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Abstract: Extensive research has investigated the bearing capacity of footings placed on leveled ground improved by deep mixed
(DM) columns. However, few studies have focused on the effects of the embedment on the bearing capacity of footings on ground
reinforced with DM columns. In geotechnical engineering practice underestimation of the limit load has occurred in China because
of the increased use of conventional design methods for reinforced ground with embedment. In this investigation, a numerical
model using a rigorous limit analysis tool, known as discontinuity layout optimization (DLO), is established. An equivalent area
model is employed with an appropriate stress concentration ratio. Subsequently, a set of design charts of bearing capacity coefficients is produced with a special focus on the bearing capacity coefficient Nq and the failure mechanism. The results show that
three failure patterns exist in the composite ground reinforced by DM columns. For cases without embedment, the bearing capacity
coefficient Nc increases with the area replacement ratio to a certain value due to the occurrence of general shear failure mechanism.
The bearing capacity coefficient Nγ decreases with the area replacement ratio, as the equivalent frictional strength of the reinforced
region is reduced. When the embedment is considered, the failure mechanism of composite foundation has a significant influence
on the coefficient Nq. Specifically, increase of column length leads to a larger value of Nq when block failure is observed. When a
general shear failure pattern occurs, the effect of additional column lengths on the coefficient Nq can be neglected.
Key words: Bearing capacity; Deep mixed (DM) columns; Surcharge; Failure mechanism
https://doi.org/10.1631/jzus.A1700517
CLC number: TU4

1 Introduction
Urban structures on soft foundations, such as
buildings, slopes, and embankments, impose a great
load over large areas, prompting concerns regarding
bearing capacity and settlement problems (Duan et
al., 2012; Wu et al., 2016). To address these geotechnical issues, a wide range of ground improve-
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ment methods have been developed to enhance the
bearing capacity and the deformation performance of
soft foundations. The deep mixed (DM) technique,
which is an economical soil stabilization method, was
initially developed in Japan and Sweden in the 1970s
(Broms, 1991, 2000) and has been widely used during
the past 30 years worldwide (Okumura, 1996;
Porbaha, 1998; Bruce, 2001a, 2001b; Cai and Xu,
2002; Tan et al., 2002). The DM method is a technique in which soil is mechanically or hydraulically
mixed in situ with a binder, generally based on cement or lime, injected with a pumping system. The
soil-cement columns can be produced in the form of
slurry (wet mixing) or powder (dry mixing)
(Kitazume and Yamamoto, 1998).
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A series of investigations has been conducted on
the bearing capacity characteristics of soft foundations improved by a group of end-bearing DM columns, ranging from theoretical solutions (Bouassida
and Porbaha, 2004; Porbaha and Bouassida, 2004;
Bouassida et al., 2009), physical models (Kitazume et
al., 1999, 2000; Yin and Fang, 2010; Rashid and
Safuan, 2011; Dehghanbanadaki et al., 2016), to field
tests (Horpibulsuk et al., 2004). The shear failure
pattern of DM columns has been addressed when the
foundation reaches the limit load. However, few
studies have focused on the floating DM columns that
are commonly placed in China in ground with thick
soft soils. In this situation, the settlement induces
more complex failure mechanisms than do endbearing DM columns. Moreover, ground improved
with DM columns is often configured under tall
buildings, forming reinforced ground with varying
embedment depths, as shown in Fig. 1. Current practice in China involves a design considering the depth
modified coefficient equal to 1.0, which ignores the
effect of embedment on the increase of bearing capacity of reinforced ground by columns (Zheng et al.,
2015). As expected, the bearing capacity of

Fig. 1 Schematic of ground reinforced by DM columns
without (a) and with (b) embedment
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reinforced ground by DM columns is underestimated
significantly, in particular for soils with high internal
friction angles. The need for an improved bearing
capacity analysis is highlighted by the fact that key
factors can determine the failure mechanism and
bearing capacity of the reinforced ground.
In this study, a discontinuity layout optimization
(DLO) technique is used to investigate the bearing
capacity of a strip footing on ground improved with a
group of floating DM columns. An equivalent area
model is adopted, and the accuracy and precision of
the current model in evaluating the bearing capacity
of DM columns without considering the embedment
are verified with the existing physical model and
numerical modeling. A set of design charts for bearing capacity coefficients with a wide range of parametric parameters of a group of floating DM columns
is presented. Subsequently, the bearing capacity coefficients and the shift of the failure mechanism are
discussed.

2 Numerical model
2.1 DLO procedure
The upper bound limit analysis is a strict analytical method for solving complex geotechnical stability and bearing capacity problems without preassuming a slip surface. The DLO procedure directly
determines the critical layout of discontinuities and
the minimum upper bound ultimate load of complex
structures (Smith and Gilbert, 2007, 2013). This
procedure automatically determines the critical layout
of slip lines in a soil mass by discretizing the model,
interconnecting the modes with discontinuities, and
identifying the critical failure slip by optimization, as
shown in Fig. 2. The procedure is analogous to the
conventional upper-bound solution that obeys the
associated flow rule (Liu et al., 2016). LimitState:
GEO (computer software) employs the DLO technique to evaluate critical failure mechanisms and
associated upper-bound solutions. This technique
provides a highly efficient tool for solving geotechnical problems (Smith and Gilbert, 2007, 2013;
Leshchinsky, 2015; Zhou et al., 2018). The reliability
and accuracy of this numerical method depend on the
node density. Based on a sensitivity analysis, a total
number of nodes, which ranges from 2500 to 4000
uniformly distributed across the model, is determined.
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(a)

(b)

(c)

(d)

Fig. 2 Procedure of DLO to determine critical collapse mechanism
(a) Starting problem; (b) Discretization of soil by nodes; (c) Interconnection of nodes with potential discontinuities; (d) Identification of critical subset of potential discontinuities by optimization (Smith and Gilbert, 2013)

2.2 Problem definition and equivalent area
method
A group of floating DM columns is placed under
a strip footing, as shown in Fig. 3a. The strip footing
is assumed to be fully rough. Following the classical
bearing capacity theory (Terzaghi, 1943), the contribution of the shear strength of the embedment is
ignored, and a varying surcharge level q is adopted to
study the influence of the embedment depth of
foundations on the bearing capacity qu.
The equivalent area method, which treats the
columns and surrounding soil as a composite material, is often adopted in practice to transform the individual column model to a 2D plane strain idealization
(Abusharar and Han, 2011; Zhang et al., 2014; Zhou
et al., 2017), as shown in Fig. 3b. In the reinforced
region, the composite material is replaced by the
equivalent homogeneous material. Several methods
q

qu

q

(a)
q

qu

q

(b)

Fig. 3 Schematic of numerical model
(a) Individual column model; (b) Equivalent area model

have been proposed to determine the equivalent
properties (Enoki et al., 1991; Priebe 1995; Tan et al.,
2008). The most practical method for determining the
equivalent properties in the reinforced region is, for
simplicity, calculated as the weighted average between the soil and the columns (Aboshi et al., 1979),
and can be expressed as follows:

ceq   cc  (1   )cs ,

(1)

eq  cot  (tan c )c  (1   )(tan s )s  , (2)
where

c 

n
,
1  ( n  1)

(3)

s 

1
,
1  ( n  1)

(4)

where η is the area replacement ratio of the stone
columns over the soft soil; ceq, cc, and cs are the
equivalent cohesion, and the cohesion of the column
and soil, respectively; φeq, φc, and φs are the equivalent friction angle, and the friction angles of the
columns and soil, respectively; n is the stress concentration ratio, which is defined as the ratio of the
vertical stress on the DM columns to that on the soil.
The combination of the soil and the columns into
a composite ground assumes that the effect of columns on the bearing capacity is uniformly distributed
throughout the reinforced zone (Sexton et al., 2013),
and the equivalent area method ignores the effect of
the interaction between columns and soil. This
method is commonly used in practice due to its simplicity and its suitability for modeling the performance of floating columns (Sexton et al., 2013). Han
(2015) summarized the range of n values for different
types of columns. The stress concentration ratio
changed continuously during the loading process
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Table 1 Comparison between DLO and previous studies on the bearing capacity
No.

η (%)

cs (kPa)

cc (kPa)

ceq (kPa)

kc

1a

18.8

11.00

266.50

24.23

2a

18.8

14.10

322.00

22.84

3a

18.8

15.70

292.00

18.60

qu (kPa)

Difference (%)

Previous studies

This study

59.03

153.20

156.80

2.35

71.99

183.40

193.60

5.56

67.64

188.70

190.10

0.74

b

4

22

2.66

29.96

8.67

11.26

25.40

26.51

4.37

5b

22

2.66

113.29

27.00

42.59

58.30

63.44

8.82

6c

26

6.40

83.71

26.50

13.08

77.82

75.22

−3.35

7c

26

6.40

87.31

27.44

13.64

79.30

77.11

−2.76

c

8

26

6.40

87.21

27.41

13.63

54.27

59.67

9.95

9d

26

6.20

89.62

27.89

14.45

52.33

59.98

14.62

10d

26

6.40

83.71

26.50

13.08

77.82

90.11

15.79

e

11

13.1

9.5

85.8

19.50

9.03

71.60

70.84

1.07

12e

19.6

10.3

88.3

25.59

8.57

85.00

86.33

−1.54

13e

26.2

9.7

82.8

28.85

8.54

94.00

91.12

3.16

a

Data from model tests of Bouassida and Porbaha (2004); b Data from model tests of Omine et al. (1999); c Data from numerical simulation
of Rashid et al. (2017); d Data from model tests of Rashid et al. (2015); e Data from model tests of Dehghanbanadaki et al. (2016). kc:
relative cohesion ratio of the column to the soft soil

2.3 Validation
Before being used to generate the design charts
of bearing capacity coefficients, the equivalent area
model was first validated with the individual column
model. Fig. 4 shows a comparison between the individual column model and the equivalent area model in
terms of the bearing capacity qu versus friction angles
for an area replacement ratio η varying from 20% to
40%. The results obtained by the equivalent area
model were slightly larger than those of the individual
column model for low friction angles, whereas that
behavior was reversed when the friction angle φ
values were increased. Generally, the equivalent area
model coincided with the individual column model.
For further calibration of the DLO procedure, the
predicted bearing capacity obtained by DLO was
compared with that of several laboratory tests (Omine
et al., 1999; Bouassida and Porbaha, 2004; Rashid et
al., 2015; Dehghanbanadaki et al., 2016) and a numerical model (Rashid et al., 2017) for varying affecting parameters, as shown in Table 1. Those investigations were conducted under a rigid footing,
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Single homogenisation method
Block homogenisation method
η=40%

240

qu (kPa)

(Juran and Guermazi, 1988) and dropped to a low
value when failure was reached (Fattah et al., 2011;
Zhang et al., 2014; Zhou et al., 2018). Therefore, a
stress concentration ratio n=2.0 is selected in this
study.

η=30%

200

160
η=20%
120
2

4

6

8

φ (°)

Fig. 4 Comparison between the individual column model
and equivalent area model

and all tests were performed under undrained conditions. All discrepancies between DLO and the solutions obtained previously were within 16%, demonstrating the accuracy and precision of the present
numerical simulation.

3 Results
The failure pattern of composite ground reinforced by DM columns was first investigated in terms
of the individual column model and the equivalent
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area model, as shown in Fig. 5. Three types of failure
patterns can be categorized: general shear failure,
local shear failure, and block failure, which are coincident with the findings from research on stone columns (Hanna et al., 2013). For the general shear
failure mechanism, the DM columns experienced
shear failure, in which the failure slip passed both soil
and columns. A wedge was formed within the reinforced region without significant deformation. This
mechanism coincides with that observed in previous
studies on end-bearing DM columns (Yin and Fang,
2010; Dehghanbanadaki et al., 2016). When local
shear failure occurred, the DM columns penetrated
the soil, and a rigid wedge formed simultaneously
within the reinforced zone. For the block failure
mechanism, no clear rigid cone was observed. The
DM columns together with the soil were punched into
the soil at the base of the columns. In this failure type,
the resistance at the base of the columns and the shear
strength of the soil along the length of the exterior
columns contributed to the bearing capacity. The
predictions of the individual columns model and the
equivalent area model were similar, which further
demonstrates the accuracy of the equivalent area
method.

(a)

(b)

Fig. 5 Failure mechanism of composite ground reinforced
by DM columns: (a) individual column model; (b) equivalent area model

Previous investigation of the bearing capacity
issue mainly investigated purely cohesionless and
purely cohesive soils. Leshchinsky (2015) emphasized the need to address bearing capacity by con-

sideration of both cohesive and frictional aspects,
which are common for native soils. He adopted DLO
procedure with effective stress analysis to investigate
the bearing capacity of strip footings on c-φ soils. An
extended study focusing on the failure mechanism
can be found in (Zhou et al., 2018), and an analogous
analysis for c-φ soils was performed in that study.
Moreover, a linearly elastic perfectly plastic model
with the Mohr-Coulomb failure criterion was adopted
in the numerical model. In practice, the strength of
DM columns is determined by unconfined compressive strength tests. Given the inconclusive investigation in respect of permeability and engineering conservation, the shear strength of soil-cement was considered in previous studies for both stability and settlement problems (Huang and Han, 2009; Ye et al.,
2013; Chai et al., 2015, 2017). The shear strength of
the DM columns was considered as 200 kPa (Yapage
et al., 2014). In addition, the effect of modulus and
Poisson’s ratio is negligible for the bearing capacity
issue (Zhou et al., 2017). A dimensionless parameter
of column length L/B is defined as the ratio of length
of the DM columns to the width of the footing. In
practice, a square or triangular grid of columns is
often used, which offers an area replacement ratio, η,
between 10% and 50% (Karstunen, 1999; Kitazume
and Terashi, 2002). Thus, various area replacement
ratios from 10% to 40% were adopted. Following
classical bearing capacity theory and previous study
(Zhou et al., 2017), the contribution of the soil shear
strength of soil within embedment was neglected, and
surcharge levels of 20–60 kPa were adopted in the
model. The weight of columns was assumed as that of
the soil for simplicity (Huang and Han, 2009; Zhang
et al., 2014). The interface between DM columns and
soils was assumed to form a perfect bond in DLO, and
this behavior has been verified through numerical
modelling (Bouassida et al., 2009; Rashid et al.,
2017). Table 2 presents the design scenarios estimated by the DLO procedure.
To present the design charts of a group of floating DM columns, the superposition method suggested
by Terzaghi (1943) was employed to calculate the
bearing capacity coefficients as follows:
qu  cs N c  qN q 

1
 s BN γ ,
2

(5)
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where the bearing capacity factors Nc, Nq, and Nγ
represent the effects of the soil cohesion cs, surcharge
level q, and unit weight of the soil γs, respectively.
Fig. 6 shows the bearing capacity charts of coefficient Nc versus the area replacement ratio η at
various column lengths L/B. It can be seen that the Nc
value increases with the area replacement ratio η until
this parameter reaches a certain threshold value. This
value is influenced by the column length L/B. Specifically, the inflection point increases when the
column length is large. For a relative high friction
angle (e.g. φ=10°) reinforced with long columns (e.g.
L/B=4), the Nc value shows a linearly increasing trend
with increasing area replacement ratio η. Generally,
the peak Nc value increases with increasing column
length L/B.
Table 2 Parameters in the bearing capacity analysis
Parameter
Soil cohesion, cs (kPa)
Friction angles of soil, φs (°)
Unit weight of soil, γs (kN/m3)
Length of DM columns, L/B
Shear strength of DM columns, cc (kPa)
Unit weight of DM columns, γc (kN/m3)
Area replacement ratio, η (%)
Surcharge level, q (kPa)

Value
10
2, 6, 10
18
2, 3, 4
200
18
10, 20, 30, 40
20, 40, 60

area replacement ratio η. In those cases, a general
shear failure mechanism occurs. This is because the
increase of area replacement ratio reduces the equivalent friction angle in the reinforced zone, leading to a
decrease of the coefficient Nγ. Notably, an increasing
trend appears for η for the short columns in the soils
with low friction angles (i.e. L/B=2 and φ=2°; L/B=3
and φ=2°).
To clearly show the influence of affecting factors on the Nq value, the bearing capacity charts of
coefficient Nq are plotted versus the column length
L/B at various values of area replacement ratio η and
surcharge level q, as illustrated in Fig. 8. Three different trends of Nq with increasing column length can
be observed. To be specific, for high η and low φ
values (e.g. η=40° in Fig. 8a), the coefficient Nq increases with column length L/B. For relatively
high-friction soils improved by DM columns with
low area replacement ratio (e.g. η=20° in Fig. 8c), the
coefficient Nq is insensitive to the column length.
Otherwise, the Nq values decrease with increasing
column length, but the increase ratios are inconsistent. This phenomenon is mainly because of the
transition of the failure mechanism. Nq will be discussed together with coefficients Nc and Nγ in the
following sections.
2.5

φ=2°

6°

10°

L/B=2
L/B=3
L/B=4

L/B=2
L/B=3
L/B=4

1.5

φ=2°

6°

10°

φ=10°

N

25

2.0

20

1.0

Ncc
N

φ=6°

φ=10°
15

0.5

φ=6°

φ=2°

0.0
10

10
10

20

30

40

η (%)

φ=2°
20

30

40

Fig. 7 Bearing capacity charts for coefficient Nγ

η (%)

Fig. 6 Bearing capacity charts for coefficient Nc

Fig. 7 presents the bearing capacity charts of
coefficient Nγ versus the area replacement ratio η at
various column lengths L/B. For friction angles φ=6°
and 10°, Nγ exhibits a gentle reduction with increasing

4 Discussion
In this section, the phenomenon of the design
charts with different bearing capacity coefficients is
elaborated. Fig. 9 shows the schematic of coefficient
Nc with η, with the corresponding failure mechanism
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incorporated. The Nc value uniformly increases with
increasing η until a threshold value is reached. The
starting point represents a general shear failure pattern, and the Nc value increases with η because of the
contribution of a higher shear strength in the reinforced region. As η increases, the increase ratio of Nc
decreases, indicating that the mechanism changes to a
local shear failure pattern. Once η exceeds a threshold
value, a block failure mechanism occurs in which the
influence of shear strength in the reinforced region on
1.8

η=10% 20%

30%

40%
q=20 kPa
q=40 kPa
q=60 kPa

1.6

Nq

η=40%

1.4
η=30%
η=20%
1.2
η=10%
2.0

2.5

3.0
L/B

3.5

4.0

(a)

3.5 η=10% 20%

30%

40%
q=20 kPa
q=40 kPa
q=60 kPa

Nq

3.0

the bearing capacity can be neglected. This finding is
different from the results of Hanna et al. (2013)
studying the performance of stone columns installed
in clay under rigid foundations. As shown in Fig. 6,
the curve increases linearly without an inflection
point (i.e. φ=10° and L/B=4) because there is no
transition of the failure mechanism.
Similarly, due to the occurrence of a general
shear failure pattern, a gentle reduction is observed in
Fig. 7. A counterintuitive trend of initial reduction
and consequent increase of coefficient Nγ is presented
in Fig. 10 with the corresponding failure mechanism.
For cases of low frictional strength soil improved by
short columns, a general shear failure pattern arises
for a low area replacement ratio. As the area replacement ratio initially increases, the equivalent
friction angle in the reinforced region and Nγ are reduced because Nγ is relatively sensitive to the friction
angle. Subsequently, the curves increase with the
increasing area replacement ratio. In this stage, a local
shear failure pattern arises in which the frictional
strength within the reinforced region and at the base
of the columns each contributes to the coefficient Nγ.
Then, a block failure pattern arises when the area
replacement ratio is large, leading to a decreased
influence of the area replacement ratio on Nγ.

2.5

Nc

2.0

1.5
2.0

2.5

3.0
L/B

3.5

4.0

(b)

4.5

η=10% 20%

30%

Threshold value
η (%)

Fig. 9 Schematic of coefficient Nc and the corresponding
failure mechanism

40%
q=20 kPa
q=40 kPa
q=60 kPa

4.0

Nq

3.5

Nγ

3.0
2.5
2.0
2.0

η (%)

2.5

3.0
L/B

3.5

4.0

Fig. 10 Schematic of coefficient Nγ and the corresponding
failure mechanism

(c)

Fig. 8 Bearing capacity charts for coefficient Nq
(a) φ=2°; (b) φ=6°; (c) φ=10°

According to the presented design charts of coefficient Nq, three different types of failure patterns
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Nq

Nq

Nq

can be identified, as shown in Fig. 11. For the block
failure pattern, the Nq value increases with L/B because the increasing column length contributes to
greater bearing capacity. However, the Nq value is
insensitive to the column length L/B when a failure
slip occurs within the reinforced region, and additional column length does not benefit the Nq value. A
complex trend of Nq values can be observed in the
shift of the failure mechanism. The starting point
represents a block failure pattern. The curves show an
initial increase of Nq with increasing column lengths
due to the deepened surface slip, which leads to larger
bearing capacity. As L/B further increases, Nq begins
to decrease because of the local shear failure pattern.
In this failure type, the contribution of column length
on bearing capacity becomes unapparent. With the
further increase of column length, the load cannot
transfer to the column base and a general shear failure
pattern appears, in which the coefficient Nq becomes
insensitive to additional column length.

L/B

Fig. 11 Schematic of coefficient Nq and the corresponding
failure mechanism

5 Conclusions
The results of this investigation were obtained
using the DLO technique. The failure mechanism and
bearing capacity coefficients of composite ground,
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which are improved by floating DM columns subjected to varying levels of surcharge, were investigated. The following conclusions can be drawn:
1. DLO is found to be a capable tool for evaluating bearing capacity factors for a group of DM
columns. Application of limit analysis combined with
the equivalent area model accurately captures the
limit loads and failure mechanism through a comparison with the individual column model and the
results of previous studies.
2. The bearing capacity factors are found to be
governed by the critical failure mechanism that is
determined for the ultimate limit load. For reinforced
ground without surcharge, a critical value of area
replacement ratio for the coefficient Nc represents the
shift of the failure mechanism, indicating the highest
Nc value. Generally, the coefficient Nγ shows a reduction trend with increasing η because of the decrease of the equivalent frictional strength in the reinforced region.
3. The failure mechanism and corresponding
bearing capacity are found to be complex when the
surcharge is considered. Specifically, an increasing
and constant trend for Nq is observed for the column
length under the general shear failure pattern and the
block failure pattern, respectively. An increase in
column length results in larger Nq until the failure
mechanism changes from the block failure pattern to
the local shear failure pattern. With further increases
in the column length, the Nq value becomes small
because the effect of additional column length on the
bearing capacity is minimal.
This investigation presents design charts with a
reasonable range of parameters but does not account
for all scenarios. The developed design charts can be
used for preliminary design applications.
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中文概要
题

目：水泥搅拌桩复合地基的承载力与破坏模式研究

目

的：工程规范中采取保守设计方法导致含有埋深的复
合地基的承载力被严重低估。本文基于设计表格
的方法展示水泥搅拌站复合地基的承载力系数
（Nc、Nq 和 Nγ），分析埋深存在时的 3 种破坏模
式，探讨承载力系数 Nq 和破坏模式随着各类因素
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（桩长、置换率和埋置深度）变化的原因。

结

论：1. 对于无埋深工况，承载力系数 Nc 随着置换率的

创新点：1. 确定简化的均质化水泥搅拌桩加固地基模型；

增长而增大，直到某一临界值，此时发生实体基

2. 建立非连续布局优化法（DLO）模型，计算工

础破坏。2. 在置换率较低时，承载力系数 Nγ 随着

程实用设计表格；3. 分析极限承载力系数 Nq、破

置换率的增长而减小，因为此时加固区内的等效

坏模式和各类影响因素的内在关联。

内摩擦角减小。3. 埋置深度对承载力和破坏模式

方

法：1. 通过等效强度法确定合理的均质化数值计算模

产生复杂影响；当破坏模式从实体基础转化为复

型，并与群桩模型和前人研究进行对比验证（图

合型破坏时，Nq 增长；随着桩长进一步增加，破

4 和表 1）；2. 通过极限分析上限解结合非连续布

坏面通过加固区内部时，Nq 在减小之后保持不

局优化法，进行大量计算，建立极限承载力系数

变。

的设计表格（图 6~8）。

关键词：承载力；水泥搅拌桩；埋置深度；破坏模式

