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Abstract: Accurate prediction of ductile fracture requires determining the material properties, including the parameters of the
constitutive and ductile fracture model, which represent the true material response. Conventional calibration of material parameters
often relies on a trial-and-error approach, in which the parameters are manually adjusted until the corresponding finite element
model results in a response matching the experimental global response. The parameter estimates are often subjective. To address
this issue, in this paper we treat the identification of material parameters as an optimization problem and introduce the particle
swarm optimization (PSO) algorithm as the optimization approach. We provide material parameters of two uncoupled ductile
fracture models—the Rice and Tracey void growth model (RT-VGM) and the micro-mechanical void growth model (MM-VGM),
and a coupled model—the Gurson-Tvergaard-Needleman (GTN) model for ASTM A36, A572 Gr. 50, and A992 structural steels
using an automated PSO method. By minimizing the difference between the experimental results and finite element simulations
of the load-displacement curves for a set of tests of circumferentially notched tensile (CNT) bars, the calibration procedure
automatically determines the parameters of the strain hardening law as well as the uncoupled models and the coupled GTN
constitutive model. Validation studies show accurate prediction of the load-displacement response and ductile fracture initiation
in V-notch specimens, and confirm the PSO algorithm as an effective and robust algorithm for seeking ductile fracture model
parameters. PSO has excellent potential for identifying other fracture models (e.g., shear modified GTN) with many parameters
that can give rise to more accurate predictions of ductile fracture. Limitations of the PSO algorithm and the current calibrated
ductile fracture models are also discussed in this paper.
Key words: Parameter calibration; Void growth model (VGM); Gurson-Tvergaard-Needleman (GTN) model; A36 steel; A572
Gr. 50 steel; A992 steel; Particle swarm optimization (PSO)

1 Introduction
Ductile fracture is one of the most critical limit
states in steel structures, and often governs the ultimate
capacity of steel components and structures in many
situations. Ductile tearing may result in complete fail‐
ure of a structural component, and possibly the col‐
lapse of a building (Khandelwal and El-Tawil, 2007).
With increasing interest in investigating the detailed
response of steel structural systems, understanding
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and predicting ductile fracture is becoming of utmost
significance. Modeling ductile fracture at the material
level provides a basis for predicting ductile failure in
steel structural components and systems.
Ductile fracture involves a complex process with
high material and geometric nonlinearity. From the
micro-mechanism standpoint, ductile fracture involves
void nucleation, growth, and coalescence (Anderson,
2017). Stress and strain parameters, such as the equiv‐
alent plastic strain, εeq, and the stress triaxiality, T,
(i.e., the ratio of hydrostatic stress σm to effective stress
σe, T= σm/σe), play essential roles in void evolution
(Benzerga and Leblond, 2010; Pineau et al., 2016).
Many popular models have been developed to predict
ductile fracture initiation in metals. Based on the un‐
derstanding of micro-mechanisms, these models can
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be generally categorized into two groups: uncoupled
and coupled models. For uncoupled models, ductile
fracture initiation is considered as the critical state
without considering the influence of void evolution
on the constitutive model (Anderson, 2017). The void
growth model (VGM) proposed by Rice and Tracey
(1969) (RT-VGM), along with its simplified and/or
improved versions (Wen and Mahmoud, 2016; Yan
and Zhao, 2018; Zhu and Engelhardt, 2018b; Kong
and Yang, 2020) (e.g., the stress modified critical
strain model (SMCS) (Kanvinde and Deierlein, 2006)),
is a representative uncoupled model. In contrast, cou‐
pled models consider the degradation of effective
stress due to presence and growth of voids. Typical
coupled models are attributed to the micromechanicsbased Gurson model (Gurson, 1977) and its exten‐
sions (Chu and Needleman, 1980; Tvergaard, 1981;
Malcher et al., 2014). Gurson (1977) proposed a
porosity-embedded yield potential function associ‐
ated with the expression of void volumetric (porosity)
evolution, which comprised the original form of the
Gurson model. Tvergaard and Needleman (1984) im‐
proved the original Gurson model by considering the
contribution of void coalescence to the sudden drop of
load carrying capacity, which resulted in the develop‐
ment of the well-known Gurson-Tvergaard-Needleman
(GTN) model.
Application of the popular fracture models re‐
quires calibration of the material constitutive parame‐
ters (strain hardening law) and toughness parameters.
Fracture initiation and propagation are pertinent to the
local continuum fields, which are sensitive to the con‐
stitutive model parameters. Thus, reliable modeling
and prediction of these fracture events require knowl‐
edge of the constitutive relationship representing the
true material behavior covering a full range of true
stress-strain curves over large strain levels (larger
than the strain at fracture initiation). Determination
of the true stress-strain relationship is typically based
on uniaxial tensile tests of circumferentially smooth
round (SR) bars or coupon flat (CF) specimens. Due
to the uniform distribution of the stress and deforma‐
tion fields over the critical cross-section up to neck‐
ing in SR bars or CF specimens, the measured loaddisplacement response (engineering stress-strain rela‐
tion) from such tests can be analytically interpreted to
back-calculate the true strain-true stress relationship
at small strain levels (typically <0.2). Once necking is

initiated in a tensile coupon test, deriving the true
stress-strain relation from the measured engineering
stress-strain becomes cumbersome. This is because
both the stress and strain are highly non-uniform and
complex in the necked region (uniaxial tension no lon‐
ger exists in the necked region). To estimate the postnecking true stress-strain response, analytical solutions
(e.g., Bridgman’s correction (Bridgman, 1964)) and
experimental-numerical iterative methods with a ten‐
sile SR bar or CF specimen are often employed. For
the iterative methods, the true stress-strain curve in
the finite element (FE) model is adjusted by trialand-error until the simulated engineering stress-strain
curve reasonably matches the experimentally measured
engineering stress-strain curve (Defaisse et al., 2018;
Neimitz et al., 2018). This method, however, has two
main shortcomings. First, the FE model requires a
very fine mesh in the necked region to mimic the actual
necking shape up to fracture. The modeling associated
with the repeated trial-and-error process often requires
dozens of iterations, each of which involves several
runs of FE modeling and manual adjustments to the
true stress-strain curve. Thus, this method has high
computational cost and low calibration efficacy. Sec‐
ond, the trial-and-error method for inferring the true
stress-strain curve is subjective and highly dependent
on human experience and expertise. The accuracy of
the calibrated true stress-strain relation is usually eval‐
uated through visual comparison of the simulated and
measured engineering stress-strain curves, which may
not be objective. All in all, the commonly used trialand-error approach is of low efficacy, and the result‐
ing material post-necking constitutive parameters in‐
clude many uncertainties.
For calibrating uncoupled fracture models, tests
on circumferentially notched tensile (CNT) bars are
often used to achieve various levels of stress triaxiality
that generate different fracture loci (Kanvinde and
Deierlein, 2006). The local continuum stress and strain
quantities in CNT bars are often computed based on
the true stress-strain relations estimated from the SR
bars or tensile coupon specimens. However, this true
stress-strain relation often leads to the simulated CNT
global response visibly deviating from the experimen‐
tal test data. The primary reason is that the constitu‐
tive model specified for an SR/tensile coupon may not
accurately describe the true material response in CNT
bars. In this case, accurate estimates of the constitutive
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model through CNT bars are preferred if the fracture
model parameters are also identified using the same
CNT bars. This, in turn, raises the difficulty of the es‐
timation. Unlike the SR bar before necking, where the
stress and deformation fields are uniform, there is no
straightforward approach to calibrating the constitu‐
tive model in CNT bars. This is because the stress and
strain fields in those specimens are non-uniform due
to the high geometric nonlinearity induced by fabri‐
cated notches. Thus, it is impossible to determine the
uncoupled fracture model parameters using only CNT
bars by conventional approaches, which reduces the
accuracy of the calibrated model parameters and the
performance of the models in practical prediction
applications.
For coupled damage models, parameter calibra‐
tion is also challenging as the procedure involves iden‐
tifying many parameters simultaneously (including
constitutive model parameters). Conventional methods
for determining the model parameters include experi‐
mental (microscopic and macroscopic) measurements
and hybrid numerical-experimental methods (Pineau
et al., 2016). Experimental measurements always
require a large number of tests and are expensive.
Hybrid methods are commonly implemented by fit‐
ting the simulated load-displacement curves to the
experimental results. Hybrid methods are more popu‐
lar as the procedures are relatively straightforward
and have lower experimental costs than pure experi‐
mental measurements. However, like calibration of
the uncoupled model parameters using SR and CNT
bars, these hybrid numerical-experimental methods
have shown deficiencies. They are considered less re‐
liable because the procedures are essentially operated,
relying on significant manual intervention. In general,
the process of determining parameters of either the
constitutive or the ductile fracture models can be rec‐
ognized as an inverse problem. Rigorous approaches
are likely required to address non-objectivity and im‐
prove the accuracy and efficiency in solving the in‐
verse problem.
Thus, a computer-aided instead of trial-and-error
approach is needed urgently for identifying the param‐
eters of the constitutive and fracture models. Inverse
analysis based upon nonlinear optimization tech‐
niques has shown great potential to address the param‐
eter identification problem (Yoshida et al., 2003; Yun
and Shang, 2011; Neimitz et al., 2018). The principle

of this method is the application of an automated algo‐
rithm that incorporates numerical and experimental
tools to find a set of material parameters that minimizes
the difference between the test and simulated results.
Previous studies have determined the efficiency and
effectiveness of several optimization technologies in
automatically calibrating constitutive model parame‐
ters, e.g., genetic algorithm (GA) (Pal et al., 1996)
and particle swarm optimization (PSO) (Vaz Jr et al.,
2016; Smith et al., 2017). Considerable efforts have
also been made to identify the damage-coupled consti‐
tutive parameters. Mahnken (2002) used a gradientbased optimization strategy to determine the material
parameters of many types of damage models. Aben‐
droth and Kuna (2006) developed a neural network
(NN) to establish the relation between damage param‐
eters and the corresponding global load-displacement
response calculated by finite element simulations.
Once trained, the NN predicted the damage parame‐
ters using the available experimental measured loaddisplacement curves. Although optimization techniques
have been extensively applied to numerous parameter
identification problems, optimizing material parame‐
ters in uncoupled and coupled ductile fracture models
for ASTM structural steels has not been well estab‐
lished. The PSO scheme has been shown to be the
most effective for the specific problem of constitutive
model calibration following a comparative evaluation
of several popular methods, including random sam‐
pling (RS), gradient descent (GD), GA, and PSO
(Smith et al., 2017). In the present study, we used
PSO as the numerical method for optimization. With
the assistance of the PSO search algorithm, many dif‐
ficulties in calibrating uncoupled fracture and coupled
damage models are expected to be resolved. For in‐
stance, the uncoupled fracture model and the strain
hardening law can be directly determined based on
CNT specimens without any need for manual inter‐
vention. The PSO algorithm also provides a potential
numerical tool to identify coupled damage models with
a significant number of parameters.
In this study, we focus on determining the duc‐
tile fracture model parameters for three kinds of struc‐
tural steels widely used in the USA, i.e., ASTM A36,
A572 Gr. 50, and A992 steels, using an automated
PSO. First, we review previous experimental results
concerning tensile tests on circumferentially notched
bars. Also, we introduce three popular ductile fracture
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models: the Rice and Tracey void growth model
(RT-VGM), the micro-mechanical void growth model
(MM-VGM), and the GTN model. A hybrid numericalexperimental approach using a PSO algorithm is first
applied to calibrate the two uncoupled models and the
strain hardening law. The same method with a different
scheme is used to determine the GTN parameters. Val‐
idation studies of the calibrated models are performed
using tests of V-notch specimens. The performance
and further applications of the PSO algorithm in pre‐
dicting the ductile fracture of steels are also discussed.

2 Ductile fracture models
There are many micromechanics-based and phe‐
nomenological ductile fracture models that are reason‐
ably accurate in predicting fracture initiation. This
section reviews three models, i.e., the RT-VGM, the
MM-VGM, and the GTN model, which are popular
in ductile fracture analysis of steel structures and
materials. The RT-VGM and the MM-VGM are un‐
coupled models, while the GTN model represents a
coupled model type.

to Rice and Tracey (1969), the ductile fracture was
assumed to initiate when the radius of the void exceeds
a critical value over a characteristic length l*. The cri‐
terion is explicitly expressed as

∫

VGI =

ε eq
0

exp ( βT ) dε eq ≥ VGI cr 

R > l* 

(2)

where VGI (void growth index) is to quantify the size
of the void, and VGIcr is the critical void growth index.
For the parameter β, Hancock and Brown (1983) em‐
phasized that it was within 1.1 and 2.3 for British
Steels 50D and 50D N.N, while Kiran and Khandelwal
(2014a) suggested that 1.15 was appropriate for ASTM
A992 steels. In this paper, the parameter β is consid‐
ered a material property to be calibrated, rather than a
constant. For the characteristic length l*, we consid‐
ered a length scale at fracture initiation, which implies
that the condition in Eq. (2) must be satisfied over a
certain length. In summary, there are three parameters
for the VGM, i.e., the parameter β, the critical void
growth index VGIcr, and the characteristic length l*, all
of which must be calibrated either by experiments, FE
simulations, or both.

2.1 Rice and Tracey void growth model

2.2 Micro-mechanical void growth model (Kiran
and Khandelwal model)

The RT-VGM was developed based on an isolated
spherical void in an infinite matrix subjected to a re‐
mote stress field (McClintock, 1968; Rice and Tracey,
1969). The matrix was supposed to be either perfect
elastic-plastic or linear strain hardening. The analyti‐
cal solution for the growth rate of the void radius is
expressed as:

Kiran and Khandelwal (2013) developed the
MM-VGM. Unlike the RT-VGM, the MM-VGM
evaluates the initiation of ductile fracture based on the
void volumetric quantity. By assuming a logarithmic
form, the kernel function of MM-VGM is developed
based on the results of computational cell simulations
of void growth, given as:

( )

σm
Rˉ̇
= α exp β
ε̇ 
R0
σˉ eq

(1)

where R0 is the radius of the initial spherical void, Rˉ̇ =
Rˉ̇ 1 + Rˉ̇ 2 + Rˉ̇ 3 3 is the average change rate of the radius

(

)

in all three directions, and ε̇ eq is the remote equivalent
plastic strain rate imposed on the matrix. Without con‐
sidering the stress degradation, the flow stress σˉ is
equivalent to the effective stress σe. In the original
RT-VGM, the parameter α was obtained as 0.283 and
β was known as 1.5. By integrating Eq. (1), the current
radius of the void is expressed as a function of stress
triaxiality and the remote plastic strain field. According

MVGI =

∫

ε eq
0

[ ln (T ) + λ ] dε eq ≥ MVGI cr  R > l *  (3)

where MVGI is related to the relative void volume
ratio, λ is a material constant, and MVGIcr is the criti‐
cal damage index, similar to the parameter VGIcr in the
VGM. In the original version of MM-VGM, Kiran
and Khandelwal (2013) suggested the parameter λ to
be 1.47 for A992 steels. In the present study, it is con‐
sidered as a material constant to be calibrated for dif‐
ferent grades of steel. The characteristic length l* has
a physical representation similar to that in the VGM.
Like RT-VGM, MM-VGM has three parameters to be
calibrated.
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Based on the RT-VGM, the MM-VGM states that
ductile fracture initiates when the void volumetric pa‐
rameter MVGI exceeds the critical value MVGIcr over
the characteristic length l*. The void volume fraction
used to describe ductile fracture initiation may have
advantages over the void radius parameter in the
RT-VGM with regard to fracture prediction, particu‐
larly for fractures at relatively low triaxialities. As sup‐
ported by Kiran and Khandelwal (2013), the relative
void radius ratio used by the RT-VGM as the void
growth indicator is doubtful for fractures under low
triaxialities with a hardening material matrix. At inter‐
mediate and low triaxialities, the relative volume ratio
is more sensitive than the relative void radius ratio to
the sudden change of the void at the critical conditions
(e.g., void coalescence and fracture initiation). There‐
fore, the void volumetric parameter can be a good indi‐
cator of abrupt void change (Pineau et al., 2016; Wen
and Mahmoud, 2016; Zhu and Engelhardt, 2018b).
However, this model is applicable only when T >0
and for ductile fracture, due to the void enlargement
mechanism (Kiran and Khandelwal, 2013).
2.3 Gurson-Tvergaard-Needleman model
Based on a hollow sphere with a single void at
the center, Gurson (1977) developed an expression for
the void volumetric fraction (porosity), f, by using
upper limit analysis. The surrounding matrix was
assumed to follow J2 plasticity with isotropic strain
hardening. The change rate of porosity is taken as:

( )

ḟ
3 σˉ
3 σm
= q sinh
ε̇ 
2
σ
2 σˉ eq
e
f (1 - f )

(4)

where σˉ is the matrix flow stress, and q is a material
constant. Analogous to the RT-VGM, the change rate
of void size exponentially increases with the stress tri‐
axiality. Comparison between Eqs. (1) and (4) indi‐
cates that the void volumetric fraction in the Gurson
model considers the degradation of effective stress. In
contrast, in the RT-VGM, the effect of damage is
neglected, and the term σˉ/σ e is constant at 1. For a po‐
rous metal with dilute voids, Gurson (1977) proposed
a yield condition as a function of the porosity, f, which
was later modified by Tvergaard (1981) and Tver‐
gaard and Needleman (1984) considering the effects
of interaction between neighboring voids and void
coalescence. The modified yield function is given as

Φ=

( )

(

)

σ eq2
3 σm
+ 2q 1 f * cosh q 2
- 1 + q 3 f *2 ≤ 0 (5)
2
2
σˉ
σˉ

where the parameters qi (i=1, 2, 3) were introduced by
Tvergaard (1981), while in the original Gurson model
qi=q=1. Benzerga and Leblond (2010) supported the
view that the additional parameters q2 and q3 were
more likely to improve the predictive accuracy than
representing the underlying physics of void growth.
Some common adopted values of qi (i=1, 2, 3) are
attributed to q1=1.15, 1.25, 1.5, q2=1, and q 3 = q 21.
The parameter f * in Eq. (5) is the modified po‐
rosity, given as
f < fc 
ì f
ïï
ˉ
fF - fc
ï
f - fc  fc ≤ f < fF 
f * = í fc +
fF - fc
ïï
ïï fˉ 
f ≥ fF 
î F

( )

(6)

where fc is the critical porosity when the growth rate
of porosity begins to accelerate until the failure poros‐
ity fF is reached. Modification of the porosity incorpo‐
rates the effects of micro-cracks and void coalescence
in accelerating void growth for f c ≤ f < f F. As the actual
porosity f exceeds fF, the porosity is assumed to be
constant at fˉF = q 1 + q 21 - q 3 q 3, and the material

(

)

is considered to have completely lost its stress carry‐
ing capacity. Chu and Needleman (1980) suggested
that the change rate of porosity comprised two terms
due to void nucleation and growth of existing voids,
taken as
ḟ = ḟ nuc + ḟ g 

(7)

where ḟ nuc on the right-hand side describes the contri‐
bution of strain-controlled void nucleation, and is
obtained using the relation ḟ nuc = A( εˉ) ε̇ eq (ε̇ eq is the
plastic strain rate tensor). The coefficient A( εˉ) is given
as
A( εˉ) =

fN
sN

( )

éê 1 εˉ - ε N
exp ê2π
ë 2 sN

2

ùú
ú.
û

(8)

The coefficient A( εˉ) is a function of strain, which fol‐
lows a normal distribution with a mean nucleation
strain εN, a standard deviation sN, and a weighted
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volume fraction of nucleating particles fN. The second
term ḟ g on the right-hand side of Eq. (7) represents the
contribution of growth of the pre-existing voids and
takes the form ḟ g = (1 - f ) trDp, where Dp is the plastic
part of the rate of deformation tensor.
The GTN model has nine parameters in total that
need to be calibrated. These include: (1) qi (i=1, 2, 3)
in the yield potential function, (2) fc and fF for porosity
modification, (3) εN, sN, and fN that are related to the
void nucleation dominated growth of porosity, and (4)
the initial porosity f0.

Given a swarm with np particles in an ndimensional search-space (optimization of n parame‐
ters in the problem), the position of the particle i
at iteration t is represented by a position vector Xi(t)=
[xi, 1(t), xi, 2(t), …, xi, n(t)]T (i=1, 2, …, np) and the velocity
is denoted by a vector Vi(t)=[vi, 1(t), vi, 2(t), …, vi, n(t)]T.
At iteration t+1, the velocity and positive vectors are
computed using Eqs. (9) and (10), respectively.
v i j (t + 1) = wv i j (t) + φ p u p[ p i j - x i j ( t ) ] +
φ g u g[ p ip - x i j ( t ) ]  j = 1 2  n
x i j (t + 1) = x i j (t) + v i j (t + 1) 

3 Particle swarm optimization for parameter
identification
The PSO method, originally proposed by Eber‐
hart and Kennedy (1995), was inspired by the social
behavior of a bird flock. The application of PSO
search algorithms is favored in various fields for solv‐
ing optimization problems owing to their simplicity,
easy implementation, and robustness (Vaz Jr et al.,
2016). As one of the most well-known metaheuristics,
PSO enables researchers to search candidate solutions
in large multi-dimensional spaces. A particle swarm
(population) is first generated and located in the searchspace in a uniformly distributed random manner. Dur‐
ing each trial iteration, a velocity operator is assigned
to each particle (candidate solution). The velocity and
direction of the movement of each particle are guided
by three factors: the previous velocity, the best-known
position in the search-space, and the best-known posi‐
tion that any particle in this swarm has ever found.
The three factors represent the inertia effect (moving
following its previous direction), the individual cogni‐
tion (best-known position in the search-space), and
the social interaction of the bird swarm (best-known
position in the swarm). As the historic best-known
position of each particle is discovered, it would be
collected and shared with the other particles in the
swarm. The information package of the swarm is used
to update the velocity and compute the new position
of each particle. This allows the swarm to move to‐
wards the best solution. The iterative process is con‐
tinued until either the optimal position is obtained, or
the iteration criterion is met. The accepted best solu‐
tion or the criterion is evaluated based upon the objec‐
tive function, which is discussed as follows.

(9)
(10)

where w is the inertial weight, and φp and φg are two
positive constants. The parameter φp weighs the im‐
portance of each particle’s personal best position,
whereas φg represents the contribution of the global
best. The parameters pi,j and pi,p denote the best parti‐
cle position and the best position across all particles,
respectively. The parameters up and ug are two randomvalue parameters that lie within the range of [0, 1].
As suggested by Smith et al. (2017), for the spe‐
cific problem of the calibration of cyclic constitutive
models, the inertia weight factor w can be initially
given a value of 0.55. This decreases linearly through‐
out the iterative process to a final value equal to half
of the initial value (0.275), thus increasing the chance
of finding the best solution. Smith et al. (2017) also
investigated the effects of the two constants φp and φg
on the calibration efficiency, and found that both were
equal to 1.5 and provided good performance in terms
of the calibration success rate. As the present study
focused on a problem similar to that of Smith et al.
(2017), the parameters of inertia weight w, and the
two constants φp and φg, were given the same values
as those suggested by Smith et al. (2017). The evalua‐
tion of the population size (number of particles) by
Smith et al. (2017) showed that the population size
(number of particles) had little effect on the success
rate. However, as agreed by Vaz Jr et al. (2016), an
appropriate number of particles was important for
both the robustness and the rate of convergence of the
PSO analysis. The recommended value of np is 3–6
times the dimension of the search-space, indicating
that np ranges from 3n to 6n (Vaz Jr et al., 2016;
Smith et al., 2017).
The process of PSO is started by initializing the
particle’s position with a uniformly distributed random

J Zhejiang Univ-Sci A (Appl Phys & Eng) 2022 23(6):421-442 | 427

vector xi,j~U(blo, bup) (where blo and bup represent the
vectors of lower and upper boundaries, respectively,
in the parametric space) and equating the particle’s
best known position to its initial position. In the fol‐
lowing iterations, the velocity and position of each
particle are updated using Eqs. (9) and (10). The fit‐
ness of each particle is evaluated using a pre-defined
objective function ε(Z) (where Z refers to the set of
parameters in the search-space) that represents the
error between the experimental and simulated global
responses:
|| Q i - Q i ||
ε ( Z ) = ∑| EXP i FEM | 
Q EXP
|
i Î S|

(11)

where S is the series of tests used in the calibration.
The variables QEXP and QFEM denote the experimen‐
tal and numerical quantities, respectively. Proposing
an appropriate measure of error is crucial to the
optimization process in terms of the constitutive re‐
lations or fracture models. Based upon the available
measured force-deformation curves, the two quanti‐
ties QEXP and QFEM and the measure of error are most
likely the functions of force/deformation. Referring
to the calibration of the constitutive models, Smith
et al. (2017) recommended an integral term for each
of the quantities, QEXP and QFEM, which are the inte‐
grals of force, F, with respect to the plastic displace‐
ment Δp, up to fracture initiation Δ fp, and are expressed
as:
ì
ï Q EXP =
ï
í
ïQ =
ïî FEM

∫
∫

Δ fp EXP
0
Δ fp EXP
0

F EXP dΔ p 

(12)
F FEM dΔ p 

where Δ fp EXP is the displacement to fracture initiation
with respect to tests. Both terms on the right-hand
side in Eq. (12) represent the dissipated energies. There‐
fore, the objective function in Eq. (11) becomes the
normalized energy error term. In evaluating uncou‐
pled fracture models, the global deformation at the ini‐
tiation of fracture is commonly used to evaluate the
predictive accuracy (Kanvinde and Deierlein, 2006;
Wen and Mahmoud, 2016; Yan and Zhao, 2018; Zhu
and Engelhardt, 2018b; Kong and Yang, 2020). Based
on this, the two quantities QEXP and QFEM in the calibra‐
tion of void growth-type models are given as:

ìï Q EXP = Δ fp EXP 
í
f
îQ FEM = Δ p FEM 

(13)

where Δ fp FEM is the displacement to fracture initiation
with respect to FE modeling. The optimization pro‐
cess is essentially to search the set of parameters that
best minimizes the measure of error, as given by
Eq. (11). This process is terminated at either the de‐
fault number of iterations or the instance when the
pre-defined value of the objective function is obtained.
As the measure of error for each test is unknown prior
to the PSO analysis, defining an absolute error as the
termination criterion may not ensure a good fit is
acquired after the entire PSO process. Therefore, in
this study we used a certain number of iterations as
the termination criterion of PSO.

4 Experimental program and finite element
simulations
Sajid and Kiran (2018) conducted a series of ten‐
sile tests on circumferentially notched specimens made
of ASTM A36, A572 Gr. 50, and A992 steels. The
notched specimens for each steel included three circu‐
lar notched specimens (CNs), a U-notch specimen
(UN), and two V-notch specimens (VNs). In addition,
conventional tensile tests on axisymmetrically unnotched specimens (SR specimens) were performed
to calibrate the true stress-true strain relationship for
each grade of steel. Various notched shapes were de‐
signed to achieve a wide range of stress triaxialities
(within the range of 0.33–1.15) and various fracture
loci. Fig. 1 provides the geometries and dimensions
of the notched specimens. Detailed information about
the mechanical properties of each of the three steels
(such as load-displacement responses) can be found
in (Sajid and Kiran, 2018). In the current study, the
calibration of model parameters for ASTM steels was
based entirely on the test results reported by Sajid and
Kiran (2018). Three types of notched specimens (CN,
UN, and VN) were used, and the identification of the
fracture model parameters was conducted through
CNs and UN, whereas the validation of the calibrated
fracture model and the PSO algorithm was based on
the test results of VNs.
Finite element simulations were carried out using
the FE platform ABAQUS (Dassault Systèmes, 2016),
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UN1

VN1

VN2

Fig. 1 Geometries and dimensions of notched specimens
(CN, UN, and VN represent C-notch, U-notch, and V-notch
specimens, respectively) (unit: mm)

which was used to obtain continuum stress and strain
fields and to facilitate the prediction of ductile frac‐
ture using various models. Taking advantage of the
symmetry, each cylindrical notched specimen was rep‐
resented by a 2D axisymmetric model using the solid
element CAX4, which is a fully integrated bilinear el‐
ement. Only half of the specimen was modeled in this
study. An illustrative FE model with the correspond‐
ing boundaries and loading conditions is shown in
Fig. 2. The mesh refinement for each finite element
model was selected based on mesh sensitivity studies.
The size of the element in the critical regions of the
specimen needed to be smaller than the characteristic
length (see Section 5 for more details) to accurately
capture the gradients of stress and strain fields. Conse‐
quently, elements of 0.1 mm in the critical regions
and 1 mm in the remaining regions were chosen for
each FE model. Material nonlinearity associated with
J2 isotropic hardening was considered in the analysis.

5 Calibration of uncoupled void growth-type
models
Finite element simulations provide access to the
continuum stress and strain fields of each test speci‐
men, which is required for determining the fracture
initiation locus and the uncoupled fracture models. A
good description of the stress and strain fields focus‐
es on the accuracy of constitutive properties used in
the continuum finite element (CFE) modeling. Char‐
acterization of material constitutive response prior to

Fig. 2 Finite element model of the notched specimen

fracture initiation is crucial not only for CFE simula‐
tions, but also for calibration of the fracture criteria.
As discussed previously, stress degradation due to the
accumulation of damage was not considered in the
constitutive law for the uncoupled fracture model. The
material constitutive properties were not affected by
the fracture model parameters. In this case, the cali‐
bration of the constitutive law and the fracture models
can be performed separately and sequentially. Sec‐
tions 5.1 and 5.2 detail the steps of calibration for
the strain hardening law and void growth-type frac‐
ture models, respectively.
5.1 Strain hardening law
J2 isotropic strain hardening laws are typically
used for FE modeling of structural steels. Conventional
calibration of the strain hardening law (i.e., a true
stress-strain curve) is commonly based on uniaxial
tensile tests of SR specimens. Sajid and Kiran (2018)
provided the strain hardening curves of SR specimens
for all three steels, which were directly converted from
engineering stress-strain relationships up to uniform
deformation, and eventually extrapolated manually for
the post-necking regime. To select an appropriate strain
hardening law, Seupel and Kuna (2019) and Seupel
et al. (2020) compared the performance of four differ‐
ent hardening law models (i.e., the power law, Swift
law, Voce law, and Voce law with saturation to linear
hardening) to represent the strain hardening behavior
of steels. They found that a combination of saturating
and linear terms was the best choice among the four
models. Fig. 3 compares the load-elongation responses
of specimen CN1 for the three steels using either the
strain hardening law of Swift law or the Voce law
with saturation to linear hardening, and demonstrates
the superior performance of the latter. Therefore, in
this study we used the Voce law with saturation to lin‐
ear hardening as the strain hardening law, given as:
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Fig. 3 Comparison of load-elongation responses of specimen
CN1 for three steels using different strain hardening laws:
(a) A36 steel; (b) A572 Gr. 50 steel; (c) A992 steel

( )

[

(

σˉ ε eq = σ 0 + Q ¥ 1 - exp - bε eq

) ] + Cε 
eq

(14)

where σ0, Q∞, b, and C are the four parameters required
to be calibrated in the strain hardening law.

The experimental load-displacement responses
of the four CN and UN specimens were used to con‐
struct the objective function of PSO. The parameters
required for FE-PSO coupled analysis were selected
following the discussion in Section 3, and are listed in
Table 1. Note that the upper and lower bounds of each
strain hardening parameter for a given steel, particu‐
larly the initial yield stress (σ0), are estimated based
on test results reported by Sajid and Kiran (2018).
Among other parameters for the PSO algorithm, the
number of particles, np, was first determined follow‐
ing the recommendation by Smith et al. (2017). As
there were four parameters requiring optimization in
the present problem, the value of np was selected to be
20. The total number of evaluations of function (i.e.,
the product of the number of particles and the number
of iterations) has been found to be a good indicator of
the rate of convergence (Vaz Jr et al., 2016). After sev‐
eral attempts, it was found that the value of 800 for
the number of evaluations of the function was suffi‐
cient for the PSO to reach convergence. In this case,
40 iterations were carried out for each steel to ensure
that the objective function was minimized before the
end of the iterative process.
Fig. 4 shows the evolution of the objective func‐
tion during the identification of the PSO-based strain
hardening law. For a given type of steel, the objective
function reduced significantly at the beginning of the
PSO iterations. This was followed by a slow decrease
in ε(Z) for minimizing the error between the experi‐
mental and simulation results. The error became stable
towards a specific value at the later stage of PSO. This
implies the number of function evaluations selected in
this study was large enough to find an optimal solu‐
tion. The calibrated strain hardening parameters are
listed in Table 1. The minimized values for ε(Z) for
the three steels lay within the range of 0.0179–0.0359
(an average error of 0.006–0.012 for a given CN/UN
test). The simulated load-displacement response of
each CN/UN specimen (Fig. 5) was modeled using
the identified strain hardening law, and compared
with the experimental curve. For a given specimen,

Table 1 PSO parameters and results for calibration of strain hardening laws of steels
Steel

blo
A36
375
A572 Gr. 50 380
A992
345

σ0 (MPa)
bup Result
390 384.20
395 391.58
360 347.44

blo
10
10
10

Q∞ (MPa)
bup Result
500 384.20
500 391.58
500 347.44

blo
10
10
10

bup
50
50
50

b
Result
28.16
17.25
15.83

C (MPa)
n φ =φ
blo bup Result p p g
200 1000 434.08 20 1.5
200 1000 408.57
200 1000 350.13

w

n

From 0.55 to 0.275

40
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Fig. 4 Evolution of objective function in the PSO-based
identification of strain hardening law

the numerical load-displacement curve showed good
agreement with the test results, indicating reasonable
accuracy of the strain hardening parameters calibrated
using PSO.
5.2 Calibration of RT-VGM and MM-VGM
The calibration of the uncoupled fracture model
parameters requires the strain and stress fields up to the
initiation of ductile fracture. Fracture initiation is deter‐
mined based on the experimental load-displacement
response. For CNs and UN with smooth notches, after
the initiation of ductile fracture, fracture propagated
very rapidly in the critical regions. The point at which
the load-carrying capacity suddenly dropped in the ex‐
perimental load-deformation curve is well-recognized
as the initiation of fracture (Kanvinde and Deierlein,
2006; Anderson, 2017). With these available stress
and strain fields up to the initiation of fracture, the
fracture locus of each specimen could easily be con‐
structed. Based on this, the material toughness-related
parameters in each uncoupled fracture criterion (β and
VGIcr for RT-VGM, and MVGIcr and λ for MM-VGM)
were calibrated. First and foremost, the characteristic
length parameter needed to be determined for each
steel. As the FE-PSO coupled analysis used a constant
FE mesh configuration (i.e., unchanged mesh size) that
considered the characteristic length, this parameter
was determined based on previous studies rather than
through optimization.
Both the RT-VGM and MM-VGM criteria were
required to be satisfied over a minimal material vol‐
ume that was based upon the characteristic length (l*).
A widely used measure of the characteristic length is
the size of the ovoid clusters (Kanvinde and Deier‐
lein, 2006; Kiran and Khandelwal, 2014a), that is the

averaged micro-cup and cone size over several void
clusters. In this regard, Kanvinde and Deierlein (2006)
provided estimates for the characteristic length of
A572 Gr. 50 steels and found that it lay within the
range 180–230 μm. Based on measurements over the
fractured surface of C-notch and V-notch specimens,
Kiran and Khandelwal (2014a) used a characteristic
length of 200 μm for A992 steel. The characteristic
length in this study was considered to be 0.2 mm for
all three steels. This is reasonable because: (1) the se‐
lected value was consistent with those reported in pre‐
vious studies, and (2) the accuracy of the fracture pre‐
diction was less sensitive to this parameter in situations
of relatively low stress and strain gradients, such as
those over the critical cross-sections in the circumfer‐
entially notched specimens.
With the strain hardening laws obtained using
PSO and the estimated characteristic length (l*), each
VGM-type criterion had two remaining parameters to
be determined. Similar to the calibration constitutive
models, the optimization search algorithm for the frac‐
ture models required pre-defined PSO parameters.
These PSO parameters included the number of parti‐
cles, importance of the position of a particle and inertia
weights, the number of iterations, and the initial bo‑
unds of the fracture model parameters. The algorithmrelated parameters were discussed in Section 3. The
model-related parameters, i.e., the two bounds, were
chosen according to the values reported in previous
studies. For RT-VGM, previous calibrations provided
the estimated parameters VGIcr and β, whose values
lay within the ranges of 1.1–4.0 and 1.0–2.0, respec‐
tively, for ASTM structural steels (Kanvinde and Dei‐
erlein, 2006; Kiran and Khandelwal, 2014a). For
MM-VGM, the only documented estimates of the
two parameters MVGIcr and λ were 1.50 and 1.47, re‐
spectively, for A992 steels (Kiran and Khandelwal,
2013). Based on these results, broader ranges were
used in this study as the bounds of the RT-VGM and
MM-VGM parameters that initiated the PSO pro‐
cess (Table 2). The optimization results are listed in
Table 2. Note that the estimated β values for A572 Gr.
50 and A992 steels were comparable to those reported
by Kanvinde and Deierlein (2006) and Kiran and
Khandelwal (2014a), who suggested values of 1.18
for A572 Gr. 50 steel and 1.15 for A992 steel. The
parameter λ was found to have the value of 1.6 for
A36 steel, and 1.4 for both A572 Gr. 50 and A992
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Fig. 5 Experimental and predicted load-displacement curves of A36, A572 Gr. 50 (A572), and A992 steels
Table 2 PSO parameters used for calibration of RT-type fracture models
Steel
A36
A572 Gr. 50
A992

Model
RT-VGM
MM-VGM
RT-VGM
MM-VGM
RT-VGM
MM-VGM

blo
0.5
0.5
0.5
0.5
0.5
0.5

β or λ
bup
Result
2.0
1.52
3.0
1.03
2.0
1.61
3.0
1.13
2.0
1.06
3.0
1.39

VGIcr or MVGIcr
blo
bup
Result
1.0
6.0
2.81
0.1
6.0
0.57
1.0
6.0
3.23
0.1
6.0
0.69
1.0
6.0
1.53
0.1
6.0
0.72

np

φp=φg

w

n

10

1.5

From 0.55 to 0.275

20

10

1.5

From 0.55 to 0.275

20

10

1.5

From 0.55 to 0.275

20
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steel. As mentioned earlier, the reported value of pa‐
rameter λ for A992 steel was constant at 1.47 (Kiran
and Khandelwal, 2013), which was ratified by the
results obtained using the PSO search algorithm in
this study.

6 Calibration of the GTN model
The calibration of the GTN model was imple‐
mented using automated PSO. PSO-based optimized
calibration of the GTN model required the input pa‐
rameters, including the strain hardening properties
and the upper and lower bounds of each GTN model
parameter. A detailed strategy to determine the param‐
eters used to initialize the PSO is provided below.
According to Cuesta et al. (2010) and Kiran and
Khandelwal (2014c), the plastic region of the loaddisplacement curve for a given steel tensile round spec‐
imen can generally be divided into four stages (Fig. 6):
50
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Fig. 6 Stages in load-displacement curve of a typical steel
tensile round specimen

(1) Stage I: This stage refers to the initial stage
of plasticity, and is controlled mainly by the constitu‐
tive relation. At this stage, damage is not accumulated
before the initiation of the void. The initial porosity f0
has an insignificant influence on the global response
of the specimen.
(2) Stage II: Void nucleation begins at the nucle‐
ation strain (εN). The rate of the accumulation of dam‐
age is governed mainly by the parameters εN, sN, and fN.
(3) Stage III: Growth of the void accelerates once
the void volume fraction reaches the critical void vol‐
ume parameter (fc). At this stage, the rapid void growth
is associated with a sudden degradation of the strength
of the material. The quick loss of material strength is

considered terminated when the modified void volume
fraction reaches the parameter fF.
(4) Stage IV: Because at certain points across the
critical cross-section of the round specimen, the mate‐
rial has completely lost strength, a part of the speci‐
men has already separated. A sudden drop in the loadcarrying capacity occurs when a sufficient number of
points on the material lose strength, and softening due
to void coalescence (material failure) compensates for
the hardening at other material points.
First, based on a thorough literature review, the
initial porosity f0 was determined. According to previ‐
ous studies (Table 3), it was found that very small val‐
ues were used for the initial porosity f0. As initial po‐
rosity has a negligible effect on the first stage in the
load-displacement curve, we assumed that there was
no pre-existing void before material was loaded, and
the growth of the porosity was completely due to the
nucleation of new voids. In this study, the initial po‐
rosity f0 was considered as 0 for all three steels (Kiran
and Khandelwal, 2013).
Second, the Voce law with saturation to linear
hardening was adopted as the yield stress of the fully
dense matrix material, i.e., the strain hardening law.
The strain hardening law is typically determined from
the pre-necking load-displacement response of SR
specimens, and assumes that the changes in porosity
and porosity-induced damage are both negligible up
to uniform deformation in the specimen (Cuesta et al.,
2010; Abbasi et al., 2012a, 2012b; Kossakowski, 2012;
Kiran and Khandelwal, 2013). As the initial porosity f0
was considered to be zero in this study, the strain hard‐
ening law used in the GTN model was obtained directly
from the measured pre-necking load-displacement
curve of SR specimens by Sajid and Kiran (2018).
The strain hardening parameters were determined by
fitting the reported true stress-plastic strain curve up to
necking. The calculated strain hardening law param‐
eters for each steel are listed in Table 4.
Third, the bounds of the eight GTN parameters
to initialize PSO were selected based on previous
studies (Table 3). Note that the parameters for the yield
condition (q1, q2, and q3) were estimated based on the
recommendation by ABAQUS (Dassault Systèmes,
2016), and had the values of 0.9 ≤ q 1  q 2 ≤1.6. More‐
over, these GTN parameters were evaluated through
three trials of PSO run, which means that the PSO
was run using various parameter bounds to search
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Table 3 GTN model parameters in the literature
Reference
Abbasi et al. (2012b)
Abbasi et al. (2012a)
Kossakowski (2012)
Abbassi et al. (2013)
Yan et al. (2013)
Kiran and Khandelwal
(2014c)
Mansouri et al. (2014)

Material
IF-steel
Monolithic Blank
S235JR steel
Mild steel
Silicon steel
A992 steel

Mild steel
Al5182
Al5754
Al6016
XES steel
ULC/Ti
Cha and Kim (2014)
DP780
Teng et al. (2014)
AA5A02
Kami et al. (2015)
AA6016-T4
Yu et al. (2014)
AA6061-T6
Li JC et al. (2015)
DC06 steel
Gatea et al. (2015)
Pure Ti
Li H et al. (2015)
AA2024-T351
Sun et al. (2015)
AA2219-T6
Zhong et al. (2016)
3Cr1MoV
Zhao et al. (2016)
DP600
Zhang and Cong (2016) SUS304 sheet
Amaral et al. (2016)
AA5182-O
Wang and Li (2017)
BR1500HS
Yuenyong et al. (2018) SS304
Kumar et al. (2017)
SS304LN
Teng et al. (2017)
AA5A06
Nguyen et al. (2018)
AA6061-T6 (2-mm
thin sheet)
AA6061-T6 (25-mm
thick sheet)
Ying et al. (2018)
22MnB5
Ali and Huang (2019)
AZ61 Mg
Sun et al. (2020)
Silicon steel
Zhang et al. (2018)
Nuclear piping steel
Zhang et al. (2021)
STPT410 steel
Kulawinski et al. (2020) 27NiCrMoV15-6 steel
Soyarslan et al. (2016) P91 steel
Brinnel et al. (2015)
P500Q steel
Linse et al. (2014)
A533B Cl.1 steel
Haušild et al. (2002)
A508 Cl.3 steel
Rossoll et al. (2002)
A508 Cl.3 steel
Eberle et al. (2000)
StE 460 steel
Steglich and Brocks
Nodular cast iron
(1998)
Bernauer and Brocks
DIN22 NiMoCr 37
(2002)
steel

q1
1.5
1.5
1.5
1.5
1.55
1.5
1.5
1.5
1.5
1.5
1.5
1.5
1.5
1.5
1.5
1.5
1.5
1.5
1.25
1.5
0.608
1.5
1.5
1.5
1.5
1.5
1.5
1.5
1.321

q2
1
1
1
1
0.9
1

q3
2.25
2.25
2.25
2.25
2.40
2.25

f0
0.005
0.0002
0.0017
0.003
0.0025
0

fc
0.02
0.0134
0.06
0.08
0.101
0.03

fF
0.05
0.0216
0.667
0.12
0.155
0.5

fN
0.01
0.0106
0.04
0.04
0.04
0.02

εN
0.08
0.1
0.3
0.3
0.24
0.45

sN
0.06
0.1
0.05
0.22
0.01
0.05

1
1
1
1
1
1
1
1
1
1
1
1
1
1.25
0.562
1
1
1
1
1
1
1
0.948

2.15
2.15
2.15
2.15
2.15
2.15
2.25
2.25
2.25
2.25
2.25
2.25
1.56
2.25
0.369
2.25
2.25
2.25
2.25
2.25
2.25
2.25
2.582

0.001
0.001
0.001
0.001
0.001
0.001
0.003
0.001
0.00035
0.000125
0.001
0.00138
0.1
0.00328
0
0.0008
0.002
0.01
0.005
0.00183
0.00001
0.0012
0.0016

0.0601
0.00213
0.00284
0.01520
0.04
0.04
0.013
0.02
0.05
0.013
0.04
0.2593
0.25
0.011
0.24
0.028
0.11
0.021
0.2324
0.0135
0.11
0.034
0.087

0.2170
0.0864
0.1231
0.0705
0.2010
0.2010
0.207
0.0363
0.15
0.04
0.06
0.3025
0.5
0.015
0.261
0.09
0.156
0.04
0.3071
0.2628
0.25
0.042
0.140

0.039
0.035
0.034
0.036
0.040
0.040
0.018
0.0242
0.05
0.0008
0.004
0.017
–
0.01
0.179
0.02
0.032
0.001
0.04
0.0056
0.006
0.032
0.052

0.21
0.270
0.320
0.276
0.500
0.500
0.102
0.1
0.3
0.3
0.3
0.3
–
0.12
0.124
0.2
0.54
0.3
0.3
0.3
0.3
0.25
0.115

0.1
0.1
0.1
0.1
0.1
0.1
0.206
0.1
0.1
0.1
0.1
0.1
–
0.3
0.083
0.1
0.09
0.1
0.1
0.1
0.1
0.08
0.054

1.255 1.053 3.893 0.0018

0.022

0.111

0.058

0.64

0.052

1.5
1.5
1.5
1.5
1.225
1.5
1.5
1.5
1.5
1.5
1.5
1.5
1.5

1
1
1.0
1.07
0.91
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0

2.25
2.25
2.25
2.25
1.50
2.25
2.25
2.25
2.25
2.25
2.25
2.25
2.25

0.002
–
0.002
0.0002
0.0003
0.001
0.00044
0.001
0.00023
0.0005
0.005
0.0025
0.114

0.05
0.18
0.234
0.05
0.08
0.057
0.1
0.15
0.0375
0.01
0.06
0.021
0.175

0.13
0.2
0.351
–
0.1
0.114
0.25
0.52
0.2
0.755
0.21
0.19
0.235

0.0155
0.078
0.217
0
0.047
0.006
0.02
0
0.023
0.006
0.25
0.01
–

0.3
0.2
0.344
–
0
0.36
0.3
0
0.16
0.3
0.3
0.3
–

0.1
0.0064
0.1
–
0.049
0.12
0.1
0
0.1
0.1
0.1
0.1
–

1.5

1.0

2.25

0.002

0.0048–
0.063

0.20

–

–

–
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the best solution, as suggested by Smith et al. (2017).
The three trials also served to determine the PSO
parameters (np and n). Based upon a literature re‐
view and multiple attempts of PSO analysis, all the
parameters required for PSO calibration were chosen
(Table 4).
Similar to the uncoupled models, notches CN1,
CN2, CN3, and UN1 were used for calibrating the
GTN model parameters. The calibrated GTN parame‐
ters along with the minimized objective functions
for each of the three steels are listed in Table 5.
Fig. 7 compares the experimental and numerical loaddisplacement curves for each specimen and steel type.
Note that only the experimental response up to frac‐
ture initiation is shown in Fig. 7. The predicted re‐
sponse was calculated using the optimized GTN pa‐
rameters given in Table 5.
The comparison shown in Fig. 7 demonstrates
that PSO provided a favorable calibration for the yield
function related parameters qi (i=1, 2, 3) and the void
nucleation related parameters εN, sN, and fN. This was
based on the observation that the responses of Stages
I and II in the load-displacement curve were in good
agreement with the test results for each specimen
(generally before the peak load). Although the numeri‐
cal prediction matched the experimental results with
respect to Stages III and IV (post-peak regime) in the
load-displacement curve, which were controlled by the
two parameters fc and fF, the numerical results were
spuriously mesh-dependent. This is because the GTN
model adopted in this study was based on a common
local approach (Kiran and Khandelwal, 2013; Vaz
Jr et al., 2016; Zhu and Engelhardt, 2018a). The soft‐
ening stage of the load-displacement response, as
calculated by the local version of GTN, is well recog‐
nized to diverge upon mesh refinement (Kiran and

Khandelwal, 2013; Vaz Jr et al., 2016; Zhu and Engel‐
hardt, 2018a). However, the damage was at a relatively
low level during most of the loading process, and the
degradation occurred only at the end of the deforma‐
tion history in each specimen. The calibrated GTN
parameters may be acceptable as a phenomenological
estimate of the material degradation property. A better
approach to address the mesh dependency issue is to
use a nonlocal-type or gradient-enhanced GTN model
(Li H et al., 2015; Zhu and Engelhardt, 2018a; Seupel
et al., 2020).

7 Validation and discussion
The calibrated ductile fracture models were vali‐
dated using the test results of the V-notch specimens.
The evaluation focused not only on the initiation of
ductile fracture, but also on the full range of the loaddisplacement response. The comparison of the void
growth damage index (VGI or MVGI) with the criti‐
cal value of the counterpart along the critical crosssection determined the predicted initiation of ductile
fracture using the uncoupled models. The location at
which the element first reached the failure porosity fF
was considered as the fracture initiation using the
GTN model.
Fig. 8 compares the experimental and numerical
load-displacement curves of the two V-notch speci‐
mens, as computed by the PSO-calibrated strain hard‐
ening law and the GTN constitutive relation. The strain
hardening law provided a good prediction of the loaddisplacement response of each V-notch, except for the
later stage of the loading history. The results show
that the experimental load-elongation curves dropped
off more rapidly. Unlike notches with smooth roots

Table 4 PSO parameters used for calibration of GTN model
σ0
(MPa)
A36
379.7
A572 Gr. 50 377.4
A992
342.4
Steel

q1, q2
s N , εN
Q∞
C
b
(MPa)
(MPa) blo bup blo bup
239.0 12.33
0
0.9 1.6 0.1 0.5
272.3 11.41
0
0.9 1.6 0.1 0.5
244.3 14.72 12.7 0.9 1.6 0.1 0.5

blo
0
0
0

fN
bup
0.15
0.15
0.15

blo
0
0
0

fc
fF
np φp=φg
w
n
bup blo bup
0.2 0.01 0.9 30 1.5 From 0.55 to 0.275 30
0.2 0.01 0.9
0.3 0.01 0.85

Table 5 Calibrated parameters of GTN model for A36, A572 Gr. 50, and A992 steels
Steel
A36
A572 Gr. 50
A992

q1
1.14
0.76
1.31

q2
0.92
1.14
1.00

q3
1.300
0.578
1.710

f0
0
0
0

sN
0.36
0.56
0.23

fN
0.007
0.061
0.012

εN
0.098
0.41
0.40

fc
0.20
0.27
0.18

fF
0.26
0.60
0.48

ε(Z)
0.0236
0.0359
0.0179

60

60

50

50

50

40

40

40

30
Experiment
PSO-GTN

20

Load (kN)

60

Load (kN)

Load (kN)

J Zhejiang Univ-Sci A (Appl Phys & Eng) 2022 23(6):421-442 | 435

30
20
10

10
1

2
3
4
Elongation (mm)

A572-CN1

5

0

6

0

1

2
3
4
5
Elongation (mm)

60

50

50

50

40

40

40

30
20

Load (kN)

60

30
20
10

10
1
2
3
Elongation (mm)

0

4

0

1
2
3
Elongation (mm)

50

50

40

40

40

0

1
2
Elongation (mm)

30
20
10

A36-CN3

0

Load (kN)

50

Load (kN)

60

10

0

3

10

A572-CN3

0

1
2
Elongation (mm)

0
0

3

70

60

60

50

50

50

20
10
0
0

Load (kN)

70

40
30

10

1
2
Elongation (mm)

3

0

4

A992-CN3

1
2
Elongation (mm)

3

40
30
20

20
A36-UN1

1
2
3
Elongation (mm)

20

60

30

6

30

70

40

5

A992-CN2

0
0

4

60

20

2
3
4
Elongation (mm)

20

60

30

1

30

A572-CN2

Load (kN)

Load (kN)

0
0

0

10

A36-CN2

Load (kN)

A992-CN1

0

6

60

Load (kN)

Load (kN)

0

20
10

A36-CN1

0

30

10

A572-UN1

0

1
2
3
Elongation (mm)

4

0

A992-UN1

0

1
2
Elongation (mm)

3

Fig. 7 Comparison of experimental load-displacement curves and numerical results by the GTN model

(e.g., C- and U-notches), V-notches have a man-made
stress concentration at the sharp tip. As a result, accu‐
mulation of damage due to void nucleation and growth
mechanisms in V-notches may be more significant than
in C- and U-notches (Kiran and Khandelwal, 2013).
However, the present uncoupled models were inca‐
pable of adequately representing the damage-induced
softening in VNs. A possible improvement to mitigate
the issue is to introduce phenomenological damage
evolution laws to the current fracture criteria (Kiran

and Khandelwal, 2014b; Jia et al., 2016; Yan et al.,
2018) to describe the gradual stress degradation of the
material following the initiation of ductile fracture
until the complete loss of strength. Regardless of this
drawback, the predicted displacements at fracture ini‐
tiation by the two uncoupled models matched reason‐
ably well for all six V-notches, and the relative errors
were well within 13% (Fig. 9).
Fig. 10 shows the plastic strain contours of the
VN1 and VN2 specimens near fracture initiation
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Fig. 8 Experimental and numerical load-displacement curves for the V-notch specimens
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Fig. 9 Comparison of experimental and numerical prediction
of fracture initiation in V-notches using RT-VGM, MMVGM, and GTN model (Δ fracture
and Δ fracture
test
prediction represent the
experimental and predicted displacement to fracture
initiation, respectively)

for the three steels. Strain concentration is apparent at
each V-notch with a high strain gradient. Note that the
distribution of stress triaxiality is smooth along the crit‐
ical radius, and peaks near the region of strain concen‐
tration. The fracture locations predicted by both RTVGM and MM-VGM are coincident with the site of
strain concentration, i.e., near the V-notches. The pre‐
dicted sites of fracture initiation are consistent with
experimental observation using fracture tests similar
to those of Kiran and Khandelwal (2013). Fig. 11
compares the fracture loci constructed by the two
uncoupled fracture models with the test results. The

parameter Tavg in Fig. 11 represents the average stress
triaxiality during the plastic strain history (Kiran and
Khandelwal, 2013; Wen and Mahmoud, 2016; Zhu
and Engelhardt, 2018b). The two uncoupled models
showed acceptable accuracy in predicting the fracture
strain of the V-notch specimens. In general, MMVGM performed better than RT-VGM in predicting
fracture at a triaxiality lower than 1.1, while RT-VGM
provided more accurate predictions for fractures at
higher triaxialities.
In contrast to the two uncoupled models, the
GTN model considers the continuous degradation
of material strength attributed to the nucleation and
growth of voids. This is an advantage over the uncou‐
pled models in representing the damage-induced drop
of load carrying capacity. As a result, based upon the
GTN model, the predicted load-displacement response
at the later stage matched the test results better than
the PSO-calibrated strain hardening law (Fig. 8).
Regarding the softening part of the load-displacement
curve, deviation of the numerical results predicted by
the strain hardening law from the experimental results
and the results predicted by GTN emphasizes the
great importance of the coupled model in describing
the softening behavior of the CNT specimen. From
the perspective of numerical practice, the GTN model
used in this study had a spurious mesh dependence
issue. The predicted load-displacement response at the

J Zhejiang Univ-Sci A (Appl Phys & Eng) 2022 23(6):421-442 | 437

Fig. 10 Plastic strain contours for the VN1 and VN2 specimens near fracture initiation: (a) A36-VN1; (b) A36-VN2; (c)
A572-VN1; (d) A572-VN2; (e) A992-VN1; (f) A992-VN2
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Fig. 11 Comparison of fracture loci constructed by RT-VGM and MM-VGM with the test results: (a) A36 steel; (b) A572
Gr. 50 steel; (c) A992 steel (ε eqfracture represents the equivalent plastic strain to fracture initiation)
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softening stage was intrinsically mesh sensitive, and
decreasing the mesh size did not result in numerical
convergence. This caused the predicted fracture initia‐
tion in V-notches using the GTN model to become
mesh dependent, indicating that the predicted displace‐
ment to fracture initiation diverged upon mesh refine‐
ment. Nevertheless, the PSO-calibrated GTN model
showed good performance in representing the damagecoupled constitutive relation for all three steels before
the initiation of ductile fracture. Future work to com‐
pensate for the current limitations and to provide meshindependent prediction of ductile fracture initiation
could incorporate a regularization treatment to the
local version of GTN, i.e., introducing an internal
length parameter.
The validation study also illustrated the robust‐
ness of the PSO approach in identifying the ductile
fracture model parameters. By using several notched
specimens, the automated calibration procedure gave
rise to estimated parameters that were more objective,
and resulted in acceptable predictive performance of
the present fracture models. Irrespective of the num‐
ber of parameters to be determined, the PSO algo‐
rithm was applicable not only for the uncoupled mod‐
els associated with the strain hardening law, but also
for the coupled GTN model. Although the calibration
of the fracture model required thousands of FE simu‐
lations and dozens of hours (e.g., 4 specimens×20 par‐
ticles×40 iterations=3200 simulations and 25 h to exe‐
cute on a 3.60-GHz ordinary desktop), PSO still
had an advantage in computational cost over other
advanced computing algorithms, e.g., NN, RS, and
GD. To acquire an accurate result from the calibration
problem, NN requires a greater number of samples
for training (e.g., at least 4 specimens×38≈26000 FE
simulations for the 8-parameter GTN calibration) than
the PSO algorithm (i.e., 4 specimens×30 particles×30
iterations=3600 simulations for the same problem).
The RS method is also likely computationally expen‐
sive, requiring three times more evaluations of the ob‐
jective function than the PSO. The GD-like gradient
methods are extremely sensitive to the discontinuous
objective functions (the complex interface between
FE package and MATLAB script to calculate the ob‐
jective function makes the error function not smooth),
and require detailed handling of error. Besides, the
high-dimensional search-space and the complex ex‐
changes among multiple software packages (e.g.,

ABAQUS, MATLAB, Python) make gradient com‐
putation and other optimization approaches (e.g.,
Levenberg-Marquardt algorithm) less efficient and
more challenging. The lower computational demand
of FE simulations by PSO compared to other classical
search approaches, and its favorable predictive accu‐
racy (as illustrated in Figs. 10 and 11) emphasize
that PSO has great potential for the identification of
other fracture models, e.g., the shear-modified GTN
model (Bernauer and Brocks, 2002; Ying et al., 2018)
and the continuum damage mechanics (CDM) theorybased Lemaitre damage model (Lemaitre, 1985;
Rousselier, 1987).

8 Conclusions
This paper provides an automated PSO method
for calibrating the constitutive and ductile fracture
model parameters of ASTM A36, A572 Gr. 50, and
A992 structural steels. Three popular ductile fracture
models were presented: the RT-VGM, the MM-VGM,
and the GTN model. The performance of the automated
parameter identification approach and the calibrated
ductile fracture models was evaluated using experi‐
ments on circumferential V-notch specimens. The con‐
clusions of the present study are as follows:
1. PSO offers a more robust identification pro‐
cess for the strain hardening law parameters than the
conventional trial-and-error operation. PSO showed
good performance in terms of both the accuracy and
efficacy of the calibration process without any manual
intervention. It also allowed the overall behavior of a
material in the full stress-strain paths to be captured,
particularly at large plastic deformations and under
non-uniform stress states. However, one significant
drawback of the automated calibration is that the
strain hardening law (represented by a closed-form
function), as determined by the PSO search algorithm,
poorly described the yield plateau of the actual engi‐
neering stress-strain response of the three steels. This
may be improved by introducing a piecewise polyno‐
mial strain hardening law to represent various stages
of the plastic response of the steel material.
2. Each uncoupled ductile fracture model param‐
eter was identified using a two-step PSO calibration
scheme. The strain hardening law and the fracture
model were determined successively based on a series
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of round notched specimens. In the two uncoupled
fracture models, the characteristic length was estimated
as constant and the calibration process involved only
two fracture toughness properties. To search the opti‐
mal fracture model parameters, the difference between
the experimental and numerical displacements to frac‐
ture initiation was selected as the measure of the error
(objective function) and was minimized using the PSO
algorithm. The whole process of the two-step PSO
analysis is fully automatic, so that only the PSO pa‐
rameters are required to initiate the search algorithm.
3. The GTN model was calibrated for all the three
steels using the PSO method. According to previous
studies, the initial porosity f0 was assumed to be negli‐
gible (i.e., f0=0) for the three steels. The upper and
lower bounds of the other GTN parameters required
for PSO were determined based on the values used
in the literature and associated with various trials of
PSO calibration. The PSO analysis gave an effective
calibration process. The objective function (the mea‐
sure of the error) was minimized after a small number
of iterations for a given steel. However, more parti‐
cles may be required in the PSO process than in the
calibration of the strain hardening law parameters, as
the GTN model has eight parameters involved in the
identification procedure. The numerical results ob‐
tained using the GTN model were in good agreement
with the experimental results with regards to the loaddisplacement response and the initiation of the ductile
fracture for each V-notch specimen.
4. Although initiation of the ductile fracture was
predicted accurately, the calibrated models in this
study showed obvious deficiencies. The uncoupled
models were incapable of representing the damage
accumulation after fracture initiation in the notched
specimens, thus often overestimating the load-carrying
capacity at the later stage of the loading history. The
original GTN model exhibited a spurious mesh depen‐
dency issue in that the computed softening part in the
load-displacement curve diverged upon mesh refine‐
ment. Solutions to these issues that can improve the
predictive accuracy of the fracture models include
(1) using damage evolution law in the uncoupled
fracture models and (2) introducing nonlocal regular‐
ization treatment to the current GTN model. Beside
the damage law-incorporated uncoupled models and
the nonlocal regularized GTN models, the powerful
PSO search algorithm has significant potential to

calibrate other popular ductile fracture models that
are applicable to predict ductile fracture over a wid‐
er range of triaxiality, e.g., models with triaxiality
and Lode dependence.
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