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corroded pipes under external pressure
Sun-ting YAN*, Ping TANG, Zhang-wei LING, Yong-gui CHEN
Zhejiang Academy of Special Equipment Science, Hangzhou 310020, China

Abstract: This paper presents an analytical investigation of elastic collapse of asymmetrically corroded rings under external
pressure when both internal corrosion and external corrosion exist. Governing equations are derived for membrane inextensible
and membrane extensible cases; a full continuity condition is rigorously derived by the Euler-Bernoulli beam assumption.
Comparison with finite element analysis (FEA) shows good agreement for load-displacement curves but membrane extensibility
should be included to accurately predict the initial deformation phase, although the discrepancy for both the inextensible and
extensible models vanishes for larger deformation phases. By the perturbation technique, the initial load-displacement slope is
calculated, and extensive parametric analysis shows complicated dependency of this slope on the misalignment parameter and
the angular extent of corrosion. We also present an infallible semi-analytical perturbation solution for both homogeneous and
inhomogeneous cases by the Lyapunov arbitrary small-parameter method and show that the resulting power series always
converges; then a mathematical argument of analyticity has been presented to illustrate that the so-called homotopy analysis
method in the literature converges when the convergence controlling parameter is lying in (−2, 0). This paper serves to enhance
the understanding of asymmetrically corroded rings and it is mainly relevant to offshore engineering.
Key words: Pipe; Corrosion; Analytical method; External pressure; Perturbation method

1 Introduction
Subsea pipelines under external pressure may
collapse by local buckling and subsequent buckle
propagation. The buckling propagation may cause the
entire pipeline to fail and cause significant economic
loss. The intact subsea pipeline collapse under exter‐
nal pressure, bending moment, and axial tension is
treated in detail in (Kyriakides and Corona, 2007).
However, in a hostile environment, the pipeline may
be corroded internally and externally by corrosive
fluid and sea water. The effect of corrosion on pipe‐
line integrity has attracted much research. Through an
experimental and numerical treatment (Netto et al.,
2007; Netto, 2009) the pit corrosion defect and the
long but narrow corrosion defect were studied and
empirical formulas to predict the critical collapse
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pressure were derived. By extensive finite element
analysis (FEA) simulation, the collapse failure and
capacity of subsea pipelines with complex corrosion
defects were studied (Chen et al., 2021a, 2021b).
Based on the data, an empirical prediction formula
was derived. When there are several coexisting cor‐
rosion defects, their interaction effect is significant
and so an experiment for pipes with two circumfer‐
ential or axial defects was conducted, and an empiri‐
cal formula for elliptic defect was presented (Gong
et al., 2020, 2021). An FEA simulation of pipe col‐
lapse was conducted (Yan et al., 2016; Ye et al.,
2016) with a rectangular corrosion defect under
combined axial tension and pressure. The tension
was shown to reduce the collapse pressure. The em‐
pirical formula is in great agreement with numerical
data. Sandwich pipes with corrosion defects have
also been numerically investigated (Shen et al., 2016).
The above analysis does not involve randomness of
corrosion defects and so FEA simulation with ran‐
dom parameters was conducted (Yu et al., 2017). A
comparison analysis of the feasibility of empirical
formulas derived in literature has been carried out
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by Teixeira et al. (2019) and many collapse models
have been compared (Netto et al., 2007; Netto, 2009).
The above research is primarily based on numer‐
ical and experimental work, but recently some related
theoretical studies have been conducted to represent
the pipe by a 2D ring model. Based on a theoretical
ring model, Fatt (1999) studied the elastic bifurcation
pressure and plastic collapse pressure of a locally cor‐
roded ring. The bifurcation pressure of locally corroded
pipelines assuming uniform corrosion depth was stud‐
ied by Xue and Fatt (2002) and Xue (2008). Similar
analytical investigations for pipe collapse with material
circumferential inhomogeneity under external pressure
were conducted by Fraldi and Guarracino (2011, 2013)
and the tangent modulus method was used to repre‐
sent the plasticity. The elastic and elastoplastic collapse
of corroded rings and a non-uniform curved shallow
arch were studied analytically (Yan et al., 2015, 2016,
2017, 2018a, 2018b, 2018c).
Very recently, through a solution of an eigenvalue
problem by extending the solution of the work of Yan
et al. (2016), the elastic-plastic buckling of pipes with
the so-called asymmetric local wall thinning was stud‐
ied (Wu et al., 2021), where internal corrosion and
external corrosion have different depths through con‐
sidering moment jump at discontinuity cross-section.
Also recently, a semi-analytical approach by the socalled homotopy analysis method developed by Liao
(2009, 2012) has been used to analytically solve for
the bifurcation pressure of non-uniformly corroded
rings through a solution of an eigenvalue problem by
Chen et al. (2021a).
However, the corrosion defects represent some
geometric imperfections and thus this is not strictly an
eigenvalue problem of a homogeneous equation. The
eigenvalue solution just presents an upper bound on
collapse pressure and does not offer any information on
complicated deformation when pressure is increasing
from zero. Thus, no stress information can be obtained.
In this paper, we develop inhomogeneous gov‐
erning equations (when the inhomogeneous term is
dropped, it becomes the same homogeneous equation
as in the work of Wu et al. (2021)) on an asymmetri‐
cally corroded ring to study the effect of the misalign‐
ment parameter e on the deformations. By rigorously
adopting the Euler-Bernoulli beam assumptions, we
present two sets of continuity conditions and show that
these two continuity conditions lead to a very slight

difference in critical pressure prediction. We develop
a perturbation solution for the initial slope prediction
of load-displacement curves when the misalignment
parameter e is varying and we study the effects of cor‐
rosion angular extent and of corrosion depth. We pro‐
pose an alternative semi-analytical solution, using the
Lyapunov arbitrary small-parameter method, to allow
analytical calculation for both the homogeneous equa‐
tion and the inhomogeneous equation of ring collapse.
By a mathematical inequality, we conclude that the
convergence of power series is guaranteed with infi‐
nite convergence radius. We also present a discussion
on the effect of the so-called convergence controlling
parameter c0 in the homotopy analysis method and an
interesting mathematical argument of analyticity has
shown that this parameter should lie in (−2, 0) to guar‐
antee the convergence of the power series.
This paper is organized as follows: in Section 2,
we present the governing equations, related boundary
and continuity conditions and also present the initial
slope calculation method. In Section 3, a comparison
with FEA is presented to verify the accuracy of theo‐
retical model and the effect of membrane extensibility
is shown to be significant for initial deformation. In
Section 4, extensive parametric analysis is presented
for initial slope and characteristic pressure by eigen‐
value calculation. This section shows the effect of the
misalignment parameter e on deformation and bifurca‐
tion pressure. In Section 5, we present the more straight‐
forward Lyapunov small-parameter method to solve
both homogeneous and inhomogenous equations of
ring collapse and conclude the convergence of power
series by a mathematical estimation.
Intentionally, we move all very technical deriva‐
tions to ESMs A, B, C, D, E, and F to make this pa‐
per more readable. In ESM A, we present a pertur‐
bation solution strategy for a general abstract pertur‐
bation problem and this strategy is useful in under‐
standing the derivation of the initial slope calculation
illustrated in ESM D. ESM B presents a detailed deri‐
vation of the governing inhomogeneous equation and
the novel part is the rigorous treatment of rigid-body
motion. ESM C presents a rigorous development of
continuity conditions under the Euler-Bernoulli beam
assumptions. ESM D presents detailed initial slope
formulation; this process is highly non-trivial. ESM E
shows mathematically that the convergence control‐
ling parameter should be lying in (−2, 0) to guarantee
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(ASME, 2010), structures are said to fail if the elastic
stress (from a pure elastic solution) exceeds some
plasticity limits (typically defined in terms of yielding
stress and tensile stress). Thus, the routine application
of elastic solutions in this paper can be directly used
to form some pressure criteria. ESM G shows an
example of such an application.

2 Governing equations for asymmetrically
corroded rings
Fig. 1 shows a schematic of a locally and asym‐
metrically corroded ring. The deformation is assumed
to be symmetric about the middle vertical line and
this 2D ring model represents well corroded pipes
with long corrosion defects. To represent thickness re‐
duction, the ring is composed of two regions: a cor‐
roded region for s Î[0 s 1 ] and an intact region for
s Î[s 1  π] (where s1 means the half of the angle extent
of corroded region due to geometric symmetry, and s
is angular coordinate). w1, v1 (measured with respect
to the middle axis of the corroded region) and w2, v2
(measured with respect to the middle axis of the intact
region) are the radial displacements and circumferen‐
tial displacements for the corroded region and the in‐
tact region, respectively (in general, we use subscript
1 to represent variables of the corroded region and
2 to represent variables of the intact region). w1, v1,
w2, and v2 are dimensional in dimension of length. t1,
R1, t2, and R2 are the thicknesses and the radii of the
middle axes of the corroded region and intact region,
B
C

v1
w1
s

D
2

R1

R

convergence of power series. ESM F presents a brief
introduction of the shooting method coupled with the
Newton-Raphson iteration to numerically solve the ho‐
mogeneous and inhomogeneous equations in this pa‐
per. ESM G presents a simple application of elastic
result derived in this paper when the plasticity effect
is considered. We believe that this paper should en‐
hance the understanding of the effect of asymmetric
corrosion on collapse of pipes under external pressure.
Remark: Although this paper concerns only
elastic analysis, the result from elastic analysis is gen‐
erally useful enough for application. We discuss these
engineering aspects here:
(1) In the case of thin pipes, collapse is generally
elastic, i.e. the collapse often happens when the stress
is below the yielding stress. From our previous work
(Yan et al., 2016), it was shown that when the radius/
thickness ratio exceeded 20, the pipeline collapsed
elastically. Even for some cases where the radius/
thickness ratio is merely larger than 15, the plasticity
affects the collapse pressure only slightly (Figs. 4–6
in (Yan et al., 2016)). Thus, for thin pipes, the elastic
collapse pressure in Section 4.2 is directly applicable.
(2) When the radius/thickness ratio is smaller
than 10 (Yan et al., 2016), the plasticity effect is
significant and not negligible. However, the standard
practice here is to use some plasticity criterion based
on pure elastic stress from the elastic solution in this
paper. We note that by displacement solution and
elastic constitutive relation, elastic stress is easily
obtained. Historically, Timoshenko and Gere (1961)
used the initial yielding criterion (failure occurs when
the material initially yields) by using pure elastic
solutions to obtain critical collapse pressure of a
uniform ring. More involved plasticity criterion by
full plasticity yielding condition has been formed by
Fatt (1999) that also based on pure elastic solutions
for collapse pressure of non-uniform rings (it has a
similar corrosion model as this paper but deals with
the special case where e=0). So Fatt (1999)’s full
plasticity criterion can be used on our model without
modification. We should also point out that our work
differs from Fatt (1999)’ s work since Fatt dealt with
the symmetric corrosion case where e=0 in our
notation, but we here study the more general case
where e is lying in [−1, 1]. The use of a failure
criterion based on pure elastic stress is a widely used
practice in engineering. For example, in ASME codes

w2

E
v2

O

Fig. 1 Non-uniform asymmetrically corroded ring
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respectively. Only a symmetric collapse mode is stud‐
ied in this paper.
The external pressure p is exerted on the external
surface of both corroded region and intact region, not
on the middle surface. The “asymmetric” corrosion
means that the middle axes of two regions may have
different radii, i.e. R1 is not necessarily equal to R2.
From derivations in ESM B, the governing equation is
p ( 4R 21 - t 12 )
- pR 1 w 1 ( s) =
8
(1)
p ( 4R 22 - t 22 )
M 2 ( s) +
- pR 2 w 2 ( s) = C
8

v′1 =

2.1 Constitutive relationship
From the linear elastic constitutive model, M1
and M2 are proportional to curvature change, i.e.
M 1 = -(EI 1 R 21 )(w″1 + v′1 ) 
M 2 = -(EI 2 R 22 )(w″2 + v′2 ) 

(

EI i w″i + w i
R 2i

) + pR w + p ( t - 4R ) = C
2
i

i

i

2
i

8

(2)

for i=1, 2. However, when the thickness is not small,
the membrane strain is non-trivial and the extensible
model by relation Et i (v′i - w i ) = -pR i (R i + t i 2 )for i=
1, 2, should be used. By this assumption, we can obtain:

Et 1

+ w1 

(3)

Then substituting Eq. (3) into the governing
Eq. (1), we can obtain:

(

EI i w″i + w i

) + pR w =
i

R 2i
C+

EI i
R 2i

i

( )

pR i R i +

ti
2

Et i

(4)
-

p ( t - 4R )
.
8
2
i

2
i

Eqs. (3) and (4) give the theoretical formulation for
the extensible model.
2.2 Boundary and continuity conditions
For symmetric deformation, w′1 (0) = 0 and w′2 (π) =
0 v 1 (0) = 0 and v 2 (π) = 0. However, as shown in ESM
C for the inextensible model, rigorous use of the EulerBernoulli assumption would lead to complex continuity
conditions at s=s1:

where E is the elastic modulus, I1 and I2 are the mo‐
ments of inertia of cross-sections for corroded region
and intact region, respectively, “prime” is differentia‐
tion with respect to the angular coordinate s, and the
membrane strains are (v′1 - w 1 ) R 1 and (v′2 - w 2 ) R 2.
Since the membrane stiffness is proportional to thick‐
ness while the bending stiffness is proportional to the
cube of the thickness, when the thickness is small,
the membrane deformation is much smaller than
the bending deformation; in this case we may assume
the membrane strain as zero and this is called the in‐
extensible model in this paper. In this case, v′1 =
w 1  v′2 = w 2 and then Eq. (1) is reduced to:

t1
2

t1
-pR 2 R 2 +
2
v′2 =
+ w 2.
Et 2

M 1 ( s) +

where C is an unknown constant and M1(s) and M2(s)
are cross-section resultant moments around the middle
axis point in the corroded region and the intact region,
respectively.

( )
( )

-pR 1 R 1 +

w′1 (s 1 ) = w′2 (s 1 ) w 1 (s 1 ) = w 2 (s 1 )

∫

∫

[0 s 1 ]

w 1 ds

R1

+

∫

[s 1  π]

w 2 ds

R2

=

w′2 (s 1 ) w′1 (s 1 )
.
R2
R1

(5)

If R 1 = R 2  then this leads to a simpler condition:
[0 s 1 ]

w1 +

∫

[s 1  π]

w 2 = 0. This simpler continuity condi‐

tion was used in the work of Wu et al. (2021), i.e.
w 1 (s 1 ) = w 2 (s 1 ) w′1 (s 1 ) = w′2 (s 1 )

∫

[0 s 1 ]

w1 +

∫

[s 1  π]

w 2 = 0.

(6)

This is equivalent to assuming that there is no
abrupt change of tangential displacement at s1, i.e.
v1(s1) =v2(s1). No comparisons have been presented in
the literature on the effect of these two continuity
conditions; in this paper, we show, in Section 3, that
these two sets of continuity conditions yield almost
identical results and, as a result, we always adopt the
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simpler continuity condition in Eq. (6) in calculations.
For the extensible model we still adopt the simpler
assumption, i.e. v1(s1) =v2(s1), so now the continuity
condition is:
w 1 (s 1 ) = w 2 (s 2 ) w′1 (s 1 ) = w′2 (s 1 )

∫

[0 s 1 ]

w1 +

∫

( )

pR 1 R 1 +
w2 =

Et 1

( )
[0 s 1 ]

pR 2 R 2 +

t1
s
2 1

t2 π - s1
.
2 Et 2

w i ~cwˉ 0i + pwˉ 1i + p2 wˉ 2i +  i = 1 2 p ® 0+  (9)
+

(7)

2.3 Homogeneous version
By dropping the inhomogeneous terms in Eq. (4),
the homogeneous version of the moment balance
equation is:

(

EI i w″i + w i
R 2i

) + pR w = C
i

i

i = 1 2

perturbative solution strategy of this problem. In ESM
D, we solve this equation in detail for this special
case, and it appears that this seemingly innocent prob‐
lem’s solution is highly non-trivial. The solution should
take the following asymptotic expansion form:

where c is a constant independent of p and wˉ 0i = cos s
is just rigid-body displacement. By this result, when
p=0, wi is not zero but there is some constant rigidbody displacement which fact is unexpected from our
perspective. Note that in the derivation process of ESM
B, without loss of generality, we assume some vertical
rigid body motion superimposed. This superimposition
coupled with the intrinsic property of the problem Aw+
pw=pe in ESM A may contribute to this rigid body
motion here.

(8)

subject to boundary conditions w′1 (0) = w′2 ( π) = 0 and
continuity equations Eq. (5) or Eq. (6). This defines
an eigenvalue problem with p=pcr (defined as an
eigenvalue) and wi and C as eigenfunctions. The solu‐
tion of this homogeneous equation is essential, since
when p approaches to pcr the solutions for original in‐
homogeneous equations in Section 2.2 are approach‐
ing infinity, as shown in ESM A.
2.4 Initial slope calculation
When p is small, Eq. (4) describes how deforma‐
tion begins as p increases from zero. One might naively
think to drop the term pRiwi since p and wi are small
and since pRiwi is relatively small compared with
(EI i R 2i )w i it could be dropped. However, it would be
completely incorrect since p=0 is an eigenvalue of the
homogeneous version of Eq. (4) and the eigenfunc‐
tions are the rigid-body displacements, i.e. w1=bcoss,
w2=bcoss for some real number b. The inhomogeneous
term EI i R 2i × pR i (R i + t i 2 ) (Et i ) - 1 8 × p ( t i2 - 4R 2i ) is
pro‑portional to p, and as p→0 it approaches to 0 as
well. This is a special case of the general abstract
problem of Aw+pw=pe, where A is some linear selfadjoint operator between some Hilbert spaces H,
e Î H and w Î H as a solution, and there is a known
w 0 Î H such that Aw0=0. ESM A presents the general

3 Comparison with FEA
In this section, we present some comparisons be‐
tween the above derived theoretical models and FEA
results.
3.1 Finite element models
General purpose FEA software Abaqus is used
and three types of geometric models are included as
shown in Fig. 2.

General

Outer corrosion

Inner corrosion

Fig. 2 Three types of geometric models

The geometric parameters are described as fol‐
lows: R2=1 m is fixed for all models; e is the mid-axis
misalignment parameter and takes values in [−1, 1];
d is the corrosion severity parameter, d= (t2 − t1)/t2
representing corrosion depth, and t2/R2 is the ratio of
thickness t2 to R2 describing the thinness of the ring; s1
is the half angular extent of the corroded region. e is
defined by R1=e(t2 −t1)/2+R2. Thus, when e=1, R1+t1/2=
R2+t2/2 (i.e. the case of internal corrosion) and when
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Fixed point

w 1| rigid = b cos s w 2| rigid = b cos s
w 1| rigid (0) + w 2| rigid (π) = b(1 - 1) = 0

where w 1| rigid and w 2| rigid are the rigid-body-motion
related radial displacements. Thus, the rigid-body
motion’s effect is cancelled in this sum. The physical
meaning of this sum is also clear: if this sum is
positive, then during deformation the lowest point and
crown-point become closer; otherwise their distance
apart increases. We can see that for different e, this
sum may be positive or negative in the following.
In Fig. 4, we compare theoretical results (exten‐
sible and inextensible models) with the FEA results
for e=1 (internal corrosion) and e= − 1 (external corro‐
sion) when R2=1.0 m, the corrosion severity parameter
d=0.8, t2/R2=0.05, and s1= π/6. Even when R2/t2=20 (a
relatively thin ring), the effect of e is evident. It af‐
fects the large deformation mode: for e= − 1 at large
deformation phase, as p increases w1(0)+w2(π) increas‐
es and remains positive; however, for e=1, when p in‐
creases, it is negative at large deformation phases and
it continuously decreases to a lower value. Both inex‐
tensible model and extensible model agree well with
FEA results.

pr
es

su

re

lo

ad

e=−1, R1 −t1/2=R2 −t2/2 (i.e. the case of external corro‐
sion). For −1<e<1, the general case with both internal
and external corrosion coexists. These parameters
completely characterize the corroded ring. We devel‐
op a Python script in the Abaqus Python development
environment to automatically generate the FE models
after prescribing these parameters to allow extensive
parametric analysis. We assign quite dense structural
meshes (Fig. S9) to this model by element type CPS4
(a 4-node bilinear quadrilateral element in Abaqus).
For boundary conditions we assign a symmetric
boundary to the symmetric line to allow symmetric
deformation only and, to exclude rigid body motion,
the crown point of cross-section at s=0 is fixed by
constraining all degrees of freedom. External pressure
is imposed on the outer boundary (Fig. 3), the Riks
step is used to follow the deformation path and geo‐
metric large displacement non-linearity is considered.
Thus, external pressure is considered as a follower
load. The material type is assumed to be linearly elas‐
tic with elastic modulus of 200 GPa (the same as
steel) and a Poisson’s ratio of 0.3.

FEA, e=1
FEA, e=-1

Ex
te

rn

al

0.7
0.6

Displacement extracted

0.5

e=1 (inextensible)
e=1 (extensible)

p (MPa)

Symmetric about this line
y
z
x

0.4

e=-1 (inextensible)
e=-1 (extensible)

0.3

R2=1.0 m, d=0.8,
t2/R2=0.05, s1=π/6,
t1=(1-d)t2, R1=e(t2-t1)/2+R2;
E=200 GPa, I1=1/12·t13,
I2=1/12·t23

0.2
0.1
0.0

Fig. 3 Loading and boundary conditions of FEA

3.2 Load-displacement curve comparison
In FEA, as mentioned above, the crown-point is
fixed and rigid body motion is thus excluded. Thus, we
extract the displacement of the lowest point during de‐
formation and now the vertical displacement of this
point is equal to w1(0)+w2(π) (the sum of two radial
displacements at s=0 and s= π). By using the sum
w1(0)+w2(π), we exclude the effect of rigid-body mo‐
tion, since the vertical rigid-body motion takes the form:

-0.08

-0.04
0.00
0.04
[w1(0)+w2(π)] (m)

0.08

Fig. 4 Comparison of theoretical and FEA results for e=1
(internal corrosion) and e=−1 (external corrosion)

The situation is quite different when deformation
is small, and in Fig. 5 we amplify the plots of Fig. 4
for a small deformation. In the case of e=1 (internal
corrosion) when p starts to increase from zero, w1(0)+
w2(π) initially decreases to a negative value but, after
p increases further, w1(0) +w2(π) increases and ap‐
proaches to zero. Finally, when p increases further, it
changes its sign and becomes positive. In the case of
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0.7

R2=1.0 m, d=0.8, t2/R2=0.05,
s1=π/6, t1=(1-d)t2, R1=e(t2-t1)/2+R2;
E=200 GPa, I1=1/12·t13, I2=1/12·t23

0.6

FEA, e=1
FEA, e=-1

p (MPa)

0.5
0.4

Tangent line 1
e=1 (inextensible)
e=-1
(inextensible)

0.3
0.2

e=-1 (extensible)

0.1

0.0

-0.0010

Tangent line 2

e=1
(extensible)

-0.0005
0.0000
0.0005
[w1(0)+w2(π)] (m)

0.0010

Fig. 5 Detailed comparison for initial deformations

e=−1 (external corrosion), the situation is in the oppo‐
site direction: initially w1(0) +w2(π) increases to posi‐
tive values, then it decreases to zero and finally be‐
comes negative when p increases further. When defor‐
mation is small, the extensible model’s result agrees
with the FEA results better than that of the inextensi‐
ble model, but the discrepancy is not so large. We
found that the discrepancy becomes significantly larger
when e=0 in the following interesting result. The tan‐
gent line 1 and tangent line 2 are just tangent lines of
the extensible model’s curves at point p=0 and are ex‐
plicitly calculated by Eq. (9). When deformation in‐
creases, the discrepancy between the inextensible model
and the extensible model decreases and almost vanishes
as in Fig. 4.
Fig. 6 shows the special case e=0. Comparing the
result with the ones from e=−1 or 1, we find that the
pressure reaches high values when the deformation is
significantly smaller. For example, in Fig. 4, if e=1
1.0

Model 3 R2=1.0 m, e=0, d=0.8, t2/R2=0.05,
Model 2

p (MPa)

0.8

s1=π/6, t1=(1-d)t2, R1=e(t2-t1)/2+R2;

Model 1 E=200 GPa, I1=1/12·t13, I2=1/12·t23
Theoretical black solid
line, inextensible model

0.6
0.4
0.2
0.0
0.000

( )
( )

-pR 1 R 1 +
v′1 - w 1 = -w 1 = -w 1 (0) =

t1
2

Et 1

-pR 2 R 2 +
v′2 - w 2 = -w 2 = -w 2 ( π) =

t2
2

Et 2

Theoretical green dashed
line, extensible model

0.003

Fig. 6 Comparison for e=0 case (references to color refer
to the online version of this figure)



.

The slope now is calculated by

( ) ( )

t2
êé R R + t 1
R2 R2 +
êê 1 1
2
2
p
= êê
+
w 1 (0) + w 2 (π) êê
Et 1
Et 2
ê
ë

-1

úù
úú
úú .
úú
ú
û

Model 1 is also a simplified model: we disregard
the corroded region and the slope is calculated as
-1

Red line, FEA

0.001
0.002
[w1(0)+w2(π)] (m)

the pressure still increases when w1(0)+w2(π) is about
0.02 m. However, in Fig. 6 the pressure does not
show significant increase when w1(0) +w2(π) is about
0.001 m which is much smaller than the 0.02 m of the
previous case. The discrepancy between the inextensi‐
ble model and the extensible model becomes quite ob‐
vious: the solid black line (inextensible result) initial‐
ly has a negative slope (i.e. when p starts to increase
from 0, w1(0) +w2(π) becomes negative initially) and
the pressure seems to jump (steeply) to a high value
when w1(0) +w2(π) is extremely small (much smaller
than the corresponding FEA and extensible results).
The inextensible model does not agree well with the
FEA results—at least during the initial deformation
phase. In contrast, the extensible model agrees well
with the FEA in that phase.
We formulate three models to calculate the
initial slope as follows. Model 2’s line is from initial
slope calculation by Eq. (9). Model 3 is a simplified
model: we assume no tangential displacement and
that radial displacements are constant for both regions
by applying formulas:

p [ w 1 (0) + w 2 (π) ] = éR 2 (R 2 + t 2 2 ) (Et 2 ) ù . Model 1
ë
û
is equivalent to the radial contraction of uniform ring
under pressure with thickness t2 and radius R2. We see
that model 3 underestimates the slope and model 1
overestimates the slope. Only model 2 from delicate
calculation of Eq. (9) fits well with FEA results.
These comparisons show the effectiveness of initial
slope calculation by Eq. (9).
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e= −1, and 1, although the extensible model is more
accurate, the discrepancy between the two models is
slight. Three tangent lines in Eq. (9) approximate the
FEA results well when p is small and the best ap‐
proximation is attained for e=0. Comparing this with
the result of the thinner case in Fig. 5, there is a fun‐
damental difference. In the previous case for e= −1
the initial slope is negative, while at larger deforma‐
tion phase, w1(0)+w2(π) changes its sign and becomes
positive. In direct contrast, in the case of e=−1 the ini‐
tial slope is negative, but in the larger deformation
phase there is no change of sign of w1(0)+w2(π) and it
remains negative.
20

R2=1.0 m, d=0.5, t2/R2=0.1, s1=π/2, t1=(1-d)t2,
R1=e(t2-t1)/2+R2; E=200 GPa, I1=1/12·t13, I2=1/12·t23
e=0, theoretical (inextensible, dashed line)

p (MPa)

15

e=-1, theoretical
(extensible, solid line)

e=0, theoretical
(extensible, solid line)

10
e=-1, theoretical
(inextensible, dashed line)
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e=1, FEA
e=0, FEA

e=1, theoretical
(inextensible, dashed line)
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(extensible, solid line)

0
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[w1(0)+w2(π)] (m)

0.15

0.20

Fig. 7 Comparison for thicker case t2/R2=0.1
15

p (MPa)

We present the initial slope variation (by Eq. (9))
for various values of e in this thinner case t2/R2=0.05
in Fig. S10. Instead of presenting the initial slope
directly, we present the reciprocal of this slope in
this figure more conveniently. When e= −1 (external
corrosion) the reciprocal p−1(w1(0) +w2(π)) has a
positive value, and when e increases this reciprocal
decreases (equivalently the slope increases and the
pressure increases more steeply during the initial
deformation phase). When e increases to zero the
reciprocal is still a positive value and, interestingly,
the reciprocal decreases to zero when e is about 0.156
(the slope is thus infinity and it means that pressure
suddenly jumps to a large value when w1(0)+w2(π) is
extremely small). When e just increases above 0.156,
the reciprocal becomes negative and correspondingly
the slope becomes negative infinity. When e increases
further, the reciprocal decreases to lower negative
values meaning that the slope becomes negative and
smaller in magnitude in this case. This reciprocal-e
curve seems to be approximately a straight line but it
does not necessarily pass through the original point
(0, 0). The magnitudes of the slopes at e=1 and e=−1
are not necessarily the same. For example, in the case
of e= −1, the reciprocal is about 0.0023; however, at
e=1, the reciprocal is about −0.0015. This shows the
significant difference between internal corrosion and
external corrosion.
We present similar comparisons for the thicker
case where t2/R2=0.1 and d=0.5 in Fig. 7. In Fig. 7, the
load-deformation curves are plotted for both theoretical
results (extensible and inextensible) and FEA results.
The overall agreement between both theoretical results
and FEA results is good. Moreover, consistent with the
above thinner case, when e=0 the increase of pressure
in the initial deformation phase is quite steep and the
extensible model predicts the FEA results better
than the inextensible model. Similarly, e=1 and e=−1
have quite distinct large deformation phases. When
e= −1, w1(0) +w2(π) approaches lower negative values
when p is large; however, when e=1, w1(0) +w2(π)
approaches higher positive values when p is large.
When e=0, w1(0)+w2(π) also approaches higher posi‐
tive values when p is large. Fig. 8 shows the initial
deformation results by amplifying the plots in Fig. 7.
It is evident that for e=0 the inextensible model does
not agree well with the FEA results and the extensible
model predicts much better results. However, when

R2=1.0 m, d=0.5, t2/R2=0.1, s1=π/2,
e=0, theoretical
t1=(1-d)t2, R1=e(t2-t1)/2+R2;
(extensible, solid line)
E=200 GPa, I1=1/12·t13, I2=1/12·t23
e=0, theoretical
(inextensible, dashed line)
10
e=-1, theoretical
Tangent line
(extensible, solid line)
(e=1)
Tangent line
Tangent line
(e=0)
(e=-1)

5

e=-1, theoretical
(inextensible, dashed line)
e=-1, FEA
e=1, FEA
e=0, FEA

0
-0.010

-0.005

e=1, theoretical
(inextensible, dashed line)
e=1, theoretical
(extensible, solid line)

0.000
0.005
[w1(0)+w2(π)] (m)

0.010

Fig. 8 Comparison of initial deformation in the thicker
case

Fig. S11 presents the relationship between the re‐
ciprocal of initial slope by Eq. (9) and e for this thicker
case. Comparing this figure with Fig. S10, there are
distinct differences: when e=−1, the slope is negative,
while in the previous case the slope is positive; simi‐
larly, when e=1, the slope is positive, while in the
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0.5

w p

previous case it is negative. In the following Section 4
we will show that this difference is highly related to
the angular extent s1. When e passes −0.278, the ini‐
tial slope abruptly changes from minus infinity to pos‐
itive infinity. We note that the magnitudes of the recip‐
rocals of the initial slopes are quite different for e=−1
and e=1: at e=−1, the magnitude is about −0.0004, but
at e=1, it is about 0.0010.

0.4

R2=1.0 m, t2/R2=0.1, s1=π/2, t1=(1-d)t2,
R1=e(t2-t1)/2+R2; I1=1/12·t13, I2=1/12·t23
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R2=1.0 m, t2/R2=0.1, s1=π/2, t1=(1-d)t2,
R1=e(t2-t1)/2+R2; I1=1/12·t13, I2=1/12·t23
w=

w1(0) + w 2 (π)
pR23
,p=
R2
3EI2

w p

0.01

0.00

4.1 Initial slope analysis
Since we have shown previously that the extensi‐
ble model should be used instead of the inextensible
model for accurately predicting the initial slope, only
the extensible model from Eq. (9) will be used.

e=1.0, 0.8, 0.6, 0.4, 0.2, 0.0,
-0.2, -0.4, -0.6, -0.8, -1.0

-0.2
0.0

4 Parametric analysis
In this section, we present detailed parametric
analysis of the initial slope and eigenvalue of the ho‐
mogeneous version of this problem in Eq. (8). Our
emphasis is on the effect of the misalignment parameter
e. In the parametric analysis of the eigenvalue prob‐
lems, we compare the results from two previously de‐
veloped continuity conditions in Eqs. (5) and (6).

w1(0) + w 2 (π)
pR23
,p=
R2
3EI2

Zero line

e=1.0, 0.8, 0.6, 0.4, 0.2, 0.0,
-0.2, -0.4, -0.6, -0.8, -1.0

-0.01
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
d

(b)

Fig. 9 Reciprocal of initial slope versus d for various e (a)
and amplified plots for smaller d (b)

4.1.1 Effect of relative defect depth d
Fig. 9a presents the relationship between the ini‐
tial slope and parameters d and e when s1=π/2 and t2/R2
=0.1 are fixed (initial slope represents the slope of tan‐
gent to the pressure-displacement curve at zero pres‐
sure representing the stiffness of the structure when
pressure is well below the critical collapse pressure).
The pressure p͂ means the pressure normalized by the
first bifurcation pressure of a uniform ring of thick‐
ness t2 and radius R2. When e=1.0, 0.8, 0.6, 0.4, 0.2,
and 0.0, as d increases, w͂ p͂ (where w͂ means the nor‐
malized displacement defined as (w1(0)+w2(π))/R2) in‐
creases and approaches infinity when d→l− (approach‐
ing from below). However, when e=−0.2, w͂ p͂ first in‐
creases and then decreases to a negative value when d is
about 0.6. It decreases further to a minimum negative
value and then increases to infinity when d→l−. When
e=−0.4, −0.6, −0.8, and −1.0, the trends are similar:
w͂ p͂ always decreases until d reaches about 0.9 and
then increases to positive infinity when d→l− . This
figure also shows that e=0 is not that special and

indeed the w͂ p͂ curve is closest to the zero line when
e= −0.2. Fig. 9b shows amplified plots for smaller d:
when d<0.3, w͂ p͂ remains positive.
The situation seems significantly different when
s1= π/6 in Fig. 10a. Fig. 10b shows the overall varia‐
tion of w͂ p͂ when d increases. For e=1.0, 0.8, 0.6, 0.4,
and 0.2 the trends are similar. As d increases, w͂ p͂ first
decreases from a positive value to a negative value
and then increases to positive infinity when d→l− .
However, when e=−1.0, −0.8, −0.6, −0.4, and −0.2, as
d increases from 0 to about 0.8, w͂ p͂ first slowly in‐
creases to a maximum point and then decreases rapidly
to zero, while when d further increases, w͂ p͂ decreases
further to a minimum value and then increases to posi‐
tive infinity when d→l− . Since as d→l− the corroded
region has a very small remaining thickness t1 and the
stiffness of the intact region is much larger than the
stiffness of the corroded region, it is equivalent to the
intact region remaining undeformed and that all defor‐
mation is confined to the corroded region. From this
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Fig. 11 Dependency of w͂ /p͂ on s1 for t2/R2=0.05 and d=0.2
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perspective the corroded region behaves as a uniform
arch under external pressure with both ends fixed.
And the result that w͂ p͂ approaches to positive infinity
instead of negative infinity is equivalent to this uni‐
form arch under pressure having its crown point dis‐
placed inward towards the arch center (Yan et al.,
2018a). The above analysis seems to suggest the im‐
portant role of s1.
4.1.2 Effect of angular defect size s1
Figs. 11–13 show the dependency of w͂ p͂ on s1
and e. For smaller d=0.2 in Fig. 11, when e=1.0, 0.8,
0.6, 0.4, and 0.2 as s1 increases from 0 to π, w͂ p͂ first
decreases from a positive value to a negative mini‐
mum value when s1/π is about 0.2, it then increases
monotonically to a positive maximum when s1/π is
about 0.75 and finally decreases to a small positive
value. When e=−0.2, −0.4, −0.6, −0.8, and −1.0, the
situation is quite different: w͂ p͂ first increases to a
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0.8
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Fig. 12 Dependency of w͂ /p͂ on s1 for t2/R2=0.05 and d=0.9
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Fig. 10 Reciprocal of initial slope versus d for various e
when s1= π/6: (a) d ranging from 0.8 to 1.0; (b) d ranging
from 0 to 1.0
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Fig. 13 Dependency of w͂ /p͂ on s1 for t2/R2=0.05 and d=0.5

positive maximum, then decreases to minimum (not
necessarily negative) and finally increases to a small
positive value. The reader may be wondering why, at
s1=0, π, w͂ p͂ is positive: this is a direct consequence of
uniform membrane compression of the uniform ring
under external pressure. At s1/π≈0.45 all curves seem
to coincide with small w͂ p͂ value, although these curves
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4.2 Eigenvalue analysis
The problem by Eq. (8) with boundary condi‐
tions w′1 (0) = w 2 ′ (π) = 0 and continuity conditions in
Eq. (5) or Eq. (6) is an eigenvalue problem, and these
solutions offer an opportunity to study the effect of
choice of continuity conditions.
Fig. 14 presents the dependency of the lowest
non-zero eigenvalue p for various values of d and e
(note that p=0 is also an eigenvalue related to the rigidbody vertical translation and is disregarded). Again p͂ =
pR 32 (3EI 2 ) describes the relative stiffness of a corrod‐
ed ring when compared with an intact uncorroded
ring. p͂ | e = 0 is p͂ when e=0 (the symmetric corrosion
case). At e=0, both the simplified condition (Eq. (8))
and the full condition (Eq. (5)) coincide since R1=R2
in this case. Thus, the result is presented in terms of
p͂ p͂ | e = 0 to emphasize the influence of e. Dashed lines
represent full formulation by Eq. (5) and solid lines
represent simplified formulation by Eq. (8). As e ranges

p=

d=0.2, 0.3, 0.4, 0.5, 0.6, 0.7

~~

p p | e=0

pR23
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1.05

0.20009, 0.09728

1.00
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t1=(1-d)t2, R1=e(t2-t1)/2+R2;
I1=1/12·t13, I2=1/12·t23

0.95

Solid line: simplified formulation
Dashed line: full formulation

0.90
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0.0
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Fig. 14 Lowest Eigenvalue comparison for various d and
e when t2/R2=0.1 and s1=π/3

from −1 to 1, for all d, p͂ p͂ | e = 0 is monotonically de‐
creasing almost linearly. When d=0.2, its value changes
from about 1.01 to about 0.99. When d=0.7, its value
changes from about 1.09 to 0.92. This shows that as d
increases, the effect of e increases. Of course, when
d=0.2, 0.3, 0.4, 0.5, 0.6, and 0.7, p͂ | e = 0 values decrease
as 0.81853, 0.69039, 0.52614, 0.34982, 0.20009, and
0.09728, and this means that the increase of corrosion
severity d reduces the bifurcation pressure. The dis‐
crepancy between dashed lines and solid lines is very
small and is only notable when d=0.7.
Fig. 15 presents the results when t2/R2=0.05 where
the ring is thinner: dashed lines agree well with solid
lines and, for d=0.7, p͂ p͂ | e = 0 changes from about 1.04
to about 0.96. Comparison with Fig. 14 shows that
the effect of e decreases when the ring becomes
thinner.
Fig. 16 presents the results with t2/R2=0.1 and s1=
2π/3 (twice the s1 in previous Fig. 14). By comparison
1.05
p=

d=0.2, 0.3, 0.4, 0.5, 0.6, 0.7

0.99

0.96
-1.0

pR23
3EI2

p |e=0 = 0.81852, 0.69039, 0.52612,
0.34982, 0.20009, 0.09728

1.02

~~

values (consistent with the previous case of d=0.2 but
here s1 is much smaller). Curves of e=1.0, 0.8, 0.6,
0.4, and 0.2, all increase to a positive maximum and
then decrease to a small value when s1→ π. By con‐
trast, curves of e=−0.2, −0.4, −0.6, −0.8, and −1.0 de‐
crease to a minimum negative value and then increase
to a small value at s1→π. Similarly, Figs. 13 and S13
present the related results for mild corrosion d=0.5.
All curves have similar trends as above when d=0.9
and 0.2 but, at s1≈0.35, all curves have small w͂ p͂ . The
above discussion suggests that s1, around which point
all curves have small w͂ p͂ , is decreasing from 0.5 to
0.0 when d increases from 0 to 1. These characteristic
s1 points seem not to have been previously reported.

1.10

p p | e=0

are indeed not intersecting exactly at the same point
as can be seen in a careful check of a locally ampli‐
fied plot in Fig. S12. In Fig. S12, we present a de‐
tailed result around s1=0.45 and indeed all curves do
not intersect at the same point, but the points of inter‐
section form a small triangle-shaped region with s1
ranging from 0.447 to 0.451 and w͂ p͂ ranging from
0.0014 to 0.00145. Fig. 12 presents the results for d=
0.9, meaning that the thickness of the corroded re‐
gion is only 10.0% of the thickness of the intact re‐
gion. This severity of corrosion makes this result
quite distinct. When s1 is about 0.0 all curves abruptly
jump, and at about s1=0.13 all curves have small w͂ p͂

R2=1.0 m, t2/R2=0.05, s1=π/3,
t1=(1-d)t2, R1=e(t2-t1)/2+R2;
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Fig. 15 Lowest eigenvalue comparison for various d and e
when t2/R2=0.05 and s1=π/3
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Fig. 16 Lowest eigenvalue comparison for various d and e
with t2/R2=0.1 and s1=2π/3

with Fig. 14 the effect of e is only slightly increased.
For example for d=0.7, when e ranges from −1 to 1,
p͂ p͂ | e = 0 changes from about 1.11 to about 0.91.
Fig. 17 presents the results of the effect of s 1 and
e when t2/R2=0.1 and d=0.5. As e increases, similarly
p͂ p͂ | e = 0 decreases almost linearly. When s1= π/10 the
corrosion region is quite narrow and the effect of e is
small. However, when s1 increases to 3π/10, the effect
of e increases significantly. When s1 is further in‐
creased to 7π/10, the effect of e is only slightly in‐
creased. Finally, when s1=9π/10, and e ranges from −1
to 1, p͂ p͂ | e = 0 ranges from about 1.08 to about 0.93.
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Fig. 17 Lowest eigenvalue comparison for various d and e
with t2/R2=0.1 and d=0.5

From all previous analyses, we conclude that
when s1 is smaller and d is larger, the discrepancy
between simplified and full formulations is larger, but
for all cases the discrepancy leads to a very small error.
In Table S2, we explicitly present some critical
pressure comparisons for the simplified continuity

condition and the full continuity condition. In the first
case (‘simplified 1’ and ‘full 1’), the geometric param‐
eters are d=0.5, s1= π/2, and t2/R2=0.1. In the second
case (‘simplified 2’ and ‘full 2’) the geometric param‐
eters are d=0.8, s1= π/6, and t2/R2=0.15. In the third
case (‘simplified 3’ and ‘full 3’) the geometric param‐
eters are d=0.2, s1= π/3, and t2/R2=0.1. All pressure
values are normalized by 3EI 2 R 32 (i.e. p͂ ). ‘Error 1’,
‘Error 2’, and ‘Error 3’ are the relative errors between
the critical pressures in the full and simplified formu‐
lations. From Table S2, the maximum error occurs
when e=1 for the first case and the maximum error
has magnitude 0.19544%. For the other two cases, the
relative error is at most 0.02176%. This detailed com‐
parison shows the very slight influence of choice
between Eqs. (5) and (6) which fact justifies the use
of the simpler Eq. (6) throughout this paper except in
this section.

5 Infallible perturbation method
In previous sections, the corrosion depth is con‐
stant in the corroded region, and in Section 5 we
solve for the case where the corrosion depth is vary‐
ing. Chen et al. (2021a) published the so-called homo‐
topy analysis method (HAM) to solve the bifurcation
pressure of corroded rings. Illuminated by that work,
we present a more straightforward approach using the
Lyapunov artificial small-parameter method and show
that the two methods give identical results although
the Lyapunov method seems more direct. We show
rigorously that this method is always valid since the
power series constructed always converges. Only ho‐
mogeneous equations are solved in the paper by Chen
et al. (2021a), however, in this section, we have solved
both the inhomogeneous equation by Eq. (1) (only the
inextensible case with simplified continuity condition
by Eq. (6) is solved to simplify the illustration) and
the homogeneous equations by Eq. (8) for arbitrary
thickness distribution function t(s) and middle axis ra‐
dius distribution R(s) for s Î[0 π]. The more general
equation of Eq. (1) for any t(s) and R(s) is:
EI ( s ) ( w″( s ) + w ( s ) ) p ( -4R2 ( s ) + t 2 ( s ) )
+
+
8
R2 ( s )
pR ( s) w ( s) = C

(10)
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where R and t are functions of s Î[0 π]. C is a con‐
stant and this equation is specialized to the original
Eq. (1) by requiring that R(s) and t(s) are piecewise
constants and jump at s=s1 only, and w is defined on
[0π] (radial displacements) and the boundary condi‐
tions are w′ (0) = w′ (π) = 0

∫

[0π]

w = 0. I(s)=1/12·t 3(s) of

course. The homogeneous version of this equation is
just:
EI ( s ) ( w″( s ) + w ( s ) )
+ pR ( s) w ( s) = C. (11)
R2 ( s )

To use Lyapunov arbitrary small-parameter
method, we need to plug in an artificial parameter ε to
these equations to transform Eq. (11) into:

(

w″ ( s) + ε w ( s) + pR3 ( s) w ( s) -

)

CR2 ( s )
= 0.
EI ( s )

are completely unknown, without loss of generality,
we may require w| s = 0 = w 0| s = 0 = b and w′| s = 0 = w′0| s = 0 = a.
Note that w′ (0) =0 is a boundary condition and thus
a=0 in this case. So there are only two undetermined
constants C and b. For the homogeneous case, direct
integration twice yields:
wi ( s) =

∫ ∫
[ 0s ]

where the two integration constants are zero since
0 = w′| 0 - w′0| 0 = εw′1| 0 + ε 2 w′2 +  Þ w′i| 0 = 0 "i ≥ 1; 0 =
w| 0 - w 0| 0 = εw 1| 0 + ε 2 w 2 +  Þ w i| 0 = 0 "i ≥ 1.
Then if we simplify the notation by defining
Q ( s) = 1 + pR3 ( s ) EI ( s )  the explicit solution of
wi(s) is:

∬ Q × ∬ Q × ∬ Q × ∬ ( Q × w )  i ≥ 2

wi =

1

(12)
Transforming Eq. (10) into:

{

w″(s) + ε w(s) + pR3 (s)w(s) -

CR2 (s)
EI(s)

}

1 pR
×
× ( 4R2 (s) - t 2 (s)) = 0
8 EI(s)

then we assume that w can be expanded into a power
series of ε as
w = w 0 + εw 1 + ε w 2 + .
2

(14)

After the calculation of w0, w1, …, we set ε=1 to
restore the original equation Eqs. (10) and (13). Sub‐
stituting it into Eq. (13), it yields:
w″0 = 0
w″1 = -w 0 -

(15)

pR w 0 CR
1 pR
+
- ×
× (t 2 - 4R2 ) 
EI
EI
8 EI
(16)
pR3 w i - 1
w″i = -w i - 1  i ≥ 2.
(17)
EI
2

∫ ∫ f ( τ ) dτds for any function f and there are
i−1 ∬ operations. It follows that
[ 0 s ]

(13)

2

(19)

∬ f is a mapping which maps s to

where by definition

2

3

pR3 ( τ ) w i - 1 ü
ì
í -w i - 1 ( τ ) ý dτds i ≥ 2
EI ( τ ) þ
[ 0s ]
î
(18)

[ 0 s ]

max s Î [ 0π ]| w i ( s) | ≤

( max
( max

)
| Q ( s) | )

| Q( s) |

s Î [ 0π ]

s Î [ 0π ]

i-1

× maxs Î [ 0π ]| w1 ( s) | ×

i-1

∬ ∬1 =

× max s Î [ 0π ]| w 1 ( s) | ×

π 2i - 2
.
(2i - 2)!
(20)

Thus, from elementary functional analysis, the
power series for ε, w=w0+εw1+ε2w2+ε3w3+…, has con‐
vergence radius of infinity, and then the power series
is always convergent for any real number ε. We note
that, during the integrations, there are two unknown
constants remaining and thus the final expression of
w contains these two unknowns C and b. However,
there are still two conditions to be imposed: w′ (π) = 0
and

∫

w = 0. By imposing these two conditions there

[ 0 π ]

If it is substituted into the homogeneous equa‐
tion Eq. (12), we only need to replace Eq. (16) by
w″1 = -w 0 - pR3 w 0 (EI) + CR2 (EI). Then w″0 = 0 leads
to w0=as+b for some constants a and b, since a and b

are two conditions and two unknowns C, b. In the ho‐
mogeneous case, they are linear in C, b and thus de‐
fine an eigenvalue problem (the characteristic equa‐
tion of some resulting matrix by equating determinant
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ing the conditions w′ (π) = 0 and

∫

w = 0 leads to a ma‐

wi

m=4

4
m=6

2

m=10, 11, 12
m=8

m=5

0
m=7

-2
0.0

0.5

1.0
p

m=9

1.5

2.0

Fig. 18 Characteristic equations for different m

m=5, 7, 8, 9, 10, 11, and 12 the characteristic equation
has some roots. And for each curve, corresponding to
each root, we can calculate the matrix’s eigenvectors
for C, b and substitute the calculated C, b back into
the expression w=w0+w1+w2+…+wm to obtain the char‐
acteristic eigenfunctions (modal shapes).
Fig. 19 shows how the modal shape evolves
when the truncation number m is increased. It is evi‐
dent that as m increases, the modal shape converges
fast. We have also compared the above results with
the numerical results by the shooting method and
their agreement is almost exact when m=12 (see
ESM F for the numerical shooting methods to solve
both Eqs. (10) and (11)).
1.0

w=

Σ

wi

i=0,1,2, …, m

m=5

0.5

w

As an example, we assign R(s) =1+0.1s and
(EI) =1+0.1s. In the above, we have shown that, in the
homogeneous case, by truncating the series w=w0+
w1+w2+… to w=w0+w1+…+wm for some m, prescrib‐

Σ

m=2

6

5.1 Eigenvalue solution of homogeneous equations
−1

w=

i=0,1,2, …, m

Det

to zero is formulated and solved) which is easily
solved. While for the inhomogeneous case, C, b can
be calculated by matrix inversion.
If in Eq. (12), we decompose as w″ (s) = (1–
ε)w″(s)+εw″(s), move (1–ε)w″ to the other hand side
of the equation, replace the symbol ε by symbol q and
carry out expansion by q, then this is just the socalled HAM method in the recent paper (Chen et al.,
2021a). So in this paper, the HAM method is just the
same as the Lyapunov small-parameter method al‐
though the latter method seems more straightforward.
However, the HAM method has an additional conver‐
gence controlling parameter c 0 and this aspect is dis‐
cussed in ESM E. In ESM E, we show that in general
if c 0 Î(-2 0) the related power series always converg‐
es by some mathematical analysis of analyticity, and
even if c 0 is slightly greater than 0 or slightly lower
than -2 the power series may diverge rapidly (note
that c 0 = -1 is implicitly assigned in Eqs. (12) and
(13), and thus convergence is guaranteed).
Note that in the above methods only integrations
are necessary, but it is well-known that exact integra‐
tion is only possible for some simple types of functions.
Thus, we propose to first approximate the functions
by polynomials on [0, π] and it is well-known that by
the Weierstrass theorem each continuous function on
[0, π] can be approximated by some polynomials with
an arbitrarily small error. By first approximation by
polynomials, we can carry out integrations trivially and
exactly. We present some examples in the following.

0.0

m=7
m=8

-0.5
m=9, 10, 11, 12

[ 0π ]

trix (whose entry is some function of p) eigenvalue
problem with two unknowns C, b. This eigenvalue
problem can be solved by equating the determinant of
this matrix to zero to obtain the so-called characteristic
equation of variable p. Then the root of p is obtained.
Fig. 18 represents the determinant (Det) of the
matrix for various truncation numbers m. For m=2, 4,
and 6, there are no roots for p Î[0 2] and as m be‐
comes large, the curves converge and their roots also
converge to the true value of root p. For the curves of

-1.0
0.0

0.5

1.0

1.5
s

2.0

2.5

3.0

Fig. 19 Mode shapes of eigenfunctions for different m

5.2 Inhomogeneous problem’s solution
If R(s) =1 but t(s) =1+0.1coss and (EI)−1=t−3(s),
exact integrations are difficult, so we first use poly‐
nomial approximation of t(s) and (EI)−1 by power
series expansion to s10-order as:
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-1

( EI ) »0.75064+0.0047099s++0.0000330294s10 
t»1.1-0.05s +0.0041667s +-2.7557´10 s .
2

-8 10

4

Substituting these polynomial approximations into
Eqs. (16) and (17), the integrations can then be exactly
calculated.
Fig. 20 presents a comparison with numerical so‐
lutions by the shooting method. The red dashed line is
the numerical solution. The truncated series w=w0+
w1+…+wm for m=5, 7, 8, and 12 is presented. It is evi‐
dent that when m=12, the numerical solution and the
perturbative solution agree well and as p increases,
w(0) +w(π) is negative and decreases. This example
shows the effectiveness of a perturbation solution in
solving inhomogeneous equations.
2.0

p

1.5

1.0

0.5

0.0
-0.4

Matlab numerical solution
Perturbation, m=12
Perturbation, m=8
Perturbation, m=7
Perturbation, m=5

-0.3

-0.2
w(0)+w(π)

-0.1

0.0

Fig. 20 Comparison with numerical results (references to
color refer to the online version of this figure)

6 Conclusions
1. The derived inhomogeneous formulation’s loaddisplacement curve agrees well with the FEA results.
2. The misalignment parameter e significantly
affects the deformation paths even when the ring is
thin (e.g. t2/R2=0.05).
3. The rigorous adoption of the Euler-Bernoulli
beam assumption leads to a complex continuity condi‐
tion equation (derived in ESM C); however, a compar‐
ison analysis shows that the simplified continuity con‐
dition, by simply requiring no abrupt jump of tangen‐
tial displacements, yields almost identical results with
only a very small error.
4. The initial deformation is highly affected by
membrane extensibility, and the perturbative solution

in this paper (ESM D) is unexpectedly non-trivial and
agrees well with the FEA predictions.
5. An initial slope calculation shows that e=0 is
not necessarily the initially stiffest case. By an example,
we show that the initial slope may be infinity when e
is −0.278, i.e. e=0 is not special (Section 3.2). Unex‐
pectedly, for some value of s1 (the corrosion region’s
angular extent), the initial slope curves (Fig. 13) almost
coincide for any e.
6. The semi-analytical procedure by the Lyapu‐
nov small-parameter method leads to convergent power
series with infinite convergence radius and is suitable
for solution of both homogeneous and inhomoge‐
neous equations. In order to carry out integration ex‐
actly, we propose to first approximate the functions
by polynomials and then carry out integration trivially
(this approximation is always possible by the Weier‐
strass theorem that asserts that any continuous func‐
tion on compact interval can be approximated arbi‐
trarily accurately by polynomials). By mathematical
analysis of function analyticity, we show definitely
that the controlling convergence c0 in the homotopy
analysis method should be in (−2, 0) to guarantee con‐
vergence and thus we conclude there is no necessity
to assign a c 0 ¹ -1 (ESM E).
7. In ESM G, we show a possible application of
our theoretical result even when plasticity is present.
The theoretical result is indeed useful when coupled
with some plasticity criterion to predict collapse
pressure in cases where a plasticity effect cannot be
ignored.
The effect of plasticity may be included by tan‐
gent modulus method and may be subject to further
research in the near future.
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