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Abstract: In this paper, we present a non-linear (multi-aﬃne) registration algorithm based on a local polynomial
expansion model. We generalize previous work using a quadratic polynomial expansion model. Local aﬃne models
are estimated using this generalized model analytically and iteratively, and combined to a deformable registration
algorithm. Experiments show that the aﬃne parameter calculations derived from this quadratic model are more
accurate than using a linear model. Experiments further indicate that the multi-aﬃne deformable registration method
can handle complex non-linear deformation ﬁelds necessary for deformable registration, and a faster convergent rate
is veriﬁed from our comparison experiment.
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1 Introduction
Image registration is an important step in medical image analysis enabling comparisons of the same
brain region across a population of subjects. In the
work presented in this paper, we extend an aﬃne
registration method based on a polynomial expansion (Farnebäck and Westin, 2006) to a multi-aﬃne
model, thus creating a method that can perform deformable (non-linear) registration. An advantage of
using a technique that is locally aﬃne, compared
to a more high-dimensional approach, is that it restricts the dimensionality of possible deformation locally, reducing the potential of creating unwanted
non-realistic deformations. More details concerning
medical image registration techniques can be found
in Antoine Maintz and Viergever (1998), Hill et al.
(2001), and Holden (2008).
A well-known non-linear registration model is
the Demons’ algorithm developed by Thirion (1998)
‡
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and Pennec et al. (1999), in which a multi-scale
and iteration process is used to achieve a good quality, and here we have also used these techniques. A
popular metric for image registration is mutual information (Wells et al., 1996; Pluim et al., 2004).
Mutual information has the advantage of being able
to handle registration of diﬀerent modalities. In addition, normalized cross-correlation metric has also
been applied to both aﬃne and deformable registration problems (Yuan et al., 2006; Andronache et al.,
2008; Gan et al., 2008; Schnabel et al., 2008; Rehman
et al., 2009).
In this paper, we use an alternative approach
and generalize previous work on registration based
on polynomial expansion using a quadratic model.
The idea of local polynomial expansion is that each
image neighborhood can be approximated locally
with a set of low-dimensional polynomial functions.
It turns out that local displacement between a
source and a target image data can be analytically
encoded by the polynomial coeﬃcients (Farnebäck
and Westin, 2006). An advantage of this analytic
approach, compared to a numerical method, such
as gradient-based optimization to ﬁnd the transla-
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3 Translation estimation

tion ﬁeld, is that the convergence is in general much
faster with an analytic approach. This paper also
extends the aﬃne method to a non-linear method using a multi-aﬃne approach, where spatially localized
aﬃne models are estimated and combined in order
to handle the more complex non-linear deformation
ﬁelds necessary for deformable registration.

Following the description in Farnebäck and
Westin (2006), to derive the expression for the translation, we ﬁrst consider a polynomial expansion of
the signal, ffixed, and a version of the signal that has
been globally translated, fmoving , by the vector d .

2 Local polynomial expansion

3.1 Translation estimation from ﬁrst-order
polynomial expansion

The idea behind polynomial expansion is to approximate the image’s intensity in a neighborhood
of each voxel with a set of polynomial functions.
Westin (1994), Farnebäck (2002), and Farnebäck and
Westin (2006) proposed a framework of polynomial
expansion for registration, and they used a linear
and quadratic polynomial expansion model for image registration:
f (x ) ∼ x T Ax + b T x + c,

We start with the simpler ﬁrst-order polynomial
(linear) expansion model, and then in the next section we will derive the expression for the quadratic
case.
With the linear polynomial expansion model,
the target ffixed and source images fmoving can be
locally described by
ffixed(x )
fmoving (x )

(1)

where A is a symmetric matrix, b is a vector, and c
is a scalar.
This expansion can also be written using a matrix B containing the basis functions. For simplicity,
we will consider only quadratic polynomials. The
number of basis functions required for quadratic
polynomials depends on the dimensionality of the
signal:

Suppose that fmoving (x ) has been translated by
the vector d in relation to the ﬁxed image, i.e.,
fmoving (x ) = ffixed (x − d ). Inserting the expressions
for the local expansion then gives
fmoving (x ) =

|
B =⎝ 1
|

| |
x y
| |

|
x2
|

|
y2
|

ffixed(x − d ) = b T
f (x − d ) + cf

=



10 in 3D : 1, x, y, z, x2 , y 2 , z 2 , xy, xz, yz.
⎛

∼ bT
m x + cm .

T
T
bT
f x + cf − b f d = b m x + cm .

Equating the coeﬃcients in linear polynomial yields:

6 in 2D : 1, x, y, x2 , y 2 , xy;
In 2D, then

∼ bT
f x + cf ,

⎞
|
xy ⎠ ,
|

bm = bf,
cm = cf − b T
f d.

(3)

Inserting c(x ) = cf (x ) − cm (x ), b(x ) = (b f (x ) +
b m (x ))/2 in Eq. (3) gives
b(x )T d = c(x ).

and
f (x ) ∼ r Br ,

(4)

T

where the vector r = [r1 , r2 , ..., r6 ]T contains the
coordinates corresponding to the respective basis
functions in B. These quadratic polynomial expansion coordinates (also called coeﬃcients) can be estimated using a weighted least squares method to
solve for the polynomial coeﬃcients in each image
neighborhood (Westin, 1994; Farnebäck, 2002),
r opt = arg min
r



This gives an expression of the local displacement d
for a neighborhood. Combining the local constraints
over the image, a global displacement d can be estimated by minimizing the squared error:
d opt = arg min
d



||b(x )T d − c(x )||2 .

(5)

x

Solving for d opt then gives
w(x )||B(x )r − f (x )|| ,
2

(2)

x

where w is a Gaussian spatial weighting function.

d opt =



b(x )b(x )T

−1


b(x )c(x ) . (6)
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3.2 Translation estimation from second-order
polynomial expansion

this third constraint. However, by substituting the
whole Eq. (10) into Eq. (11), we obtain

For the second-order (quadratic) polynomial expansion model we can write the ﬁxed and translated
signal as

cm = d T (b f − b m )/2 − b T
f d + cf

ffixed(x ) = x T Af x + b T
f x + cf ,

= (b f − b m )T d /2 − b T
f d + cf
= −(b f + b m )T d /2 + cf .

(7)

and construct a new signal fmoving by a global translation d :

By inserting c(x ) = cf (x ) − cm (x ) and b(x ) =
(b f (x ) + b m (x ))/2, we obtain again the constraints
for the displacement ﬁeld:

fmoving (x ) = ffixed(x − d )

b(x )T d (x ) = c(x ),

= (x − d ) Af (x − d ) +
T

bT
f (x
T

− d ) + cf

= x Af x + (b f − 2Af d ) x + d Af d
T

d=

= x T Am x + b T
m x + cm .
(8)
Equating the quadratic, linear, and constant coeﬃcients yields:
(9)

b m = b f − 2Af d ,
cm = d A f d −
T

bT
f d

(10)
+ cf .

(11)

Farnebäck and Westin (2006) used Eqs. (9) and
(10) to derive an expression for the displacement. By
setting A(x ) = (Am (x ) + Af (x ))/2, and Δb(x ) =
(b f (x ) − b m (x ))/2,
A(x )d = Δb(x ),

(12)

and d was computed by minimizing the squared error
with the constraints over the whole image,

d opt = arg min
d







A(x )d − Δb(x )2 ,

b(x )b(x )T

=



−1



A(x )T Δb(x ) .
(14)

In this paper we wish to investigate the estimation of d by incorporating the information contained
in the additional constraint available by Eq. (11). It
is diﬃcult to directly derive an expression of d from



b(x )c(x ) . (16)

β1 ||A(x )d − b(x)||2

x

(13)

+β2 ||b(x )T d − c(x )||2 , (17)

x

A(x )T A(x )

−1

It is interesting to see that the third constraint
(Eq. (11)) generates an expression for estimating the
displacement vector d identical to the one obtained
from the derivation using the ﬁrst-order approximation (Eq. (6)). It should be noted, however, that
when increasing the model from order one to two,
the added second-order basis functions are orthogonal to the ﬁrst-order ones, but not to the constant
(0th order) basis function. This means that the ﬁrstorder term b will be estimated in the same way by
linear and quadratic models, but the constant term
c, the coeﬃcient for the 0th order basis function, will
not.
In Farnebäck and Westin (2006), the estimation
of the displacement vector d from the linear and the
quadratic models were combined (Eqs. (4) and (14)):

2

with the least squares solution for the displacement
d opt ,
d opt =

with the least squares solution for d ,

T

− bT
f d + cf

Am = Af ,

(15)



G

=

h

=

d

= G −1 h.



(β1 A(x )T A(x ) + β2 b(x )b(x )T ),
(β1 A(x )T b(x ) + β2 b(x )c(x )),
(18)

In this work we combine the two estimated displacement vectors derived directly from the secondorder model (Eqs. (14) and (16)). It is interesting
to see that the expressions are identical, except for
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the fact that b and c are derived from diﬀerent models. However, from the fact that b is the same in
linear and quadratic models, the only diﬀerence in
the expressions will be in the constant factor c. As
we will see in the experiments, using the c from the
quadratic model yields better registration results.

4 Aﬃne registration based on local
polynomial expansion
4.1 Estimation of aﬃne registration parameters
Suppose the displacement of x is d (x ) =
(d1 (x ), d2 (x ))T , where d1 (x ), d2 (x ) are the components of d (x ) in x, y directions. As for aﬃne transform, it can be represented with six parameters:

2010 11(7):495-503

is enough). For each iteration, the coeﬃcients are
updated using the previous estimated aﬃne transformation according to the following equations:
fm (x )
fm (F x )
fm (x + t)

∼ x T Am x + b T
m x + cm ,
∼ x T (F T Am F )x + (F T b m )T x + cm ,
∼ x T Am x + (b m + 2Am t)T x
+(t T Am t + b T
m t + cm ),

AF
m

= F T Am F ,

bF
m

= F T b m,

cF
m

= cm ,

Atm
b tm
ctm

= Am ,
= b m + 2Am t,
= t T Am t + b T
m t + cm .

d1 (x ) = a1 + a2 x + a3 y,
d2 (x ) = a4 + a5 x + a6 y.
We deﬁne the basis function as S (x ) and aﬃne parameters as P corresponding to pixel x . We have
equation d (x ) = S (x )P . Substituting this into
Eq. (17), using the least squares method again, we
obtain the solution to estimate aﬃne registration parameters P for the whole image:
1 x
0 0

S (x ) =

y
0

0
1

0 0
x y

,

P = [a1 , a2 , a3 , a4 , a5 , a6 ]T ,


2

=



(β1 ||A(x )S (x )P − b(x )||

5 Multi-aﬃne registration
2

x

G

=



+β2 ||b(x )S (x )P − c(x )||2 ),
(β1 S (x )T A(x )T A(x )S (x )

x

h

+β2 S (x )T b(x )b(x )T S (x )),

=
(β1 S (x )T A(x )T b(x )
x

+β2 S (x )T b(x )c(x )),
P

= (G  )−1 h  .

The same iteration scheme can also be used in
each scale. By starting the registration at a low
resolution, large deformations can be captured. By
applying the estimated transform, re-estimating the
residual transform at the next ﬁner scale, and iterating this procedure until reaching the ﬁnest scale,
large deformations can be estimated accurately in
an eﬃcient way. In our experiments, three scales are
used, wherein the polynomial expansion is performed
at every scale.

(19)

4.2 Iterations and multi-scale
To reduce the error from model mismatch the
algorithm is iterated a few times (typically 2–3 times

Global aﬃne registration is often suﬃcient only
to align image data from the same subject. For
aligning data from diﬀerent subjects, global aﬃne
registration is normally used as a ﬁrst step to remove translation and rotation, but then a deformable
registration is required to align the corresponding
anatomical features.
The analysis outlined in the previous sections on
calculating the aﬃne transform is performed globally
over the image. If we perform the same analysis for
several local regions, we obtain a description of the
displacement ﬁeld in terms of local aﬃne transforms.
The local regions are deﬁned by a spatial mask, m i ,
and for each of them we thus obtain a displacement
ﬁeld d i . In this study we combine these local ﬁelds
to a non-linear global deformation using a weighted
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sum:
d (x ) =

K

mi (x )d i (x )
i=1

K
i=1

,

(20)

mi (x )

where the partial masks m i used in this study are
Gaussian functions:
1
(x − x i )T (x − x i )
mi (x , σi ) = √
exp −
,
2σi2
2πσi

where σi is the variance, and x i is the spatial centers of the mask. Usually, we choose uniformly distributed grid points as the mask’s centers, and the
variance of the Gaussian mask varies from big to
small.

6 Experiments
This section presents some experimental results
of the above aﬃne and multi-aﬃne algorithms using
synthesized and real data. For the evaluation of the
experiments, we refer to methods described in Hellier
et al. (2003), Noblet et al. (2006), and Gholipour et
al. (2008). In the ﬁrst experiment, we compared
the aﬃne registration algorithms based on ﬁrstand second-order polynomial expansion, together
with our previous method, which combined the constraints from the ﬁrst-order expansion model and one
of the constraints from the second-order expansion
model. In this experiment, we used a 2D brain magnetic resonance imaging (MRI) T1 image as the target (Fig. 1a). Then we created a group of 20 source
images with known linear transformations, and we
registered them back to the target using the three
aﬃne algorithms described in Section 4. These linear
transforms were created according to the following
rule: the scaling factor within [0.90, 1.20], the other
items of the transform matrix within [−0.25, 0.25],
and the translation item within [−10, 10]. To verify
these algorithms’ sensitivity to noise, we further created a group of source images by adding a Gaussian
noise to the previously transformed sources. These
linear transformations and Gaussian noise were created randomly. After that, we registered the deformed source images and deformed noisy source images back with linear, quadratic, and the combined
algorithms, respectively. For each of these registrations, we estimated the linear registration transform
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and weighted its diﬀerence from the known transform that we added on the target using Frobenius’
norm. For the registration of deformed sources, the
average registration error of the quadratic aﬃne algorithm was 5.81 × 10−3 with a standard deviation
of 3.7682 × 10−4, while the average error of the linear
method was 5.85 × 10−3 with a standard deviation of
3.8738 × 10−4, and the average error of the combined
method was 5.88 × 10−3 with a standard deviation
of 3.5568 × 10−4 . For the result of deformed noisy
sources, the average error of the quadratic algorithm
was 0.1011 with a standard deviation of 0.0030, the
average error of the linear method was 0.1078 with a
standard deviation of 0.0025, and the average error
of the combined algorithm was 0.1450 with a standard deviation of 0.0066. The average CPU time of
these three algorithms was: quadratic 1.32 s, linear
0.61 s, combined 1.38 s. The combined algorithm required two times polynomial expansion, so a longer
time was required. The numbers of iterations were
all 5. These results showed that the accuracy and
sensitivity to noise of the quadratic model are a little better than those of the other two. The linear
model was the fastest because it is the simplest one.
All of these three algorithms converged rapidly.

(a)

(b)

(c)

Fig. 1 The target, one of the deformed source
images, and one of the deformed noisy source images. (a) Target image; (b) Image obtained by
applying a linear transform to the target with
scaler within [0.90, 1.20], other linear items within
[–0.25, 0.25], and the translation item within
[–10, 10]; (c) Image obtained by adding a Gaussian noise to the deformed source image

In the second experiment, we veriﬁed the performance of the quadratic polynomial expansion algorithm using 3D test data. The target volume
was a T1 brain volume, downloaded from test data
(MNI152_T1_2mm_brain.nii). As in the previous
experiment, the source volume was obtained by applying a group of known linear transforms F to the
target. In this experiment, we obtained 20 trans-
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formed source images using linear transforms; the
linear transforms T were created according to: the
scale factor si ∈ [0.8, 1.3] (i = 1, 2, 3), the factor
ai ∈ [−0.3, 0.3] (i = 1, 2, ..., 6), and the translation
factor bi ∈ [−10, 10] pixels (i = 1, 2, 3). The parameters were then recovered by registering the synthetic
source image to the original dataset. One result of
the registrations is shown in Fig. 2.

Fig. 2 Test example for 3D using the quadratic
aﬃne algorithm. Top row: the target, source,
registration result and error images on the axial
plane; middle row and bottom row images are the
results on sagittal and coronal planes. The rightmost column shows the error as diﬀerence images,
where the background gray corresponds to zero
error. There are only minor errors close to the
edges in the image, indicating a good alignment

2010 11(7):495-503

We used the Frobenius norm to weight the diﬀerence between a known transform and the estimated
transform. For the error of this experiment, we used
the average of the 20 times registrations’ errors. Here
the average error was 0.0050 and the standard deviation of them was 2.7385 × 10−5 . Furthermore, we
used larger parameters of the linear transform to
create the source image. We found that, when the
translation was larger than 20, the ai factors larger
than 0.5, and the scaling factor larger than 1.5 or
smaller than 0.7, the registration error will increase.
In the third experiment, we investigated the
power of the multi-aﬃne algorithm presented in Section 5, and compared the registration result with
that obtained using the aﬃne algorithm based on
quadratic polynomial expansion. The target and
source images in this experiment came from diﬀerent
subjects, while under the same scanning parameters
setting. The 3D image data was T1-weighted MRI
data. In the multi-aﬃne registration process, the
number of scales was 2, and the maximal number
of iterations was 5 in each scale. The axial central
slices of the target, source, and registration result
with error images are shown in Fig. 3.

The estimated transform is denoted as F  . The
computational time for this experiment, where the
size of this data was 91 × 91 × 109, was 88 s on
a standard personal computer with a dual core 2.0
GHz CPU and 3 GB of RAM.
⎞
s1 a1 a2 b 1
⎜ a3 s2 a4 b 2 ⎟
⎟
T =⎜
⎝ a5 a6 s3 b 3 ⎠ ,
0 0 0 1
⎞
⎛
1.1 −0.2 −0.3 2.0
⎜ 0.3
0.9 −0.4 3.0 ⎟
⎟
F =⎜
⎝ −0.2 −0.1 1.2 4.0 ⎠ ,
0.0
0.0
0.0 1.0
⎛
1.1004 −0.2001 −0.2998 2.0030
⎜
0.2999
0.9003 −0.2998 3.0048
F = ⎜
⎝ −0.2000 −0.1002 1.2000 4.0024
0.0
0.0
0.0
1.0

Fig. 3 Comparison of the multi-aﬃne and aﬃne
algorithm. Left column: upper is the central slice
of the target and lower is that of the source; middle column: upper is the registration result using
the aﬃne algorithm, and lower is the error between the aﬃne registered source and the target;
right column: upper is the result of the multiaﬃne algorithm, and lower is the error image

⎛

⎞
⎟
⎟.
⎠

To assess the quality of the registration result,
we compared the registration result to the result obtained by the Demons algorithm (Thirion, 1998). For
the registration with Demons’ algorithm, we chose
two scales, and in each scale we iterated the registration process 5, 10, and 20 times. The registration
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results are shown in Fig. 4. The upper images are the
registration results and the lower images are the difference between the registered image and the target
image. As the registration result was not satisfactory, we further did the registration with three scales,
5, 10, and 20 iterations. The results are displayed in
Fig. 5. The multi-aﬃne registration algorithm converged faster than Demons’ because it needs fewer
scales and fewer iterations to achieve a good registration result. In fact, for the multi-aﬃne registration
algorithm, two or three iterations are suﬃcient for
obtaining a relatively good registration result.

Fig. 4 Registration results of Demons’ non-rigid
registration algorithm using the same datasets as
multi-aﬃne registration (the number of scales is
2). Left column: upper is the central slice of the
registration result with 5 iterations and lower is
the error compared with the target; middle column: upper is the result with 10 iterations and
lower is the error; right column: upper is the result with 20 iterations and lower is the error image

7 Discussion
In this paper, we have described an aﬃne and
a multi-aﬃne registration algorithm derived from a
local polynomial expansion model. We set the size
of local neighborhood for polynomial expansion to 9
or 15 pixels. Comparison of equations of the linear
model and the quadratic model (Eqs. (6) and (18))
shows that there are two additional parameters β1
and β2 in the quadratic model. We found that in
general β1 should be set smaller than β2 . Usually,
we use the parameters β1 = 0.38, β2 = 1.0, since
the weight of the linear item should be larger than
that of the quadratic item in function approximation.
Another parameter in the multi-aﬃne algorithm is
the standard deviation of the Gaussian mask, and
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Fig. 5 Registration results of Demons’ non-rigid
registration algorithm using the same datasets as
a multi-aﬃne algorithm (the number of scales is
3). Left column: upper is the central slice of the
registration result with 5 iterations and lower is
the error compared with the target; middle column: upper is the result with 10 iterations and
lower is the error; right column: upper is the result with 20 iterations and lower is the error image

usually we choose σi = 15, 30, 60.
The multi-aﬃne algorithm is obtained by combining several aﬃne registration transforms, where
each aﬃne transform is global, but with a focus on
a special local region. The idea of multi-aﬃne is
very similar to another non-linear registration algorithm named polyaﬃne (Arsigny et al., 2005). The
notable advantage of the polyaﬃne method is that it
guarantees the invertibility of transformation. This
property is very helpful when a large displacement
exists in the registration process. In multi-aﬃne registration, we apply an aﬃne registration ﬁrst, and
the aﬃne transform we take is a least squares solution of the intensity-based cost function. After that,
the large deformations are eliminated, and the multiaﬃne process combines several locally aﬃne transformations together. Each of these aﬃne transforms
is also a local least squares solution. For small deformations, these transforms are all diagonally dominant. Therefore, the ﬁnal multi-aﬃne deformable
transform is still invertible. The main merit of the
multi-aﬃne method is its high accuracy and rapid
convergence, which is based on the analytical solution and iteration method to search for the parameters of transformation.

8 Conclusions
In this paper, we have presented an aﬃne
and a non-linear (multi-aﬃne) registration algorithm
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based on local polynomial expansion. We have extended previous work by deriving an expression for
the displacement from the quadratic polynomial expansion model and incorporated this into the multiaﬃne registration method. An advantage of the
polynomial expansion model is that the displacement ﬁeld can be described analytically, which in
turn translates into rapid convergence for the algorithm. The presented work improves the accuracy
of registration, which ultimately aims at enabling
better decision making during the procedures that
require alignment of images. The experiments indicate that the presented aﬃne and multi-aﬃne methods are robust. Future work will include a more
complete validation study.
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