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1 Introduction
Describing and understanding various behaviors
of a complex system by abstracting the system as a
network consisting of many coupled nodes is a key
approach (Albert and Barabási, 2002; Newman, 2003;
Boccaletti et al., 2006). Synchronization in complex
networks, as a common phenomenon of a population
of dynamically interacting individuals, is one of the
most demonstrated topics (Wu and Chua, 1995; Pikovsky et al., 2001; Arenas et al., 2008; Kurths et al.,
2009). Many specific issues and collective behaviors
in physics, biological, social, and computer sciences
are related to synchronization. Therefore, many researchers have devoted their attention to this subject.
In this endeavor, the regulation problem is potentially
of great significance for synchronization of dynami-
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cal systems on complex networks (Hu et al., 1998; Li
and Chen, 2004; Lü and Chen, 2005; Chen and Zhou.,
2006; Zhou et al., 2006; Xiang and Chen, 2007;
Xiang et al., 2007; Duan et al., 2008; Wang et al.,
2008a; 2009).
From the control point of view, designing controllers to all nodes is a natural idea in synchronizing
a complex dynamical network. When applied, each
node is forced towards the desired synchronous trajectory by its controller. However, a difficulty arises
due to the impossibility of controlling each node for a
large-scale network. To reduce the controller number
of the considered network, pinning control is thus
introduced. The general idea behind pinning control is
to apply local linear feedback to some nodes to
achieve network synchronization. Grigoriev et al.
(1997) and Parekh et al. (1998) introduced pinning to
control spatiotemporal chaos in coupled map lattices.
Wang and Chen (2002) considered the problem of
pinning a scale-free dynamical network to its equilibrium. Sorrentino et al. pointed out that the controllability of complex networks through pinning can
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be evaluated by using the master stability function
approach (Pecora and Carroll, 1998; Sorrentino et al.,
2007).
The problem of pinning controllability has been
successfully solved. There then appears, however,
another fundamental question; i.e., how many controllers should be designed for a given dynamical
network. The answer to this question directly relates
the advantages of pinning to that of the other control.
Li et al. (2004) presented two typical pinning strategies, selective pinning and random pinning, and numerically showed the effectiveness of the selective
pinning strategy. Wang et al. (2008b) theoretically
provided several pinning strategies for some networks
with several typical topologies based-on linear matrix
inequality. Chen et al. (2007) suggested that only one
controller can synchronize a general coupled complex
network. However, it usually requires a sufficiently
large coupling strength for the controlled network to
guarantee pinning synchronization. Another significant result attained by Zhou et al. (2008) showed an
analytical estimation of controllers for a general
complex dynamical network through adaptive pinning. As shown in Zhou et al. (2008), the coupling
matrix of the controlled network has been redefined
by replacing its diagonal entries. This modification
leads to a non-diffusive coupling matrix and equivalently adds controllers for each node. Therefore, it has
not been completely solved for number estimation of
controllers in pinning a linearly diffusively coupled
complex network based on the above discussions.
In this paper, we focus on the problem of controller number estimation and attempt to give some
results. For the eigenvalue criterion in pinning a
complex network of a coupled dynamical system, we
introduce an equivalent criterion in the form of linear
matrix inequality. Furthermore, we provide a necessary condition and a sufficient condition for the
holding of the linear matrix inequality, which can be
used to obtain a lower bound and an upper bound of
the controller number in pinning a complex network.

2 Problem descriptions
In general, the equations for a linearly coupled
complex dynamical network via pinning control can
be formulated as follows:

N

x i = f ( xi ) − σ ∑ Gij x j + ui , 1 ≤ i ≤ N ,

(1)

j =1

where xi=(xi1, xi2, …, xin)T∈ún is the state variable of
node i, smooth nonlinear vector f(·)∈ún governs the
dynamics of each node, σ is the overall coupling
strength of the whole network, and coupling matrix
G=(Gij)∈úN×N is symmetric, describing the weighted
topology. To ensure the existence of the synchronous
solution for network (1), we assume that the coupling
matrix G is a diffusive one satisfying
Gii = −

N

∑

i =1,i ≠ j

Gij .

(2)

And the pinning term ui is assigned to be a linear
feedback law (Wang and Chen, 2002; Li et al., 2004;
Sorrentino et al., 2007):
ui = −σ ki ( xi − s ),

(3)

where s(t) is the desired trajectory such that s = f ( s ),
and ki≥0 is the feedback gain of node i. Obviously,
ki=0 means no control acting on node i.
The objective of pinning is to achieve complete
synchronization of network (1) by finding l nodes and
controlling them, i.e.,

lim xi (t ) − s (t ) = 0,
t →∞

(4)

where ║·║ is the Euclidean norm, and the value of l is
the number of ki>0 for 1≤i≤N.
Note that each node in network (1) is assumed to
be fully coupled with its neighbors; i.e., any two coupled nodes are connected through all corresponding
components of their state variables. Based on this
assumption, many investigations about pinning indicate that the pinning controllability of network (1) can
be evaluated by the following results:
Lemma 1 (Li et al., 2004; Wang et al., 2008b; Wu,
2008) Assume that f satisfies a Lipschitz condition.
The controlled network (1) achieves synchronization
about s(t) if λ1(G+K)>α, where λ1 is the minimum
eigenvalue of the corresponding matrix, feedback
gain matrix K=diag{k1, k2, …, kN} describes the
number and the location of controllers in pinning, and
α is a positive constant determined by the coupling
strength σ and node dynamics f.

472

Wang et al. / J Zhejiang Univ-Sci C (Comput & Electron) 2011 12(6):470-477

Lemma 1 shows that, for a particular network,
there seems to be a critical value α in pinning network
(1): the desired synchronization appears as the value
of λ1(G+K) is larger than α. In addition, the value of α
can be evaluated by constructing Lyapunov functions
or by computing the largest Lyapunov exponent of f.
Then what we want in pinning is to determine the
feedback gain matrix K to guarantee the condition in
Lemma 1. Hereafter, assume that α is known a priori
for a given complex network.
Lemma 2 (Schur complements, Boyd et al., 1994)
The three inequalities below are equivalent to each
other:
⎡ Q ( v ) P (v ) ⎤
(1) ⎢ T
⎥ > 0,
⎣ P ( v ) R (v ) ⎦
(2) Q(v)>0, M(v)=R(v)−PT(v)Q−1(v)P(v)>0,
(3) R(v)>0, N(v)=Q(v)−P(v)R−1(v)PT(v)>0,
where Q(v)=QT(v), R(v)=RT(v), and P(v) depends
affinely on v.

3 Main results
Theorem 1 The inequality λ1(G+K)>α holds if
G + K − λc I ≥ 0,

(5)

Case 1: If p=0, then G is semi-negative definite.
It is obvious that l≥p=0 holds for any Eq. (6).
Case 2: If p=r, then G is semi-positive definite.
To ensure Eq. (6), the rank of matrix G should be at
least larger than or equal to r, i.e., l≥r=p.
Case 3: For a common case, i.e., 0<p<r, we
adopt reduction to absurdity to explain. Assume
0<l<p<r. Then,

N − p < N − l = Ker( K ),

(7)

where Ker(·) is the kernel of the corresponding
matrix.
Eq. (7) indicates that there exists a nonzero vector y0∈úN such that y0T Ky0 = 0 and y0T Gy0 = 0. Actually, for any nonzero vector y∈úN, we always have
y T Ky ≥ y T Gy, which is in contradiction to that ac-

quired above. Thus, we deduce l≥p. The proof is
completed.
A similar result can be found in Xiang and Chen
(2007). Note that Theorem 2 provides a necessary
condition for the holding of Eq. (5), which can also be
used to estimate the necessary number of pinned
nodes. That is, for a given coupling matrix G and
constant λc, pinning requires at least p controllers to
achieve synchronization of the network (1).
Lemma 3 For a coupling matrix G, there must exist
an orthogonal matrix U∈úN×N such that UTGU=Γ,
where U is of block form as

where λc is an arbitrary constant such that λc>α, and I
is an identity matirx with corresponding dimension.
Based on the results in Lemma 1 and Theorem 1,
we further deduce that the pinning synchronization of
network (1) can be guaranteed by Eq. (5). The subsequent discussions will focus on the holding of
Eq. (5). In general, the choice of λc determines the
controller number: selecting a large λc will lead to a
large number of controllers. In what follows, we define λc=α+ε, where ε>0 is sufficiently small.
Theorem 2 If Eq. (5) holds, then l≥p, where p is the
positive index of inertia of matrix (λcI−G).
Proof We rewrite Eq. (5) as

U1∈úl×l is a nonsingular matrix, Γ=diag{μ1, μ2, …, μN}
with eigenvalues 0=μ1≤μ2≤μN.
Proof For network (1), we can write down different
coupling matrices (or Laplacian) by rearranging the
order of nodes. Assume that G and G′ are two coupling matrices of network (1). Then there exists a
nonsingular matrix P such that

K ≥ G = λc I − G.

G ′ = P T GP ,

(6)

Let r and p be the rank and the positive index of
inertia of G , respectively. Then we have N≥r≥p≥0.
Consider three cases of p as follows:

⎡U U 2 ⎤
U =⎢ 1
⎥,
⎣U 3 U 4 ⎦

(8)

(9)

where P∈úN×N is a permutation matrix that has one
and only one entry 1 in each row and each column and
0’s elsewhere.
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For a given matrix G, suppose that matrices P
and G′ are to be determined. Then there exists an
orthogonal matrix U′∈úN×N such that

U ′T G ′U ′ = Γ = diag {μ1 , μ2 , " , μ N } ,

(10)

where μ1≤μ2≤…≤μN are the eigenvalues of matrix G.
Substituting Eq. (9) into Eq. (10) yields
( PU ′)T G ( PU ′) = Γ ,

⎡U U 2 ⎤
PU ′ = ⎢ 1
⎥,
⎣U 3 U 4 ⎦

(12)

where U1∈ú is a nonsingular matrix. Therefore,
letting PU′=U, the proof is completed.
For simplicity, let the first l nodes be pinned.
This can be guaranteed by rearranging the order of
network nodes such that the controlled nodes are the
first l nodes in the rearranged network. Then we have
the following result:
Theorem 3 If μl+1≥λc/λm holds for a particular l, then
network (1) achieves asymptotical synchronization
about s(t) via pinning the first l nodes, where λm is the
minimal eigenvalue of matrix U1TU1.
Proof Writing the matrices G and K in a block form
gives
l×l

⎡W
K =⎢ l
⎣0

U T (G + K − λc I )U ≥ 0,

(14)

where U is chosen according to Lemma 3. Furthermore, we derive
⎡ Γ1 − λc I + U1TWl U1
⎢
U 2TWl U1
⎣

⎤
⎥ ≥ 0, (15)
Γ 2 − λc I + U Wl U 2 ⎦
U1TWl U 2

T
2

(11)

where the orthogonal matrix U′ left multiplied by P
means exchange of some rows of matrix U′, and PU′
is still an orthogonal matrix since PTP=I.
It is easy to verify that the first l columns of
matrix U′ are linearly independent. For simplicity, we
denote by Ul the matrix that contains the first l columns of matrix U′. Then the row rank of Ul is equal to
l, which also indicates that there exist l linearly independent rows. Since P is an arbitrarily chosen
permutation matrix, one can find a proper matrix P to
rearrange the row order of matrix U′ such that the first
l rows are linearly independent; i.e., PU′ can be rewritten as follows:

⎡ G G2 ⎤
G=⎢ 1
⎥,
⎣G3 G4 ⎦

For the result in Theorem 2, we rewrite Eq. (5) as

0⎤
,
0 ⎥⎦

where Γ1∈úl×l and Γ2∈ú(N−l)×(N−l) are diagonal matrices whose diagonal entries are μi, i=1, 2, …, N.
According to Lemma 1, we give an equivalent
condition of Eq. (15):
Γ1 + U1TWl U1 − λc I > 0,

(16)

Γ 2 + U WU 2 − λc I > 0,

(17)

T
2

where
W = Wl − Wl U1 ( Γ1 + U 1TWl U1 − λc I )−1U1TWl > 0.
It is noted that all diagonal entries of Wl can be large
enough and U1 is chosen as a nonsingular matrix by
Lemma 3. Hence, no matter what Γ1 and λc are,
Eq. (16) always holds. We then focus on Eq. (17).
For matrix W, we have
−1/ 2 −1
W = Wl1/ 2 ( I − ( I + Wl −1/ 2 ΔW
) )Wl1/ 2 ,
1 l

(18)

where
Δ1 = U1− T ( Γ1 − λc I )U1−1 .
−1/ 2
Since Wl −1/ 2 ΔW
< 1, a Taylor series expansion is
1 l

given by
−1/2 −1
−1/2
( I + Wl −1/2 ΔW
) = I − Wl −1/2 ΔW
+ o(Wl −2 ), (19)
1 l
1 l

where the notation O(·) represents an infinitesimal of
the same order.
Substituting Eq. (19) into Eq. (18) yields
W = Δ1 + O(Wl −1 ).

(20)

(13)

where G1∈úl×l, G2∈úl×(N−l), G4∈ú(N−l)×(N−l), and
Wl∈úl×l is a diagonal positive definite matrix.

Then one can write down an equivalent condition of
Eq. (17) as
Γ 2 − λc I + U 2T ( Δ1 + O(Wl −1 )U 2 ) ≥ 0.

(21)
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Apparently, Eq. (21) can be guaranteed by the following inequality:
Γ 2∗ = Γ 2 − λc I + U 2T ΔU
1 2 ≥ 0.

(22)

Recalling the result in Theorem 1, we have l≥p. That
is, μl+1≥μl≥λc. Since the smallest diagonal value of Γ2
is μl+1, we have

Γ 2 − λc I ≥ ( μl +1 − λc ) I ≥ 0.

(23)

On the other hand, let λm be the minimum eigenvalue of matrix U1TU1. Then we derive that λm>0
is the minimum eigenvalue of matrix U1U1T. Also,
notice that U is an orthogonal matrix. Then,
⎧⎪U1U1T + U 2U 2T = I ,
⎨ T
T
⎪⎩U 2 U 2 + U 4 U 4 = I .

(24)

We thus deduce that λm<1 is the minimum eigenvalue
of matrix U4TU4.
Substituting Eq. (24) into Eq. (23), we have
Γ 2 − λc I ≥ ( μl +1 − λc )(U 2TU 2 + U 4TU 4 )
≥ ( μl +1 − λc ) ⎡⎣U 2TU 2 + λm (U 2TU 2 + U 4TU 4 ) ⎤⎦ (25)
≥ ( μl +1 − λc ) / (1 − λm ) ⋅ U 2TU 2 .
Moreover, the matrix Γ2* satisfies
⎡ μ − λc
⎤
Γ 2* ≥ U 2T ⎢ l +1
I + U1− T ( Γ1 − λc I )U1−1 ⎥ U 2
⎣ 1 − λm
⎦
⎡ μ − λc
⎤
≥ U 2T ⎢ l +1
I + ( μ1 − λc )U1− TU1−1 ⎥ U 2 (26)
⎣ 1 − λm
⎦
≥

μl +1λm − λc T
U U .
λm (1 − λm ) 2 2

If μl+1≥λc/λm, we deduce Γ2*≥0. The result further
ensures linear matrix inequalities (16) and (17). The
proof is thus completed.
From Theorem 2, we observe that the minimum
eigenvalue λm of U1TU1 can be used to evaluate the
number of pinned nodes. Obviously, a large λm leads
to a small μl+1, and hence a small number of controllers. Also, notice that the pinning strategy determines
the matrix U1. If the pinning strategy is unknown or

uncertain, then there is difficulty in computing the
value of λm. Here, we simply provide an upper bound
of λm. Recalling the unitary diagonalization of matrix
G in Eq. (10), we have
U 3 Γ1U 3T + U 4 Γ 2U 4T = G3 ,

(27)

where Γ1 and Γ2 are selected the same as in Theorem
4. Moreover,

μ1U 3U 3T + μl +1U 4U 4T ≤ G3 .

(28)

Since the minimum eigenvalue of U4U4T is equal to λm,
we then have

λm ( μl +1 − μ1 ) ≤ λ1 (G3 ) − μ1 ,

(29)

where λ1(G3) is the minimum eigenvalue of G3. From
Eq. (29), the upper bound of λm is constrained by the
matrix G3 consisting of unpinned nodes and coupling
relations among them. Actually, the result can be
deduced by the similar matrix block approach as
shown in Theorem 2. We have the following result:
Corollary 1 If λ1(G3)≥λc−μ1, then the synchronous
solution s(t) of network (1) is asymptotically stable
via pinning the first l nodes.
Obviously, once finding a matrix G3 satisfying
the condition in Corollary 1, we then derive the
number and the location of controllers of a particular
pinning strategy corresponding to G3. That is, the
number of pinned nodes, no matter random pinning or
selective pinning, can both be estimated using Corollary 1.
Sometimes, a clear and simple approximation of
the number of controllers is more useful than the
conditions acquired above. A good solution is to estimate the number of pinned nodes just according to
Theorem 2 and an eigenvector of matrix G. This is
particularly suitable for the controlled network with a
symmetric coupling matrix G. In detail, if G is symmetric, 0 must be the minimum eigenvalue with corresponding eigenvector η = (1, 1, " , 1)T / N . It is
easy to verify that eigenvector η can be always located in the first l rows in Lemma 2. That is to say, η
belongs to the matrix U1. Then l/N must be a diagonal
entry of matrix U1TU1. For any symmetric matrix, its
minimum eigenvalue must be equal to or smaller than
any one of its diagonal entries. As a result, a possible
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minimum eigenvalue is l/N, i.e.,
(30)

Note that, in the previous explanation, we always consider each node of the controlled network to
be equivalent without any specification. Thus, the
value l/N can be as per the approximation of random
pinning, where δ=l/N is the probability of random
pinning. Then Eq. (30) can be approximately used to
compute the random pinning probability for a fixed
complex dynamical network.

(∑

N
i =1

)

|| xi (t ) − s (t ) || N , xi(0)

with 1≤i≤500 are random values in the region (3, 7),
s(0)=(4, 5, 6)T. Clearly, the curve Q(t) approaches a
constant as time evolves. It means that the controlled
network (31) is asymptotically synchronizable about
s(t) under one controller.
6
5
4
Q(t)

λm≤l/N.

where index Q(t ) =

3
2

4 Numerical simulations

1

N

x i = f ( xi ) − σ ∑ Gij x j − σ ki ( xi − s ),

(31)

j =1

where 1≤i≤500, G=(Gij) is the Laplacian matrix with
Gij=0 or −1 (i≠j), and the coupling strength σ=103.
The node dynamics are given by
⎡ x ⎤ ⎡ −36(x − y ) ⎤
⎢ y ⎥ = ⎢ 20 y − xz ⎥ .
⎢ ⎥ ⎢
⎥
⎢⎣ z ⎥⎦ ⎢⎣ −3z + xy ⎥⎦

(32)

The theoretical results show that the Lü attractor
is bounded and that the value of α in Lemma 1 is
approximately equal to 117.6 (Li et al., 2006; Zhou et
al., 2008). Thus, according to Lemma 1, the critical
eigenvalue for synchronization is λc=α/(σρm)=0.1176.
Here, the network topology is assumed to obey
the power-law distribution of the BA network model
(Barabási and Albert, 1999), where the parameters are
as follows: m0=m=5, N=500. The second smallest
eigenvalue of G is calculated as μ2=2.9521>λc. According to Theorem 1, there must be at least one node
to be pinned. It was found, by searching the whole
complex dynamical network, that there indeed exists
a case where pinning only one node (the one with the
largest degree) achieves the control goal. Fig. 1 shows
the numerical simulation by pinning the one node,

0
0

1

2

3
t

4

5

6

Fig. 1 Index Q of network (31) by pinning only one node

When the coupling strength σ decreases to 200,
the critical eigenvalue λc=0.5880<μ2. In this case, the
controlled network (31) cannot achieve synchronization by pinning only one node. In other words, the
necessary condition in Theorem 1 cannot sufficiently
guarantee the pinning criterion of synchronization.
One solution is to apply the result in Corollary 1 by
choosing a certain pinning strategy. For example, to
satisfy λ1(G3)>λc, one easily obtains l=5 by the selective pinning strategy and l=66 by random pinning.
Fig. 2 shows the corresponding numerical simulation.
From the figure, the synchronous solution s(t) of the
controlled network (31) is asymptotically stable via
selective pinning and random pinning.
8
6
Q(t)

This section presents several simple examples to
explain the results above. In simulations, we consider
network (1) consists of 500 identical Lü oscillators
(Lü and Chen, 2002); i.e.,

Selective pinning

4

Random pinning

2
0
0

1

2

3
t

4

5

6

Fig. 2 Index Q of the controlled network by selective
pinning and random pinning
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0.68

λ1(G+K)

0.66
0.64

0.25
0.20

0.8
0.6
0.4
0.2

0.15

0

0

1

2

3

4

δr
δn
δs
δo

δ

Also, we can estimate the number of randomly
pinned nodes by Theorem 2 and Eq. (30). It is calculated that lλl+1≥Nλc holds when l=73, which is very
close to that obtained by random pinning. Fig. 3
shows the value of λ1(G+K) through randomly pinning 73 nodes, where ki=10 for all pinned nodes.
From the figure, one can see that almost all random
pinning strategies can guarantee λ1(G+K)>λc and
further guarantee synchronization of network (31).
Thus, Eq. (30) can be simply used for the approximation of random pinning.

0.10
0.05
0

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

λ1(G+K)

Fig. 4 Pinning probability as a function of the minimum
eigenvalue
δr: the random approximation according to Eq. (30); δn: the
numerical result by random pinning; δs: the selective pinning
probability obtained using Corollary 1; δo: the smallest
pinning probability among all possible pinning strategies

0.62
0.60
0.58

5 Conclusions

λc

0

200

400

600

800

1000

m

Fig. 3 The value of λ1(G+K) by random pinning 14.6%
nodes of the whole network (m is the random times)

From previous discussions, a larger λ1(G+K)
means synchronizing network (31) more easily under
the same pinning probability. Based on it, we further
explore how conservative the theoretical results are
by numerical simulations. There is no doubt that,
Theorem 2 sometimes is too conservative to estimate
the controller number; e.g., in Fig. 1, for any
λc<2.9521, there needs pinning of at least one node
according to Theorem 1. However, as shown in Fig. 4,
network (31) needs to pin more nodes to maintain
synchronization, where the network topology is the
same as above, δr is the random approximation according to Eq. (30), δn is numerically calculated by
the random pinning strategy, δs is the selective pinning probability obtained using Corollary 1, and δo is
the smallest pinning probability among all possible
pinning strategies. From Fig. 4, δs agrees quite well
with δo when λ1(G+K) is small; but the difference
becomes larger and larger with the increase of
λ1(G+K). Obtaining δo by enumerating all pinning
strategies is an NP-hard problem; δs is acceptable for
analytical estimation of controllers. Also, notice the
approximation δr>δn, which sufficiently guarantees
network synchronization via random pinning.

Pinning control is an important fitting model to
reduce the number of controllers for complex networks of linearly coupled dynamical systems. In this
paper, the number estimation of controllers has been
theoretically investigated for pinning a complex dynamical network. For a given network model with
fixed network architecture, we show that network
synchronization via pinning can be evaluated using a
linear matrix inequality, and subsequently provide a
necessary condition and a sufficient condition for the
holding of the linear matrix inequality. The two conditions indicate a lower bound and an upper bound of
number estimation of pinned nodes, respectively,
which can be used for theoretical analysis in pinning
control. In addition, an approximation of the number
of randomly pinned nodes is given by the trivial
vector η. This result is quite simple and shows great
effectiveness in numerical simulations. This work
provides an understanding of the mechanisms that
govern complex networks and may be useful in applications of real-world complex systems.

References
Albert, R., Barabási, A.L., 2002. Statistical mechanics of
complex networks. Rev. Modern Phys., 74(1):47-97.
[doi:10.1103/RevModPhys.74.47]

Arenas, A., Diaz-Guilera, A., Kurths, J., Moreno, Y., Zhou, C.,
2008. Synchronization in complex networks. Phys. Rep.,
469(3):95-153. [doi:10.1016/j.physrep.2008.09.002]

Wang et al. / J Zhejiang Univ-Sci C (Comput & Electron) 2011 12(6):470-477

Barabási, A.L., Albert, R., 1999. Emergence of scaling in
random networks. Science, 286(5439):509-512. [doi:10.
1126/science.286.5439.509]

Boccaletti, S., Latora, V., Moreno, Y., Chavez, M., Hwang,
D.U., 2006. Complex networks: structure and dynamics.
Phys. Rep., 424(4-5):178-308. [doi:10.1016/j.physrep.
2005.10.009]

Boyd, S., El Ghaoui, L., Feron, E., Balakrishnan, V., 1994.
Linear Matrix Inequalities in System and Control Theory.
SIAM, Philadelphia, USA.
Chen, M.Y., Zhou, D.H., 2006. Synchronization in uncertain
complex networks. Chaos, 16(1):013101. [doi:10.1063/1.
2126581]

Chen, T., Liu, X., Lu, W., 2007. Pinning complex networks by
a single controller. IEEE Trans. Circ. Syst. I, 54(6):13171326. [doi:10.1109/TCSI.2007.895383]
Duan, Z., Wang, J., Chen, G., Huang, L., 2008. Stability
analysis and decentralized control of a class of complex
dynamical networks. Automatica, 44(4):1028-1035.
[doi:10.1016/j.automatica.2007.08.005]

Grigoriev, R.O., Cross, M.C., Schuster, H.G., 1997. Pinning
control of spatiotemporal chaos. Phys. Rev. Lett., 79(15):
2795-2798. [doi:10.1103/PhysRevLett.79.2795]
Hu, G., Yang, J., Liu, W., 1998. Instability and controllability
of linearly coupled oscillators: eigenvalue analysis. Phys.
Rev. E, 58(4):4440-4453. [doi:10.1103/PhysRevE.58.
4440]

Kurths, J., Maraun, D., Zhou, C.S., Zamora-Lopez, G., Zou, Y.,
2009. S dynamics in complex systems. Eur. Rev., 17(2):
357-370. [doi:10.1017/S1062798709000726]
Li, D., Lu, J., Wu, X., Chen, G., 2006. Estimating the ultimate
bound and positively invariant set for the Lorenz system
and a unified chaotic system. J. Math. Anal. Appl., 323(2):
844-853. [doi:10.1016/j.jmaa.2005.11.008]
Li, X., Wang, X., Chen, G., 2004. Pinning a complex dynamical network to its equilibrium. IEEE Trans. Circ.
Syst. I, 51(10):2074-2087. [doi:10.1109/TCSI.2004.835
655]

Li, Z., Chen, G., 2004. Robust adaptive synchronization of
uncertain dynamical networks. Phys. Lett. A, 324(2-3):
166-178. [doi:10.1016/j.physleta.2004.02.058]
Lü, J., Chen, G., 2002. A new chaotic attractor coined. Int. J.
Bifurc. Chaos, 12(3):659-661. [doi:10.1142/S021812740
2004620]

Lü, J., Chen, G., 2005. A time-varying complex dynamical
network model and its controlled synchronization criteria.
IEEE Trans. Automat. Control, 50(6):841-846. [doi:10.
1109/TAC.2005.849233]

Newman, M.E.J., 2003. The structure and function of complex
networks. SIAM Rev., 45(2):167-256. [doi:10.1137/S00
3614450342480]

477

Parekh, N., Parthasarathy, S., Sinha, S., 1998. S global and
local control of spatiotemporal chaos in coupled map lattices. Phys. Rev. Lett., 81(7):1401-1404. [doi:10.1103/
PhysRevLett.81.1401]

Pecora, L.M., Carroll, T.L., 1998. Master stability functions for
synchronized coupled systems. Phys. Rev. Lett., 80(10):
2109-2112. [doi:10.1103/PhysRevLett.80.2109]
Pikovsky, A., Rosenblum, M., Kurths, J., 2001. Synchronization, a Universal Concept in Nonlinear Sciences. Cambridge University Press, Cambridge, UK.
Sorrentino, F., di Benardo, M., Garofalo, F., Chen, G., 2007.
Controllability of complex networks via pinning. Phys.
Rev. E, 75(4):046103. [doi:10.1103/PhysRevE.75.046103]
Wang, L., Dai, H.P., Dong, H., Cao, Y.Y., Sun, Y.X., 2008a.
Adaptive synchronization of weighted complex dynamical networks through pinning. Eur. Phys. J. B, 61(3):335342. [doi:10.1140/epjb/e2008-00081-5]
Wang, L., Kong, X.J., Shi, H., Dai, H.P., Sun, Y.X., 2008b.
LMI-based criteria for synchronization of complex dynamical networks. J. Phys. A: Math. Theor., 41(28):
285102. [doi:10.1088/1751-8113/41/28/285102]
Wang, L., Dai, H.P., Kong, X.J., Sun, Y.X., 2009. Synchronization of uncertain complex dynamical networks via
adaptive control. Int. J. Robust Nonlinear Control,
19(5):495-511. [doi:10.1002/rnc.1326]
Wang, X., Chen, G., 2002. Pinning control of scale-free dynamical networks. Phys. A, 310(3-4):521-531. [doi:10.
1016/S0378-4371(02)00772-0]

Wu, C.W., 2008. On the relationship between pinning control
effectiveness and graph topology in complex networks of
dynamical systems. Chaos, 18(3):037103. [doi:10.1063/1.
2944235]

Wu, C.W., Chua, L.O., 1995. Synchronization in an array of
linearly coupled dynamical systems. IEEE Trans. Circ.
Syst. I, 42(8):430-447. [doi:10.1109/81.404047]
Xiang, J., Chen, G., 2007. On the V-stability of complex dynamical networks. Automatica, 43(6):1049-1057. [doi:10.
1016/j.automatica.2006.11.014]

Xiang, L.Y., Liu, Z.X., Chen, Z.Q., Chen, F., Yuan, Z.Z., 2007.
Pinning control of complex dynamical networks with
general topology. Phys. A, 379(1):298-306. [doi:10.1016/j.
physa.2006.12.037]

Zhou, J., Lu, J., Lü, J., 2006. Adaptive synchronization of an
uncertain complex dynamical network. IEEE Trans.
Automat. Control, 51(4):652-656. [doi:10.1109/TAC.2006.
872760]

Zhou, J., Lu, J., Lü, J., 2008. Pinning adaptive synchronization
of a general complex dynamical network. Automatica,
44(4):996-1003. [doi:10.1016/j.automatica.2007.08.016]

