pit  

According to the second law of thermodynamics, 
the system energy dissipation rate is positive during 
the evolution of the pit; consequently, the thermo-
dynamic potential decreases continuously. However, 
among all possible morphologies of the pit, the actual 
pit morphology minimizes Φ. Expanding Eq. (12) in 
powers of r and m, 
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Here, only three leading terms are retained for 
small m. Obviously, the theoretical pit shape requires 
d

0
dm


 , i.e., 
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where 
22π

3E

  is an elastic energy-related pa-

rameter, and 
π

ln ,
2
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 is a 

parameter about electrochemical energy released by 
metal anodic dissolution.  

The actual pit shape m is determined by 
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1
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                         (15) 

where 1 S9.12π 18.18 ,r      

2 S6.4π 5.25 ,r     
2 2 2 2

3 S S40.96π 36.42π 34.61π .r r r r      

 
From Eq. (15) we can find that the shape pa-

rameter changes continuously with the variation of r. 
However, the variation of shape parameter with r 
must be within the range −1<m<1. Otherwise, the pit 
evolution is extremely unstable and collapses into a 
crack quickly.  

2.4  Sensitivity analysis during the pit evolution  

The pit shape during corrosion fatigue is mainly 
controlled by the variation of strain energy and sur-
face energy. To quantitatively analyze the influence of 
strain energy and surface energy on the shape pa-
rameter, the sensitivity coefficient of strain energy 
m  and surface energy 

S
m are introduced. 
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3  Corrosion fatigue crack nucleation  
 
Fatigue crack is observed to nucleate and 

propagate from a corrosion pit, and a corrosion pit 
leading to corrosion fatigue crack nucleation and 
growth is considered to be a most significant degra-
dation mechanism. Kondo (1987) proposed the tran-
sition model for pit to corrosion fatigue crack nu-
cleation. In the corrosion fatigue process, the pit 
predominates in the early stage and is replaced by 
fatigue crack growth, based on two criteria: stress 
intensity factor and the competition between pit 
growth and crack growth (Chen et al., 1996), i.e., 

 

thK K   , and 
crack pit
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    (18) 

 

where ΔKth is the threshold driving force, a is the pit 
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depth or crack length, and 
d

d

a

t
 is the evolving rate of 

pit depth or crack growth rate. 
When the pit reaches a critical morphology that 

satisfies the threshold requirement for crack initiation, 
the pit is ready for ‘‘transition’’ into a crack, which 
essentially means that the kinetics of crack extension 
exceeds the pit growth rate at this moment, thus  
resulting in the crack taking over the damage  
mechanism.  

According to the stress intensity factor criterion, 
the critical pit size at which a crack nucleates can be 
expressed in terms of the threshold driving force via 
the crack growth mechanism. According to the pre-
vious assumption of the pit, the semi-infinite elastic 
solid containing a semi-ellipsoidal surface is equiva-
lent to an infinite plate consisting of semicircular 
surface flaws in 2D, and the expression for the stress 
intensity factor range ΔK for a pitted surface can be 
written as (Harlow and Wei, 2001; Wang et al., 2001; 
Sriraman and Pidaparti, 2010) 

 

t(2.2 / π) π ,K K a                      (19) 

 

where a( 2 )    is the stress range, and Kt is the 

stress concentration factor resulting from a circular 
rivet hole. 

Thus, the critical pit depth acr when crack nu-
cleates is found to be  
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Rewriting Eq. (13) in terms of m and a by in-

troducing Eq. (1), the critical shape parameter mcr 
when crack nucleates can be obtained and the actual 
pit morphology is determined. Applying Faraday’s 
law (Rajasankar and Iyer, 2006),  

 

P0d
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              (21) 

 
where V is the volume of pit, t is the time, IP0 is the 
pitting current coefficient, depending on the clustered 
particles, and ΔH is the activation energy. 

Integrating Eq. (21), we have  
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where ΔV is the volume of dissolved metal when a 
crack nucleates, a0 and m0 are the a and m when pit  
initiates. 

The corrosion fatigue crack nucleation life for 
corrosion fatigue is written as  
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Substituting tp-c=Np-c/f into Eq. (23), where Np-c 
is the number of stress cycles for crack nucleation and 
f is the frequency, we obtain: 
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3 3cr 0
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(24) 
 
 

4  Results and discussion  
 

To make predictions of the pit evolving mor-
phology and crack nucleation life through the devel-
oped model, an ideal 3D elastic solid of aluminum 
alloy has been considered. The relative parameters are 
mainly taken from (Sriraman and Pidaparti, 2010): 

327 10  kg/mol,M   3n  , 96485 C/molF  , 
32700 kg/m ,  8.314 J/(mol K),R   293 K,T 

10 27.2 10  N/m ,E   1 / 3,  2
P0 3.52 10  C/s,I    

40 kJ/mol,H  2
S 2.4 J/m ,  3

0 1 10  mm,r    

00.00089 mol/L, 1.662 V, 80 MPa,nM
a E 

   

a 40 MPa,  t 2.8,K   th =2.32 MPa m,K  and 

10 Hz.f   
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The influences of Λ and γS on shape parameter m 
varying with equivalent radius r are shown in Figs. 2 
and 3. It can be seen that the morphology of the initial 
pit is approximately a hemisphere and the pit mor-
phology gradually evolves into a semi-ellipsoidal with 
shape parameter close to a stable value. The actual 
shape parameter of the pit can be seen as the outcome 
of the interaction between the variation in the strain 
energy and surface energy. The strain energy is the 
propulsion of pit evolution. The higher Λ is, the more 
notable influence elastic energy has on the shape pa-
rameter of the pit. The pit is more likely to change its 
shape and stabilize to the determinate value at a higher 
Λ level. The surface energy is the obstruction of pit 
evolution. The effect of surface energy on the pit’s 
shape becomes significant with the rise of γS. The pit is 
inclined to maintain the initial shape of a hemisphere, 
and the change of shape parameter of the pit becomes 
difficult with the increase of r at higher γS levels.  

The sensitivity coefficients of m and sm  

varying with r are displayed in Fig. 4. During the 
decreasing process of m with r, the strain energy 
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

promotes the morphology evolution of the pit, while 
the surface energy decelerates it. The actual mor-
phology of the pit is the competing result of strain 
energy and surface energy, and this competition ap-
pears most obviously at a certain rm (0.036 mm). 

The strain energy fluctuates during every stress 
cycle, causing the fluctuation of shape parameter with 
r. The influence of cyclic stress σ on shape parameter 
m at certain levels of r (r=0.01, 0.1, 1.0 mm) is shown 
in Fig. 5. The influence of σ on m is significant at 
r=0.1 mm, while such influence weakens at r= 
0.01 mm and r=1.0 mm. 

The predictions made from our model with re-
spect to the crack initiation lives at different stress 
amplitudes are shown as open triangles in Fig. 6. The 
crack nucleation life decreases with increasing stress 
levels, as critical pit depth is inversely proportional to 
the stress amplitude. We can see that a crack initiates 
from relatively small pits at higher stress levels. 
Ishihara et al. (2006) carried out the tension- 
compression fatigue tests of aluminum alloy 2024-T3 
in 3% NaCl solution, and analyzed the effects of 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

0.001            0.01              0.1                 1                 10
r (mm)

0.0

-0.2

-0.4

-0.6

-0.8

-1.0

S
ha

pe
 p

a
ra

m
e

te
r 

(m
)

γs1

γs2 

γs3 γs 

Fig. 3  Influence of r on shape parameter m at different γs 
levels 

0.001            0.01              0.1                 1                 10
r (mm)

0.0

-0.2

-0.4

-0.6

-0.8

-1.0

S
ha

pe
 p

a
ra

m
e

te
r 

(m
) Λ1 

Λ2

Λ3 

Λ 

Fig. 2  Influence of r on shape parameter m at different 
Λ levels 

40                60                80               100             120

0.0

-0.2

-0.4

-0.6

-0.8

-1.0

S
h

a
p

e
 p

a
ra

m
et

e
r 

(m
)

σ (MPa) 

r=0.001 mm 

r=0.1 mm 

r=1.0 mm 

Fig. 5  Influence of cyclic stress σ on shape parameter m 
at certain r (0.01, 0.1, 1 mm) 

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.001 0.01 0.1 1

Fig. 4  Variation of mΛ and 
Sγ

m with r

mΛ  

S
m  

r (mm) 

m
Λ
 o

r 
m

γ S
 



Huang et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng)   2013 14(4):292-299 
 
 

298 

 
 
 
 

 
 
 
 
 
 
 
 
 

 
 
 
 

stress amplitude and stress cyclic frequency on the 
corrosion pit growth behavior. Sriraman and Pidaparti 

(2010) introduced a stress-dependent function aC  
(C is the parameter introduced by Ishihara et al. (2006) 
to study the influence of stress amplitude on crack 
nucleation life. To verify the validity of the prediction 
model in this study, the experimental data from 
Ishihara et al. (2006) and the crack nucleation life vs. 
stress amplitude decreasing curves at different C 
levels from Sriraman and Pidaparti (2010) are shown 
in Fig. 6 for comparison. The predicted data points 
seem to agree well with the three data points of 
Ishihara et al. (2006), and actually fall within the 
curves corresponding to C=1.001–1.02. While, being 
a deterministic approach, our single-pit prediction 
model may withstand the limitations by the fact that 
plural corrosion pits stochastically initiated on the 
specimen surface. 

 
 

5  Conclusions 
 
A two-variable semi-ellipsoidal model is pro-

posed to depict the pit’s evolving morphology. Based 
on the energy principle, an explicit expression to 
predict the actual evolving morphology of the pit is 
obtained. According to the stress intensity factor cri-
terion, the critical pit depth is determined and the 
fatigue crack nucleation life is discussed.  

The corrosion pit appears approximately as a 
hemisphere in its early stage of growth, and its mor-

phology tends to transit from semicircle to ellipsoid 
with shape parameter gradually close to a stable value. 
The actual shape parameter of a pit can be seen as the 
outcome of the interaction between the variation in 
the elastic energy and surface energy; the strain en-
ergy accelerates the morphology evolution of the pit, 
while the surface energy decelerates it. 

Stress amplitude has a significant effect on the 
critical pit size for crack nucleation and crack initia-
tion life. The higher the stress amplitude is, the smaller 
the critical pit size is and the shorter crack initiation 
life is. The predictions of crack initiation life at dif-
ferent stress amplitude levels are found to be in fair 
agreement with the data available in the literature. 
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