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with Fig. 14 the effect ofe is only slightly increased.
For example ford=0.7, whene ranges from�Ö1 to 1,
p�•p�•|e� 0 changes from about1.11 to about0.91.

Fig. 17 presents the results of the effect ofs1 and
e whent2/R2=0.1 andd=0.5. As e increases, similarly
p�•p�•|e� 0 decreases almost linearly. When s1= �Œ/10 the

corrosion region is quite narrow and the effect ofe is
small. However, whens1 increases to3�Œ/10, the effect
of e increases significantly. When s1 is further in�(
creased to7�Œ/10, the effect ofe is only slightly in�(
creased. Finally, whens1=9�Œ/10, ande ranges from�Ö1
to 1, p�•p�•|e� 0 ranges from about1.08 to about0.93.

From all previous analyses, we conclude that
when s1 is smaller andd is larger, the discrepancy
between simplified and full formulations is larger, but
for all cases the discrepancy leads to a very small error.

In Table S2, we explicitly present some critical
pressure comparisons for the simplified continuity

condition and the full continuity condition. In the first
case(�µsimplified1�¶and�µfull 1�¶), the geometric param�(
eters ared=0.5, s1= �Œ/2, and t2/R2=0.1. In the second
case(�µsimplified 2�¶and�µfull 2�¶) the geometric param�(
eters ared=0.8, s1= �Œ/6, and t2/R2=0.15. In the third
case(�µsimplified 3�¶and�µfull 3�¶) the geometric param�(
eters ared=0.2, s1= �Œ/3, and t2/R2=0.1. All pressure
values are normalized by3EI2 R3

2 (i.e. p�•). �µError 1�¶,

�µError 2�¶, and�µError 3�¶are the relative errors between
the critical pressures in the full and simplified formu�(
lations. From Table S2, the maximum error occurs
when e=1 for the first case and the maximum error
has magnitude0.19544%. For the other two cases, the
relative error is at most0.02176%. This detailed com�(
parison shows the very slight influence of choice
between Eqs. (5) and (6) which fact justifies the use
of the simpler Eq. (6) throughout this paper except in
this section.

5 Infallible perturbation method

In previous sections, the corrosion depth is con�(
stant in the corroded region, and in Section5 we
solve for the case where the corrosion depth is vary�(
ing. Chen et al. (2021a) published the so-called homo�(
topy analysis method(HAM) to solve the bifurcation
pressure of corroded rings. Illuminated by that work,
we present a more straightforward approach using the
Lyapunov artificial small-parameter method and show
that the two methods give identical results although
the Lyapunov method seems more direct. We show
rigorously that this method is always valid since the
power series constructed always converges. Only ho�(
mogeneous equations are solved in the paper by Chen
et al. (2021a), however, in this section, we have solved
both the inhomogeneous equation by Eq. (1) (only the
inextensible case with simplified continuity condition
by Eq. (6) is solved to simplify the illustration) and
the homogeneous equations by Eq. (8) for arbitrary
thickness distribution functiont(s) and middle axis ra�(
dius distributionR(s) for s�•[0�¨�Œ]. The moregeneral
equation of Eq. (1) for anyt(s) andR(s) is:
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Fig. 16 Lowest eigenvalue comparison for variousd and e
with t2/R2=0.1 and s1=2�Œ/3

Fig. 17 Lowest eigenvalue comparison for variousd and e
with t2/R2=0.1 and d=0.5
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