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Abstract:
free surface boundary condition. A finite difference method with a predictor-corrector method is applied to solve the

We develop a numerical solution algorithm of the nonlinear potential flow equations with the nonlinear

nonlinear potential flow equations in a two-dimensional (2D) tank. The irregular tank is mapped onto a fixed square
domain with rectangular cells through a proper mapping function. A staggered mesh system is adopted in a 2D tank
to capture the wave elevation of the transient fluid. The finite difference method with a predictor-corrector scheme
is applied to discretize the nonlinear dynamic boundary condition and nonlinear kinematic boundary condition. We
present the numerical results of wave elevations from small to large amplitude waves with free oscillation motion,
and the numerical solutions of wave elevation with horizontal excited motion. The beating period and the nonlinear
phenomenon are very clear. The numerical solutions agree well with the analytical solutions and previously published
results.
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1 Introduction

The formulation of the potential flow problem
with a free surface boundary condition was first de-
veloped by Friedrichs (1934), who used a variational
principle to obtain the pressure condition on the free
surface in steady flows. Luke (1967) gave a simple
extension of this variational principle which arose
from Whitham (1965). Shortly thereafter, a Hamil-
tonian formulation of the irrotational problem was
introduced by Zakharov (1968) and later pursued by
Miles (1977). The variational principles (Rocca et
al., 1997) can be used to construct solutions analyt-
ically, for numerical computations, or to analyze the
stability of the formulae.

Several numerical schemes have been proposed
to solve nonlinear potential flow equations with a
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free surface boundary condition in a two-dimensional
(2D) tank. Penney and Price (1952) developed a
successive approximation to the solution of the po-
tential flow equations and carried the solution to the
fiftth order for the case of 2D wave on a deep lig-
uid. Abramson (1966) presented theoretical and ex-
perimental results pertaining to undamped potential
flow behavior in rigid containers and gave different
analytical formulae of the potential functions. An
important method was proposed by Moiseyev (1958),
who developed a small perturbation parameter as a
power series for velocity potential and wave elevation
of free surface. Faltinsen (1974) applied this per-
turbation method to solve the potential flow equa-
tions and extended the nonlinear solution to third-
order approximation. Faltinsen (1978) and Faltinsen
and Timokha (2002) creatively built an asymptotic
modal method of nonlinear potential flow, and the



394 Luo / J Zhejiang Univ-Sci C (Comput & Electron) 2012 13(5):393-402

revised modal equations took full account of non-
linearities up to fourth-order polynomial terms in
generalized coordinates. Frandsen (2004) developed
a fully nonlinear finite difference model based on in-
viscid potential flow equations. Ikegawa (1974) ap-
plied the finite element method to solve the potential
flow problem and first analyzed the nonlinear water
wave in a tank subjected to horizontal excitation.
Nakayama and Washizu (1981) dealt with an appli-
cation of the boundary element method (BEM) to
the analyses of nonlinear potential flow problems.
Hromadka and Whitley (2005) developed approxi-
mating three-dimensional (3D) steady state poten-
tial flow problems using 2D complex polynomials.

The current numerical methods for potential
flow equations are listed in the following statements.
Tarafder and Suzuki (2008) developed a numerical
method of potential flow with free surface around
a ship using the modified Rankine source panel
method. Chainais-Hillairet et al. (2009) presented
numerical solutions of Euler-Poisson systems for po-
tential flows from a numerical viewpoint. Sarler
(2009) expressed the solution of a 2D bubble shape
in potential flow by the method of fundamental solu-
tions. Wang and Zhang (2007) extended the numeri-
cal solution of potential flow from 2D to 3D space for
the potential flow problem coupled with the dynam-
ics of rigid body, which was developed to determine
numerically the resultant force and moment of force
acting on an arbitrary 3D solid body. Klaseboer
et al. (2011) gave boundary element simulations of
potential flow with viscous effects as applied to a
rising bubble. Abbaspour and Hassanabad (2009)
developed a novel 2D BEM with composed elements
to study the sloshing phenomenon. Wu and Chen
(2009) developed a time-independent finite difference
method with a Crank-Nicolson scheme for inviscid
and incompressible fluid.

Based on the above analyses, we propose a new
difference method model for calculation of the non-
linear potential flow equations. For inviscid and
incompressible fluid, we develop a finite difference
method with a predictor-corrector scheme and de-
sign an iterative algorithm to solve the nonlinear po-
tential flow equations. The finite difference method
with a predictor-corrector scheme can be used to cal-
culate the velocity potential and the wave elevation
on the free surface. A nested iterative algorithm is

applied to implement the complicated flow field. The

time-varying fluid field is mapped onto a fixed square
domain through proper ¢ coordinate transformation
functions, and a staggered grid system is applied to
capture the variables of the fluid field, such as the ve-
locity potential ¢, velocity components u, v, and the
wave elevation h of the free surface. The wave eleva-
tion error values are presented with free oscillation
motion and horizontal excited motion.

2 Mathematical formulation

In this section, we introduce the potential flow
equations with free surface in a 2D tank. The po-
tential flow Eqgs. (1)—(7) are written based on the
coordinate system in Fig. 1. The Cartesian coordi-
nate system (zOy) is connected to the tank center
with origin on the free surface, y pointing in the up-
ward direction and x pointing in the horizontal right
direction.

b(y.t)

—d(x,1)

Fig. 1 Physical domain

In Fig. 1, the boundary on the base wall is de-
noted as —d(x,t), which is a single valued function.
The values of by = bi(y,t) and ba = ba(y, t), which
are single valued functions, are horizontal displace-
ments measured from the y axis to the left wall and
right wall respectively, and h(z,t) is a single-valued
function measured from the tank bottom to the free
surface, h = d + 7.

In the following fluid model, we assume the fluid
is incompressible, irrotational, and inviscid. Follow-
ing Luke’s variational principle, the potential flow
equations are derived and written as

o SITO + (g + oy (1) y + wan(t) + L

z -0,
ot 2 P

(1)
A¢ =0, (2)
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where p is the density of water, a,(t) the horizontal
excited acceleration, a, (t) the vertical excited accel-
eration, p the pressure, pg the pressure on the free
surface, ¢ the velocity potential, and g the gravity
acceleration.

On the free surface the dynamic and kinematic
boundary conditions hold, which are

[88_?4_ %|V¢|2+(9+%(f))7l+xam(t)] =0
y=n
(3)
and 5 ,
n n _
{Eﬂ-v(b-Vn—a—y]y_n_O. (4)

In the coordinate system fixed to the tank, the fluid
velocity components normal to the fixed boundaries
are equal to zero. Hence, on the bottom and the

walls of the tank we have

0 0
o0 —0, 22 (5)
Ox x=b1,x=bs 8y y=—d
The velocity components u and v are defined as
¢ 9¢
— =u, — =u. 6
or " y v (6)
Initially the fluid is assumed to be at rest with some
initial perturbation of the free surface. Thus, the
initial conditions are
¢»=0,n=nmno, t =0. (7)

3 Coordinate transformation and non-
dimensionalization of potential flow
equations

3.1 Coordinate transformation

A physical domain in Fig. 1 can be transformed
to a regular square tank with rectangular cells in
Fig. 2 by a proper coordinate transformation de-
scribed by Egs. (8) and (9), which is a ¢ coordinate
transformation (Phillips, 1957). In the physical do-
main, the grid size is (M, N), and by = 1 < xg <

< api1=by, —d=y1 <y2 <o Syny1 =1

The formulae of the coordinate transformation
are

Z—bl
X = 8
bQ_bl ()
and td
Y
Y ="—. 9
! ©)

X

Fig. 2 Transformation domain

3.2 Non-dimensionalization of potential flow
equations

To show the dimensionless treatment of poten-
tial flow equations in the physical domain, we give
some characteristic parameters. The variables in the
physical domain, including the velocity potential ¢,
the elevation h, the pressure p, the time ¢, the coor-
dinates z, y, and the velocity components u, v, are
normalized in the following ways:

o——0 gl p_ v p_ ok
do~/gdo do pgdo do
x Y U v

Xi=~vi=2L U= V= :

Yd T do Vado Vado

(10)

where dj is the distance measured vertically from the
base wall to the still free surface, and the dimension-
less accelerations are denoted as

w(t) , _ o)
k) a g N

Xa =

(11)

With the formulae of coordinate transformations and
dimensionless variables, Eqs. (1)—(7) can be written
in the following dimensionless forms:

1
b+ c5Px + 6Py + 5 [(01@)( + ng-ﬁy)Q + (Cg@x
+C4¢y)2} L (14 Y)Y+ X1 Xa+ (P~ By) =0,
(12)
1
D + c5Px + 6Py + 5 {(Cli’x + ca®y )? + (c3Px
teaby 2]+ (14 Ya)(H = 1) + X1 Xl g =0,
(13)

[Hr + csHx + cgHy+U(c1Hx + c2Hy)

~V]y=h—a =0, (14)
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d% {( T+ c3)Pxx+2(cica + czea)Pxy

2+ Ci)éﬁyy} -0, (1)

9do (1Px + 2Py )| xy—_g1 =0,

{ Vs Mxmon =0 o
Vgdo (c3Px + caPy)|y_o =0,
U=c1Px +c2Py,V =c3Px + 1Py, (17)

=0, H=Hy,T=0. (18)

@ is the derivative of @ with respect to the dimen-
sionless time T', and the other derivatives are simi-
larly defined. The coefficients ¢y, ca, -+, cg are the
parameters resulting from the coordinate transfor-
mations. These coefficients are listed in the following
schemes:

c1 :dO%_)x(7
2 Zdoaa—j;
3 :dO%_)y(7
Cq Zdog—}y/7
dy 0X

- \/gdo W7
do 0Y

T Vado Ot

Cs5

Ce

4 Finite difference method with a
predictor-corrector scheme for poten-
tial flow equations

In this section, a very effective finite difference
technique is shown for inviscid, irrotational, and in-
compressible flow. To find the solution, a staggered
grid system is used to analyze the fluid field in a
square tank in Fig. 2 with rectangular cells in Fig. 3.
From Fig. 3, the velocity potential @ and velocity
components U, V are defined in a rectangular cell.
For the time T=nAT, the velocity potential D is
defined at the center (X;,Y}) of a cell. The velocity
components U"; and V", are calculated at 0.5AX;
behind the cell center (X;,Y;) and at 0.5AY; below
the cell center (X;,Y;).

The predictor-corrector scheme is used to calcu-
late the velocity potential of the dynamic boundary

v

Fig. 3 Staggered grid cell

condition on the free surface and to solve the eleva-
tion H, with respect to the kinematic boundary con-
dition for T' = nAT and at the nodes (X;,Y;). All
terms at the left-hand side of Eqgs. (12)—(18) are dis-
cretized at the same nodes (X;,Y;) and for the same
time T = nAT. To apply the predictor-corrector
scheme, the dimensionless Eqgs. (13) and (14) are ar-
ranged as in the following schemes:

0P 1
a_T =— {C5¢X+C6¢Y+ 5 [(01¢X+02¢Y)2+(C3¢X
ey )?] + (L V) (H = 1) + X1 X, },
(25)
OH
8_T = — [C5HX + ceHy + U(ClHX + C2HY) - V] .

(26)
4.1 Predictor stage

At the first predictor stage, the intermediate
solutions (@7 ;)" and (H; j)n—',-l are calculated from
Egs. (27)-(29):

1
(@)™ = @7 — AT{es0x + oy + 5 [(c10x

2By )? + (e3Dx + sy )?] + (L + Y, )(H — 1)
n XlXa}

)

4,
(27)
{ (Ui ;)" = (10 + 024"?”2;1 ; (28)
(Vi )" = (es@x + ey ][I

(H ;)" =H]'; = AT[csHx + cgHy + U(c1 Hx
+ c2Hy) — V] Ela }

(29)

The schemes are constructed from forward difference
formulae in space (4, 7) and in time nAT.
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4.2 Corrector stage

The corrector values of the elevation H and the
velocity potential @ are calculated with the following
schemes:

o DL A (@i)"
2 b
2 b
i\ n (30)
e ) ()
2 b
2 9
1
o =gy, — AT{csdﬁ}* + 0By + 3 [(®¥
+ CQ@?)Q + (Cg@? + C4¢§/*)2]
(14 Vo) (H™ — 1)+X1Xa}, (31)

HI'Y =HE = AT [es HY + oy + U™ (el By
beat) - V)
(32)
The point successive over the relaxation method

is used to calculate the velocity potential Eq. (15).
We give the following iterative scheme:

w

@y =0y — == [(} + APy +2erca
i,

+ese) Py + (G + Aoy, (33)

where w is a constant factor and 0 < w < 2, and a;

is the sum of the coefficients of the velocity potential

@17] .
5 Approximate von Neumann stability
condition

To derive the stability condition, a physical do-
main with a non-homogeneous mesh is divided by by
=x1 <x2 <+ <xpyqr =by, —d=y1 <yp < -
< yN+1 = 1. The mesh grid number is (M, N).

We shall consider the linearized potential flow
equation on the interval [by, bo] x [—d, n]:

br + %(u¢>w+v¢y)+ (9+ay()n =0, (34)

y=n

where u and v are constant velocity components.

The solution ¢ is discretized by ¢7 ., a backward
difference scheme for % and g—i. Eq. (34) is then

discretized by

n
2,37

N 1 n n+1/2

ik +5 (uge + vy )1+ (9 + ay(0) 0} /
=0.

(35)

We set o(z,y,t,) = Gk, 1)e!®D@y)  —
G(k,)e*@e™ . We consider a small amplitude wave
for which Eq. (35) can be denoted by

G+ e ikdr _q
2Azx

At 2

G(k,1)—1 1(Gei’m—
———+-lu

_GelldY — G 4 7By ]
4o o~ ) —0. (36)

The growth factor G(k,l) satisfies |G(k,1)| <
1, so the difference scheme (36) is unconditionally
stable. The stability criterion is restricted with

(37)

6 Iterative algorithm for potential flow
equations

The iterative procedure of the finite difference
method for potential flow equations is given below.
The first step is to obtain the velocity potential @
through solving the Poisson equation. Then substi-
tuting the results into the derivatives of the velocity
potential, we can obtain the velocity components U
and V. Further substituting the velocity components
into the kinematic boundary condition, the elevation
H on the free surface can be solved. The dynamic
and kinematic boundary equations on the free sur-
face can be solved with the similar Crank-Nicolson
scheme. The convergence criteria for nested itera-
tion of @ and H are set as |[|[®F1 — &F||, < 1077
and ||[H*! — H*||oo < 1077, where k is an iterative
number.

This iterative algorithm for the time 7" = (n +
1/2)AT and the spatial position (X;,Y;) is written
in the following process in detail:

1. Give initial values @ and H.

2. Calculate velocity potential @ from Eq. (33).

3. Calculate the free surface H from Eq. (32),
and check the convergence criterion of H. If the
convergence criterion is not satisfied, go to step 2.



398 Luo / J Zhejiang Univ-Sci C (Comput & Electron) 2012 13(5):393-402

4. If & and H converge, proceed to the next
time step.

7 Numerical results

In this section, the proposed finite difference
schemes for 2D potential flow equations are com-
pared with the analytical solutions. We present free
oscillation motion and horizontal excited motion. To
verify the precision of numerical solutions, we calcu-
late the error values between the numerical solutions
and analytical solutions. The numerical results are
compared with the analytical results and the previ-
ously published results.

To calculate the numerical solution, a rectangu-
lar fluid tank is given. by —b; is the width of the tank,
dop denotes the still water depth, d = dy, and the
natural circular frequency is w,, = v/ gkntanh(k,dp),
where k, = nw/(ba —b1),n = 1,2,---. The surge
motion is given as X, = —Xow2cos(wt), the initial
wave is Y = Acos(k,z), A is the initial wave ampli-
tude, M x N is the mesh grid number, and the time
step is At = 0.001 s.

7.1 Free oscillation motion

In this subsection, we present the free oscillation
The tank width is (bo —b1) m, and the
tank depth is set as d m. We consider a typical
standing wave problem described by a cosine wave
Acos(mz). For this case, the second-order analyt-
ical solution (Frandsen, 2004) for this problem is

motion.

gzk%)

4
Wn,

Aw? 1
h(zx,t)=d+ Acos(wnt)cos(k,x)+ :” [§ (1+

wy — 9%k,
(4&)% - w%n)

n (1 3wt —g%k2 3
8 w 2w
1w?ws, —wi —3¢%k

T 2wz — a3,

5 )cos(ant)
2

cos(wgnt)] cos(2knx),
(38)

where wgn:\/2gkntanh(2kndo).
We first calculate the wave elevation error val-
ues between numerical and analytical solutions. The

tank width and tank depth are set at by — b1 = 1.0
m and d = 0.5 m, respectively, an initial cosine
wave with wave length A\ = 2 m, and the amplitude
A =0.002 m.

The error values of the wave elevation on the
free surface are calculated (Table 1). The numerical
solution H™ ™ and the analytical solutions H27al
with respect to different mesh numbers (M, N) at
the horizontal positions 1 = by, 2 = bs, and x3 =
(b1 + b2)/2 on the free surface are listed in 5 s.

The wave elevation error values between numer-
ical and analytical solutions are very small; therefore,
the finite difference method for potential flow equa-
tions is very effective. The impact of the mesh grid
number for free oscillation is very small.

In the following calculations, the numerical so-
lutions of wave elevation with free oscillation are cal-
culated. The tank width and tank depth are set
as bg — by = 1.0 m and d = 0.5 m, respectively,
At = 0.001 s, and an initial cosine wave with wave
length A =2 m.

We provide numerical experiment results based
on the present method for the initial wave amplitude
A=0.002 m. From Fig. 4, the time history of the
wave elevation in 10 s is plotted and the numerical
solution agrees well with the analytical solution on
the free surface at the left wall.

We increase the amplitude to the value A =
0.02 m. In Fig. 5, the numerical solution and analyt-
ical solution (Frandsen, 2004) on the free surface at
the left wall are calculated and plotted. The numer-
ical solution agrees well with the analytical solution.

We increase the amplitude to the value A =
0.1 m and present the numerical results of the wave
elevations at the left wall for the large amplitude
wave (Fig. 6).
match the analytical solution closely for A = 0.1
m. With respect to the analytical solution of the
exact solution, the second-order analytical solution
is not suitable for the large amplitude wave. Fig. 6
shows that the errors are still small. For the large
amplitude wave, the numerical results are still very

The numerical solution does not

Table 1 The wave elevation error values between the numerical solutions and analytical solutions

Mesh grid (M, N) [[HE — Hmer| oo [[Hp™ — HEme oo [ — HEme oo
(50, 20) 2.0853e-005 1.8532e-005 1.1374e-006
(60, 40) 5.5402e-005 5.1716e-005 1.6473e-006
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------- Numerical solution
Analytical solution
1.0 Y

0.5

0.0

n(b, A

-0.5

0 10 20 30 40 50

Fig. 4 The wave elevations of the standing wave on
the free surface at the left wall * = by (amplitude
A=0.002 m)

1.5

1.0

0.5

0.0

n(b,.t)yA

------- Numerical solution

Analytical solution

40

50

Fig. 5 The wave elevation of the free surface at the
left wall (initial wave amplitude A = 0.02 m)

2.0

------ Numerical solution

. Analytical solution

1.5 A 3
- & K 2

1.0

0.5

n(b,.t)yA

0.0

-0.5

-1.0

0 10 20 30 40 50

w,t

Fig. 6 The wave elevation of the free surface at the
left wall (the amplitude A = 0.1 m)

good.

To present the numerical effects with the present
finite difference method, we give numerical solutions
of the potential flow equations and compare these
numerical solutions with that in Frandsen (2004).
The parameters are b — b; = 1.0 m, d = 0.5 m,
the grid size (M, N) = (50,20). We list the present

work in Fig. 7b and compare this work with Frandsen
(2004) in Fig. 7a. The present work agrees with
Frandsen (2004) for which the wave steepness is € =
0.00144, 0.144, or 0.288, where ¢ is defined as Aw? /g.

(a) 2 £=0.00144
..... £20.28800

. — . £=0.14400

N E Il\ ! n.: b :::. b
AR A by At 1
| | f I By & . [
s NN
VRV R VARV AR YA IR A
STV
e VY VY VY B |
0 20 40 60
w,t
(b) 2 — ¢=0.00144
€=0.28800
Y — 75—0 14400
< /\ /\
-1
0 20 40 60

w,t

Fig. 7 The wave elevation of the free surface at the
left wall. (a) Frandsen’s work; (b) Finite difference
method

7.2 Horizontal excited motion

The tank width and tank depth are set at
by — b1 and d, respectively. The potential flow
equations are loaded with a horizontal acceleration
Xa(t) = —Xow?cos(wt). For this problem, the first-

order analytical solution (Wu, 2007) is written as
cosh w(y +d))

oM = A, () ——22
Z cosh(k d)

1)—d+ ZA )cos (

cos (kn(x + a)),

kn(z + a)),

(39)
where the parameters A, = —1]/(k2a)
X W, fot ry(8)sin(wy, (t — ) k, is the wave
number, w,=+/gk,tanh(k, ), 2 (t)=—Xowsin(wt),

—(by — b1)/2.
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For the horizontal excited motion, we first cal-
culate the wave elevation error values between nu-
The tank width
and tank depth are set at b — by = 1.0 m and
d = 0.5 m, respectively. The excited acceleration
is X,(t) = —Xow?cos(wt), w = 0.9w1, Xo = 0.002
m. The wave elevation errors between numerical and
analytical solutions are listed in Table 2.

merical and analytical solutions.

Table 2 lists the wave elevation errors on the
free surface at the left wall, right wall, and mean free
surface. The wave elevation errors between numeri-
cal and analytical solutions are very small in the 5 s
interval. It is clear that the errors decrease with the
increase of the mesh grid number. Table 2 shows that
the numerical solutions of horizontal excited motion
with the finite difference method is very effective.

We give a numerical test for a horizontal excited
motion in a 2D tank. We choose these parameters
bo —by =09 m, d = 0.6 m, At = 0.001 s, X, =
Xow?sin(wt), w = 5.5 rad/s, Xo = 0.002 m.

In Fig. 8, we plot the numerical solution and
compare this solution with the previously pub-
lished result based on the boundary element method
(Nakayama and Washizu, 1981). The numerical so-
lution in the present method agrees well with that of
the boundary element method.

0.05
0.04
0.03
0.02
0.01
0.00

n(m)

-0.01
-0.02
-0.03

Present method

-0.04F ....... Boundary element method

-0.05

0 2 4 6 8
t(s)

Fig. 8 The wave elevations on the free surface at the
right wallx = b2 in 9 s

In the following horizontal excited tests, the
numerical solutions of potential flow equations are
presented and the numerical solutions are compared
with the analytical solutions (Wu, 2007). We con-
sider the following computation parameters with re-
spect to bo—b; = 1.0m, d = 0.5 m, and At = 0.001 s
in a 2D rectangular tank. The horizontal force with
acceleration X, = —Xow?cos(wt), Xy = 0.002 m.
In Fig. 9a, we choose the excited frequency w =
0.7w; and give the numerical solution and analytical
solution. Fig. 9a shows that the numerical solu-
tion agrees well with the analytical solution. From
Fig. 9b, we choose the frequency w = 0.95w; and
present the numerical solution and analytical so-
lution. Fig. 9b shows that the numerical solution
agrees well with the analytical solution.

------- Numerical solution

Analytical solution

B
2

n(b,.0/X;

------- Numerical solution

Analytical solution

o
-
w
o

n(b, tIX,

Fig. 9 The wave elevations on the free surface at
the left wall x = b1. (a) w = 0.Twi, t = 20 s; (b)
w=0.95w1,t=24s

Finally, two examples are given to implement
the long time history motion with horizontal ex-
cited acceleration. In Fig. 10, we present the long

time history wave elevation in 70 s. The param-

Table 2 The wave elevation error values between the numerical solutions of horizontal excitation motion and
analytical solutions in 5 s with different mesh parameters (M, N)

Mesh grid (M, N) |3 — H™e oo | HE™ — HE™ oo | HE™ — HE™ oo
(50, 20) 9.146e-004 7.939e-004 6.845e-004
(60, 40) 8.236¢-004 7.672e-004 6.637¢-004
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eters are X, = —Xow?cos(wt), by — by = 1.0 m,
d = 05 m, Xg = 0002 m, w = 1.03w; and
w = 0.95w;. In Fig. 11, we present the long time
history wave elevation in 36 s. The parameters are
Xa = —Xow?cos(wt), by — by = 0.9 m, d = 0.6 m,
Xo = 0.002 m, and w = 0.95w;. From Figs. 10
and 11, the beating phenomenon and nonlinear phe-
nomenon are very clear.

0.10

0.08
0.06
0.04
0.02

0.00 §/ I

n(b,.t) (m)

-0.02

-0.04

-0.06

-0.08

Fig. 10 The long time history of elevations at the left
wall on the free surface in 70 s (At =0.001 s)

10
X 5
E: 0
< -5

-10

_15 . . .

0 50 100 150 200
w,t
Fig. 11 The long time history of wave elevation at
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8 Conclusions

A finite difference method for potential flow
equations is used to study the wave elevation of the
free surface with a o coordinate transformation in
a 2D tank. A staggered grid system is applied to
the computational domain and a coupling iterative
method is used to solve the variables of the flow field,
such as the velocity components U and V', the veloc-
ity potential @, and the wave elevation H.

We calculate the numerical solutions of the
wave elevations for free oscillation motion and com-
pare them with the second-order analytical solution
(Frandsen, 2004). We also calculate the numerical
solution of the wave elevation for horizontal excited

motion and compare it with the first-order analyti-
cal solution (Wu, 2007). From the results, the nu-
merical solutions agree with the analytical solutions.
We give the wave elevation error values between the
numerical and analytical solutions for horizontal ex-
cited motion and free oscillation motion. The numer-
ical results show that the numerical solutions agree
well with the analytical solutions for small ampli-
tude wave with horizontal and free oscillation. For
large amplitude wave, the numerical solution does
not agree with the analytical solution, but the error
values are still small. For free oscillation and horizon-
tal excited oscillation, the numerical solutions agree
well with those of Frandsen (2004) and Nakayama
and Washizu (1981). We can conclude that the
present finite difference method is very effective. To
increase the accuracy of the numerical solution, the
dynamic boundary condition would be discretized by
the second-order Adams-Bashforth scheme.

Future research directions include (1) applying
the 2D algorithms developed in this paper to nu-
merical applications (such as the dynamic behavior
of dam and circular tank) and (2) developing a 3D
finite difference scheme, which has been developed
and can be used to simulate the standing wave and
solidity wave.
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