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Abstract: Compared with liquid nitrogen (LN2) and water, the density of liquid hydrogen (LH2) is more than one order of
magnitude smaller, which leads to significantly different flow-induced vibration characteristics in the Coriolis mass flowmeter
(CMF). Based on the Euler beam theory, the complex set of equations of fluid-solid interactions for the U-type pipe Coriolis
flowmeter with LH2 is solved. The calculation results are firstly validated by comparing the dimensionless frequency, displacement,
and twist mode shape with the theoretical and experimental results in the other publications with water and kerosene as the
working fluids. Then, the results of dimensionless frequency, phase difference, and time lag for LH2 are compared with those for
LN2 and water, and the effects of the dimensionless flow velocity, sensor position, and the radius of the curved pipe are analyzed
in detail for LH2. Results show that the time lag of LH2 is an order of magnitude smaller than that for LN2 or water. The
excitation frequency for LH2 is much larger than that for LN2. Effects of geometric parameters on the time lag are also analyzed
for the three fluids and the results contribute to the design optimization of a CMF for LH2.
Key words: Coriolis mass flowmeter (CMF); Liquid hydrogen (LH2); Cryogenic fluid; Flow-induced vibration

1 Introduction
The Green Deal of the European Commission
(European Commission, 2019) was enacted to realize
carbon neutrality by 2050, and makes decarbonization
one of the biggest challenges in society today. Hydro‐
gen energy is gradually being applied as an alternative
energy source for reducing emissions of carbon diox‐
ide. During the process of using, transporting, and
trading hydrogen energy, mass flow rate as a control
parameter is the basis for safe operation, reducing con‐
sumption, ensuring correct measurement and regu‐
lation, and improving economic efficiency. As a flow‐
meter directly measuring the mass flow rate, the Cori‐
olis mass flowmeter (CMF) has attracted great atten‐
tion from researchers due to its high accuracy and
simple structure. Its accuracy can reach ±0.1% when
measuring single-phase flow (Liu, 2018). The flow of
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the liquid within the vibrating U-type tube leads to
a Coriolis force, causing a time difference between
the two arms of the tube passing through the sym‐
metrical surface, and the measured mass flow rate is
theoretically proven to be proportional to that time
difference. The Coriolis force in the measuring pipe
is proportional to the liquid density, so a reduced
fluid density will reduce the flowmeter measure‐
ment sensitivity (Song, 2018). The density of satu‐
rated liquid hydrogen (LH2) at atmospheric pressure
is only about 70.85 kg/m3, that is about one fourteenth
of that of water and one twelfth of that of liquid ni‐
trogen (LN2). Therefore, a CMF with LH2 as the work‐
ing fluid will show different fluid-solid vibration
characteristics.
To obtain the exact relationship between the fluid
mass and the vibration phase difference, scientists have
conducted extensive theoretical analyses on the fluidsolid interaction in the CMF. Sultan and Hemp (1989)
constructed the simple U-tube vibration control equa‐
tion based on the Euler beam theory and numerically
obtained the main vibration modes comparable with
experimental results. This greatly promoted the theo‐
retical modeling method of the CMF and guided
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subsequent theoretical analyses and structural design.
Based on Sultan and Hemp (1989)’ s theory, Sultan
(1992) considered the additional mass of the electro‐
magnetic exciter and detector in the CMF. It was found
that the sensitivity would be reduced due to the exis‐
tence of additional mass. Sultan (1992) also studied
the straight tube CMF in order to reveal the effect of
fluid temperature and external vibration. The theoreti‐
cal results were in good agreement with the experi‐
mental ones. Based on the same Euler beam theory
and one-dimensional flow assumption, Kutin and
Bajsić (2001, 2002) performed theoretical analyses
considering factors such as axial force, additional
mass, damping, and excitation. Only the first-order
mode shape of the measuring tube was numerically
solved and analyzed. The results proved that the exis‐
tence of axial force affected the sensitivity and accuracy
of the CMF for both mass flow rate and density. The
multiple-time scaling perturbation analysis method
was developed (Enz, 2010; Enz and Thomsen, 2011;
Enz et al., 2011) to explore the influence of the asym‐
metrical arrangement of the phase detector on the
phase difference. Based on the principle of virtual
work, Wang (2013) established a theoretical model of
the necked U-type CMF and experimentally verified
it with an analysis error within 2.47%. Thomsen and
Fuglede (2020) discussed the effect of asymmetry of
the measuring tube geometry and the stiffness, the
weak stiffness and the weak nonlinear damping based
on the bending vibration tube model. The results
showed that a serious asymmetric distribution of
damping will greatly affect the phase difference, but
that symmetrical distribution of damping or slightly
uneven mass distribution has no obvious effect. Phase
difference will not be affected by weak stiffness and
weak nonlinear damping. Luo et al. (2012) estab‐
lished the relationship between the sensitivity and the
main dimensions of the measuring tube by transform‐
ing the dynamic response of the Coriolis force into a
static mechanical state. Kazahaya (2011) established
and analyzed the general mathematical model of the
CMF through the phase difference model. Analysis re‐
vealed that for the dual-tube CMF, even if the fluid is
not evenly distributed in the two measuring tubes, it
can still accurately measure the mass flow. As the
characteristics of the measuring tube will change with
temperature, it is necessary to compensate for Young’s
modulus and the thermal expansion coefficient. Cao

et al. (2017, 2018) conducted mechanical modeling
and analysis on U-tubes revealing that the first-order
resonance frequency of the tube decreases as the mass
of dirt increases, and this theory is verified by simula‐
tion and experimental results.
The influence of flow conditions of different flu‐
ids on the measurement accuracy of a CMF has also
been extensively studied. Kutin et al. (2005) applied
weight vector theory to evaluate the sensitivity of the
velocity profile to the CMF with different circumfer‐
ential modes. It was found that the velocity distribu‐
tion has a greater influence on those with higher cir‐
cumferential modes in the fully developed axisymmet‐
ric steady flow. Cheesewright and Clark (1998), Chee‐
sewright et al. (2003), and Clark and Cheesewright
(2003) established a theoretical model of the unsteady
flow for the CMF and revealed that, for steady flow,
the signal detected by the detector includes the driv‐
ing frequency and the second mode frequency while,
for pulsating flow, the measured signal contains the
driving signal and at least four other frequencies. The
error of the flowmeter ultimately depends on the algo‐
rithm for extracting the phase difference. Ren et al.
(2012) analyzed the Euler beam model fixed at both
ends by the stiffness model and revealed that error
will occur if the working pressure of the fluid is greater
than the calibration value. Luo et al. (2013) found that
the torsional deformation of the horizontal tube in a
U-tube CMF resulted in the formation of a velocity
gradient and caused a torque opposite to the direction
of the Coriolis force resulting in a measurement error
with the density of the fluid. Wang and Hussain
(2009) conducted theoretical analysis and experimental
verification on CMF with liquefied natural gas as the
working fluid. In the process of theoretical analysis,
the calibration factors of Young’s modulus and ther‐
mal expansion were corrected. The results showed that
the non-linear change of Young’s modulus is the main
factor affecting the measurement accuracy, but the nonlinear change of thermal expansion was not consid‐
ered. Costa et al. (2020) proposed a model to explore
the performance of the CMF in the temperature range
of 285–318 K with the experimental verification with‐
in ±0.08%. A temperature correction coefficient was
proposed according to the change of the material prop‐
erties, which was claimed to be available for the mini‐
mum 5-K cases, although no trial was confirmed in
cryogenic conditions.
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To date there are few accounts devoted to inves‐
tigation of the fluid-solid vibration characteristics of
CMF with LH2 as the working fluid. In the present
paper, the control equation for the out-of-plane mo‐
tion of the straight and bending tube without external
excitation is first derived through the principle of force
balance and then used to analyze and compare the
fluid-solid interaction characteristics for three common
fluids: water, LN2, and LH2. The analysis results show
that the time difference of LH2 is about 0.08 times
that of water, and the driving frequency of the U-type
tube will also change. These results have guiding sig‐
nificance for the improvement of a CMF specially
used for LH2 measurement.

fluid are given in Eqs. (1)–(4), where w is the dis‐
placement of the tube in the direction perpendicular to
the plane of the axis, ϕ is the twist of the tube in the
direction of the axis, t is the time, r is the pipe radius
of curvature, I is the second moment of area, J is the
moment of inertia, z is the arc length along the curved
pipe section, E is Young’s modulus, G is the shear
modulus, U is the fluid velocity, Mt is the tube mass,
Mf is the fluid additional mass, b is the length of a sin‐
gle straight tube section, rt is the inner diameter of the
tube, and tt is the wall thickness of the tube.

2 Establishment and validation of model
The core component in the CMF that produces
the vibration phase difference is the measuring tube,
which ultimately can be described as a combination
of straight tube sections and curved tube sections in
various arrangements. For example, the U-tube CMF
as shown in Fig. 1a can be simplified as a combination
of four straight tube sections and three curved tube
sections. The omega-type measuring tube (Fig. 1b),
can be regarded to be composed of three curved pipes
and two straight pipes. It is similar to the other types
of CMF shown in Fig. 1.

Fig. 2 Structure of the analysis model: (a) geometric model
of U-tube; (b) cross section of A-A
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Detailed derivation of the above equations is
shown in Data S1 of the electronic supplementary
materials. The parameters in the control equation are
dimensionless as indicated by Eq. (5), where ω is the
angular frequency, and β is the ratio of fluid mass to
total mass.
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Fig. 1 Structures of the measuring tubes: (a) U-tube
structure; (b) omega-tube structure; (c) delta-tube structure;
(d) diamond-tube structure
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Then, assume that the displacement equation
͂w(z͂  t͂ ) and the twist equation ϕ(z͂ t͂ ) have the form of
Eq. (6):

where Ai and αi are constants. Substituting Eq. (15)
into Eq. (7) leads to Eq. (16) with α as the variable,
where αi is the root of the equation.

w͂ = η ( z͂ ) eiῶ t͂  ϕ = ψ ( z͂ ) eiῶ t͂ .

α4 + u͂ 2 α2 + 2u͂ β 1 2 iῶ α - ῶ 2 = 0.

(6)

According to Eq. (8), ψ * ( z͂ ) of the straight tube
can be obtained as

Substituting Eq. (6) into Eqs. (1)–(4) yields:
( D 4 + u͂ 2 D 2 + 2u͂ β 1 2 iῶ D - ῶ 2 ) η* = 0
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where D is the differential of the variable with respect
to the dimensionless distance, defined by D = d/dz͂ .
Combining Eqs. (9) and (10) leads to

[D
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(11)

And the solution of Eq. (11) has the following
form:
ψ ( z͂ ) = ∑C i e 
6

λ i z͂

(12)

i=1

where Ci and λi are constants. Substituting Eq. (12)
into Eq. (11) leads to the algebraic equation (Eq. (13))
with λ as the variable, and the six roots of Eq. (13) are
λi (i=1, 2, …, 6).
λ6 + ( 2 + u͂ 2 ) λ4 + 2u͂ β 1 2 iῶ λ3 + ( 1 - ῶ 2 - u͂ 2 K ) λ2 -

( 2u͂ β

12

)

iῶ K λ + ῶ 2 K = 0.

(13)

The expression of η(z͂ ) of the curved tube can be
obtained by using Eq. (10):
6
ù
-1 é
λ z͂
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where E1 and E0 are zero. For straight tubes, η* (z͂ ) has
the following form:
η* ( z͂ ) = ∑A i eα z͂ 
4

i

i=1

(16)

(15)

ψ * ( z͂ ) = B 1 z͂ + B 0 

(17)

where B1 and B0 are constants.
For the measuring tube given in Fig. 2, the modal
has boundary conditions as indicated in Eq. (18):
at z = 0 2b + πr w * = ¶w * ¶z = ϕ* = 0;
at z=b b+πr w=w *  ¶w ¶z = ¶w * ¶z 
ϕ=ϕ* 
2 *
2
- ¶ w ¶z = - ¶ 2 w ¶z 2 + ϕ r 
¶ϕ* ¶z = ¶ϕ ¶z + (1 r ) ¶w ¶z

(18)

- ¶ 3 w * ¶z 3 = - ¶ 3 w ¶z 3 +
[ GJ/ ( EIr 2 ) ] ¶w ¶z + ( EI + GJ ) ( EIr ) ¶ϕ ¶z .

[

]

Substituting Eqs. (12), (14), (15), and (17) into
Eq. (18), one can obtain the dimensionless frequencies,
displacement equations, and torsion equations of each
tube.
2.2 Validation of the model
With the boundary conditions, the natural frequen‐
cy of the U-tube can be obtained. The actual displace‐
ment in the secondary normal direction and twist can
be calculated by Eq. (19). For any two detection points
z͂ 1 and z͂ 2 moving in the secondary normal direction,
the phase difference Δφ can be calculated by Eq. (20).

(
(

)
)

w͂ act = | η ( z͂ ) | cos ῶ t͂ + Ðη ( z͂ ) 
ϕ act = | ψ ( z͂ ) | cos ῶ t͂ + Ðψ ( z͂ ) 

∆φ = arctan (Im ( η) Re ( η) )| z͂ = z͂ -

(19)

1

arctan (Im ( η) Re(η))| z͂ = z͂ 
2

(20)

where ∠ is the complex phase angle, Im is the imagi‐
nary part of the complex number, and Re is the real
part of the complex number. In order to verify the the‐
oretical model, the solutions are compared with
the results of Sultan and Hemp (1989) with the same
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geometry and boundary conditions, as listed in Table 1.
The dimensionless frequencies ῶ 1, ῶ 2, and ῶ 3 respec‐
tively correspond to the first three-order out-of-plane
mode shapes. The corresponding displacement mode
shapes and twist mode shapes of the structure are
compared in Fig. 3. It can be seen that both the dimen‐
sionless frequency and the modal obtained by the cal‐
culations almost coincide with those from Sultan
and Hemp (1989).
Table 1 Comparison of the calculated dimensionless
frequencies with those from Sultan and Hemp (1989)
Value

Parameter

Calculated
0
0
0.7692
2
0.303
0.828
1.955

β
u͂
K
b/r
ῶ 1
ῶ 2
ῶ 3

Sultan and Hemp (1989)
0
0
0.7692
2
0.299
0.828
1.955

The time lag Δt of the two arms of the U-type
tube caused by the Coriolis effect is the key parameter
for the sensitivity of the CMF, which can be calculated
by Δt=Δφ/ω. In the calculations, the length of a single
straight tube section is set to b=0.495 m, the radius of
the curved tube is r=0.15 m, and Young’s modulus,
shear modulus, and Poisson’s ratio of the material are
respectively E=208 GN/m2, G=80 GN/m2, and σ=0.28.
Water of density of 1000 kg/m3 and kerosene of density
of 780 kg/m3 as the working fluids are calculated re‐
spectively. Fig. 4 shows the comparisons of Δt chan‑
ges between the calculations and experimental data
(Sultan and Hemp, 1989) when the fluid velocity
varies from 0 to 10 m/s. Both results show that Δt lin‐
early increases with the increase in fluid velocity. Al‐
though the slopes of the calculated profiles are larger
than those for the experimental results, the theoretical
results can reveal the influence law of the related pa‐
rameters of the flowmeter.
6×10-5
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2.0
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Fig. 4 Comparison of the calculated time lag with the
experimental value (Sultan and Hemp, 1989)
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3 Results and discussion

1.0

The first order

Twist

0.5

Based on the theoretical model, the effects of the
flow velocity, geometric parameters, and detector po‐
sition on the flow-induced vibration characteristics of
the U-type tube are analyzed for water, LN2, and LH2.
Table 2 lists the related parameters of the tube.
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The third order
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-2.5
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0.8

1.6
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Fig. 3 Displacement mode shapes (a) and twist mode
shapes (b). Lines: calculated; symbols: Sultan and Hemp
(1989)

3.1 Effect of flow velocity
For the flow-induced vibration process, the move‐
ment of the fluid and the structure will affect each
other. The influence of fluid velocity on the natural
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frequency of the structure and the movement time lag
of the two straight pipe sections are analyzed. Fig. 5
indicates that the natural frequency changes with the
dimensionless flow velocity u͂ when the tube is respec‐
tively filled with LH2, LN2, and water. It can be found
that the dimensionless frequency ῶ and the excitation
frequency f will gradually decrease with the increase
of u͂ . It is noticed that the changes in ῶ for different
fluids are slightly different. For the fluids with greater
density, water and LN2, with the increase of u͂ , the de‐
creasing trend of ῶ is more significant and drops
from 0.155 to about 0.071. However, ῶ drops from
the initial 0.155 to about 0.079 when the working flu‐
id is LH2. The results of converting the change of ῶ
into the corresponding frequency changes are shown
in Fig. 6. Even though the initial ῶ of the three fluids
is 0.155, the corresponding frequencies f are quite
different for the three working fluids. The values of f
are 58.0 Hz, 62.8 Hz, and 78.0 Hz for water, LN2,
and LH2, respectively. The results imply that for dif‐
ferent fluids, the excitation frequency used to maintain
the measuring tube vibrating at the first-order natural
frequency is also different. The excitation frequency
gradually increases as the fluid density decreases.
Therefore, the measurement of the CMF with LH2 as
the working fluid is adverse if LN2 or water has been
used for experimental calibration.
Fig. 7 shows the change in the phase difference
Δφ between the two straight pipes as u͂ changes. The
detectors are respectively located at the two contact
points between the straight sections and the curved
sections. It is indicated that Δφ increases with the in‐
crease of u͂ . It shows an approximately linear increase.
However, when u͂ is increased to a critical value, it

Dimensionless frequency

0.16

0.14

0.12

0.10
Water
LN2

0.08

0.06
0.00

LH2

0.06

0.12
0.18
0.24
Dimensionless flow velocity

0.30

Fig. 5 Variation of the dimensionless natural frequency
with the dimensionless flow velocity
80
72
Natural frequency f (Hz)

Parameter
Description
Radius of the curved tube (m)
0.15
Length of the straight tube (m)
0.495
Outer diameter (m)
0.0508
Internal diameter (m)
0.0472
Material type
316L stainless steel
Material density (kg/m3)
8027
Young’s modulus (Ledbetter,
194.5 (300 K), 209 (77 K),
1981) (GN/m2)
208 (20 K)
Shear modulus (Ledbetter, 1981) 75 (300 K), 81.5 (77 K),
(GN/m2)
81 (20 K)
Water density (kg/m3)
1000
LN2 density (kg/m3)
808.3
LH2 density (kg/m3)
70.85

reverses. In addition, Δφ is significantly reduced for
LH2. The maximum values of Δφ for water and LN2
are about 0.270 rad and 0.254 rad, respectively, while
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56
48
40
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24
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LN2

16
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8
0
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Fig. 6 Variation of excitation frequency with dimensionless
flow velocity
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Table 2 Parameters of U-type tube for theoretical analysis
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Fig. 7 Change of phase difference with the dimensionless
flow velocity
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it is only 0.081 rad for LH2, which means that the sen‐
sitivity and accuracy of the detector for LH2 need to
be greatly improved.
When the fluid velocity changes in the range of
0‒10 m/s, the corresponding change of the time lag
Δt is shown in Fig. 8 for the three fluids. The discrete
solid triangle points in the figure represent the experi‐
mental results for water from Sultan and Hemp (1989).
As mentioned above, the differences between the cal‐
culations and experiments are primarily attributed to
the difference in the equivalent length of the straight
tube selected in the calculation process. The calculated
results show that the Δt of water and LN2 are about
5.6×10−5 s and 4.2×10−5 s, respectively, when the fluid
flow velocity is 10 m/s. It is only 4×10−6 s when LH2
is used, which is about 0.07 times the value for water.
The analysis results indicate that the Δt between the
two straight pipe sections will gradually decrease as
the density of the fluid decreases. As the least dense
liquid, LH2 has a minimum value of Δt, which is unfa‐
vorable for the extraction and processing of the sig‐
nals from the CMF. Consequently, it is one of the
technical difficulties of CMF for LH2 measurement.
6×10-5

the mass flow rate of LN2 is measured with the CMF
calibrated with water.
3.2 Influence of geometric parameters
Fig. 9 shows Δt varies with the phase detector
positions when the flow velocity is fixed at 10 m/s. In
the figure, the abscissa represents the detector distance
from the axis of rotation around which the measuring
tube vibrates. The results show that as the detector
moves away from the axis of rotation, the measured Δt
gradually decreases. In the distance range of 0.050 m
to 0.495 m, Δt is decreased by 5.2×10−5 s, 3.9×10−5 s,
and 3.5×10−6 s for water, LN2, and LH2, respectively,
indicating that to increase the Δt, the detector should
be as close as possible to the axis of rotation. The
same conclusion was also drawn by Kolhe and Edla‐
badkar (2021) based on simulations. However, at the
middle position of the straight pipe section, Δt is not
easily disturbed by the excitation amplitude (Kolhe
and Edlabadkar, 2021). Therefore, the detector is loca‑
ted in the middle of the straight section in the pro‐
cess of analyzing the effect of the radius of the curved
tube.
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Fig. 8 Change of time lag with the fluid flow velocity

The flow coefficient Ks of the CMF with water,
LN2, or LH2, defined by Ks=qm/Δt, is theoretically cal‐
culated as 1.784×108 kg/(m2·s2), 1.927×108 kg/(m2·s2),
or 1.915×108 kg/(m2·s2), respectively, where qm is the
mass flow flux and obtained by qm=ρU, ρ is the fluid
density, and the time lag Δt is from Fig. 8. If the mass
flow rate of LH2 is measured by CMF calibrated
with water (or LN2), the error is calculated by error=
(Ks, water(LN2)−Ks, LH2)/Ks, LH2, and is −6.84% (or 0.63%).
Correspondingly, there will be an error of −7.42% if

0.0

3.0×10-6

0.1

0.1 0.2 0.3 0.4 0.5

0.2
0.3
0.4
Distance from the axis of rotation (m)

0.5

Fig. 9 Variation of time lag with the position of the detector
from the axis

Fig. 10 shows the changes of the dimensionless
frequency ῶ and time lag Δt as the radius of the
curved tube changes while the length of the straight
tube is fixed. The results show that ῶ presents a grad‐
ually increasing trend as the radius of the curved tube
increases. In Fig. 10b, the phase differences at t=0 are
extracted and converted into Δt. Δt is negative because
the mode is reversed, while its absolute value is the
only concern in the analysis. As the radius of the curved
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tube increases, the measured Δt gradually increases.
For LH2, Δt is only about 1.4×10−6 s when the radius
of the curved tube is 0.05 m; however, Δt increases
to 9.2×10−6 s when the radius reaches 0.35 m. Δt of
LN2 increases from 1.6×10−5 s to 1.0×10−4 s, while it
is from 2.1×10−5 s to 1.3×10−4 s for water, as the ra‐
dius of the curved tube is increased from 0.05 m to
0.35 m.
(a) 0.6
Water
LN2

Dimensionless frequency

0.5

LH2

0.4
0.3
0.2
0.1
0.0
0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45
Radius of the curved tube (m)

Time lag Δt (s)

(b)

1.5×10-4
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Radius of the curved tube (m)

Fig. 10 Effects of the radius of the curved tube on the
dimensionless frequency (a) and time lag (b)

1. The applied excitation frequency required by
the system will increase as the fluid density decreases.
It is 58.0 Hz, 62.8 Hz, and 78.0 Hz for water, LN2,
and LH2, respectively, for the structure of this study. It
decreases as the flow rate increases for the same fluids.
For LH2, when the dimensionless flow velocity in‐
creases from 0 to 0.3, the corresponding frequency
decreases from 78 Hz to 48 Hz.
2. The phase differences between the two straight
pipe sections for water, LN2, and LH2 are 0.270 rad,
0.254 rad, and 0.081 rad, respectively, and the corre‐
sponding time lags are 5.6×10−5 s, 4.2×10−5 s, and 4.0×
10−6 s, respectively, when the fluid velocity is 10 m/s.
The time lag of LH2 is one order of magnitude smaller
than that of water and LN2.
3. Errors of −6.84% and 0.63% will be generated
if the mass flow rate of LH2 is measured with CMF
calibrated with water and LN2, respectively. Corre‐
spondingly, there will be an error of −7.42% if the
mass flow rate of LN2 is measured with a CMF cali‐
brated with water.
4. The time lag decreases as the sensor moves
away from the axis of rotation of the CMF. When the
distance from the axis of rotation to the sensor in‐
creases from 0.050 m to 0.495 m, the time lag with
LH2 decreases by about 3.5×10−6 s.
5. When the length of the straight pipe is con‐
stant, the time lag will gradually increase as the radius
of the curved pipe increases. The time lag correspond‐
ing to LH2 increases from 1.4×10−6 s to 9.2×10−6 s
when the radius increases from 0.05 m to 0.35 m,
which is helpful for the extraction of the time lag.
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