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Abstract: This paper deals with a new approach based on Q-learning for solving the problem of mobile robot path
planning in complex unknown static environments. As a computational approach to learning through interaction with
the environment, reinforcement learning algorithms have been widely used for intelligent robot control, especially
in the ﬁeld of autonomous mobile robots. However, the learning process is slow and cumbersome. For practical
applications, rapid rates of convergence are required. Aiming at the problem of slow convergence and long learning
time for Q-learning based mobile robot path planning, a state-chain sequential feedback Q-learning algorithm is
proposed for quickly searching for the optimal path of mobile robots in complex unknown static environments. The
state chain is built during the searching process. After one action is chosen and the reward is received, the Q-values
of the state-action pairs on the previously built state chain are sequentially updated with one-step Q-learning. With
the increasing number of Q-values updated after one action, the number of actual steps for convergence decreases
and thus, the learning time decreases, where a step is a state transition. Extensive simulations validate the eﬃciency
of the newly proposed approach for mobile robot path planning in complex environments. The results show that the
new approach has a high convergence speed and that the robot can ﬁnd the collision-free optimal path in complex
unknown static environments with much shorter time, compared with the one-step Q-learning algorithm and the
Q(λ)-learning algorithm.
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1 Introduction
The ultimate goal of mobile robotics is the development of autonomous mobile robots that can automatically navigate and perform a certain task in
complex environments (transiting cargos, monitoring environments and patrolling, service, space exploration, rescue in hostile environments, etc.). Autonomous navigation plays a key role in the success
of robots. As a key issue of mobile robot navigation,
path planning refers to using a mobile robot to search
*
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for an optimal or sub-optimal collision-free path from
its start point to its end point while satisfying some
optimal criteria, such as the shortest path, time, or
the minimum energy (Latombe, 1991).
There are two types of planning for autonomous
mobile robots based on how much information is
known about static environments: global path planning when the environment is clearly known, and
sensory-based local path planning when partial or
no information about the environment is known in
advance. The techniques for path planning in known
environments are relatively mature. The globally optimal or near-optimal path is computed with the visibility graph method (Alexopoulos and Griﬃn, 1992),
Dijkstra’s method (Saab and VanPutte, 1999), A*
(Hart et al., 1968; Dolgov et al., 2010; Kala et al.,
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2010), etc., based on graph-based representation of
environments. Although avoiding the heavy computation involved in establishment and maintenance of
a global map, sensory-based path planning is complicated due to the fact that only partial or no information about the environment is known. Artiﬁcial
potential ﬁeld-based path planning algorithms utilize local sensory information in a purely reactive
fashion (Barraquand et al., 1992; Ge and Cui, 2002;
Poty et al., 2004; Agirrebeitia et al., 2005; Cao et al.,
2006). Although their implementation is simple and
they are robust in producing motions, a major problem is that the robot can be trapped into local minima before reaching its goal. The techniques for escaping local minima have to be studied.
Recently, there has been a growing tendency
towards artiﬁcial intelligent approaches to sensorybased path planning in partially observable environments which are often stochastic in nature. Fuzzy
logic-based path planning methods can summarize
the motion rules for avoiding obstacles based on blurring sensory information without requiring accurate
environment models (Yang et al., 2005; Hachour,
2009). However, it is diﬃcult to develop comprehensive fuzzy logic rules for complex environments
and the generalization ability is not strong. Neural
network based path planning methods build neural
network models that map the sensory information
to the motion controls for searching for the shortest
path and avoiding collision (Yang and Meng, 2000;
Ghatee and Mohades, 2009). Training the weights
of neural networks is time-consuming. Based on the
selection mechanism and gene inheritance, genetic
algorithms help mobile robots travel from the start
position to the desired goal with the shortest path
without colliding with obstacles (AL-Taharwa et al.,
2008; Yun et al., 2010; Tsai et al., 2011). Castillo
et al. (2007) presented a multi-objective genetic algorithm for oﬀ-line point-to-point autonomous mobile
robot path planning which considers length and difﬁculty together. Particle swarm optimization (PSO)
(Gong et al., 2009) and ant colony optimization
(ACO) (Garcia et al., 2009; Wang et al., 2011) have
also been used for path planning. Their performance
heavily depends on various parameters whose values cannot be chosen with theoretical guidelines.
This limits the possibility of acquiring the optimal
performance.
As a powerful machine learning technique that
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learns through interaction with the environment, reinforcement learning (RL) is suitable for autonomous
mobile robots control in unknown environments. Qlearning algorithms can be used to learn a control policy that maximizes a scalar reward by using
a trial-and-error process without requiring a prior
knowledge of the environment (Watkins and Dayan,
1992). Owing to its simplicity and well-developed
theory, the Q-learning algorithm has been widely
used. However, the convergence process is a long
one with the traditional Q-learning algorithm. Aiming at the slow convergence and long learning time
of traditional Q-learning, many improved Q-learning
approaches have been proposed. The improved Qlearning approaches can be classiﬁed into four categories according to four strategies as follows.
Q-value update strategy: The Q(λ)-learning algorithm extends the traditional one-step Q-learning
algorithm with activity traces, which are used to handle delayed reward (Peng and Williams, 1996). The
Q(λ)-learning algorithm is an incremental multi-step
Q-learning. By allowing corrections to be made incrementally to the predictions of observations occurring in the past, i.e., to back more than one step
at a time, the Q(λ)-learning method propagates information rapidly to the position where it is important. The learning rate can be increased for path
planning in complex unknown static environments
(Hwang et al., 2011).
Action selection strategy: Local optimum could
result from the greedy action selection strategy
which is purely based on the current values of the
state-action pairs, i.e., exploitation. The -greedy
action selection strategy (Sutton and Barto, 1998)
(0 ≤  < 1), with larger  corresponding to a
larger probability of choosing a non-optimal action
in the current situation, can obtain more knowledge, i.e., exploration, with which local optima can
be overcome. However, excessive exploration becomes unnecessary after a period of initial interaction. By representing Q-values as probability distributions and using these distributions to select actions that best balance exploration and exploitation,
Bayesian Q-learning takes advantage of much more
information and exhibits substantial improvement
on convergence rate (Dearden et al., 1998). The
simulated annealing (SA) Q-learning algorithm is
presented to balance exploitation and exploration
with the Metropolis criterion (Guo et al., 2004). In
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Framling (2007), pre-existing knowledge was used to
guide exploration in order to speed up reinforcement
learning. In Still and Precup (2012), in addition
to maximizing the expected reward, a learner selects
the action that can maximize the prediction power of
its own behavior measured by the information that
the most recent state-action pair carries about the
future.
Q-value initialization strategy: Q-learning can
be accelerated by appropriately specifying initial Qvalues (Koenig and Simmons, 1996). Fuzzy rules (Oh
et al., 1998), potential function (Wiewiora, 2003),
and neural networks (Song et al., 2012) are used to
initialize Q-values to speed up learning.
State space reduction strategy: For complex environments there are a large number of states, which
makes the learning time and storage for Q-table insuﬀerable. In Senda et al. (2003), the state space
was reduced by coordinates exclusion. In Hamagami
and Hirata (2003) and Lampton and Valasek (2009),
the number of states was adjusted adaptively. In
Jin et al. (2009), the large state space was partitioned into multiple smaller state spaces based on
the critical states. In Jaradat et al. (2011), the number of states was limited by a new deﬁnition of the
discrete state space.
Although all above algorithms have sped up Qlearning, there is still room for speeding up convergence of Q-learning. To make reinforcement learning work on path planning with real robots, it is still
an urgent problem to ﬁnd optimal or near-optimal
collision-free paths with fast learning speed in complex unknown static environments.
In this paper, we present a state-chain sequential feedback Q-learning algorithm for solving the
problem of mobile robot path planning in complex
unknown static environments. A state chain is built
during searching. The state chain, which is saved
as the memory matrix, records in order the stateaction pairs from the start point until the current
state. After one action is chosen with a greedy strategy and the reward or penalty is received, the Qvalues of the state-action pairs on the state chain are
sequentially updated with the one-step Q-learning
algorithm. Theoretical analyses and extensive simulations have shown that the new approach has high
convergence speed and can ﬁnd the collision-free
optimal or near-optimal path in complex unknown
static environments with much shorter time, com-
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pared with one-step Q-learning and Q(λ)-learning
algorithms.
The proposed state-chain sequential feedback
Q-learning algorithm is distinctive in that it speeds
up learning with a new Q-value update strategy. The
Q-values of all state-action pairs on the current state
chain are updated sequentially backward along the
state chain after one action is chosen. By means
of sequential feedback, the number of Q-values updated in one step increases. Although the proposed
Q-learning algorithm is similar to Q(λ)-learning in
that both of them are multi-step Q-learning, their
Q-value update strategies are diﬀerent. By using
TD(λ) return estimation, the Q(λ)-learning algorithm propagates information backward. In contrast, the proposed Q-learning algorithm updates
Q-values along the state-action chain. Theoretical
analysis is given to compare the minimum number
of steps required for convergence of Q-values of the
three Q-learning algorithms in order to explain the
diﬀerent learning eﬃciencies of the three Q-learning
algorithms.

2 One-step Q-learning algorithm and
Q(λ)-learning algorithm
2.1 One-step Q-learning algorithm
The one-step Q-learning algorithm is a simple model-free incremental algorithm for delayed reinforcement learning (Watkins, 1989). A learning
agent tries an action at a particular state, and evaluates its consequences in terms of the immediate reward or penalty it receives and its estimate of the
value of the state to which it is taken. By trying all
actions in all states repeatedly, it learns which are
best overall judged by long-term discount reward.
At time step t, the state is st . The action at that
maximizes the Q-function Q(st , a) is chosen. The Qfunction is the estimated utility function that evaluates how good an action at is given a certain state
st . The Q-value Q(st , at ) is the expected discount
reward for executing action at at state st . The aim
is to maximize the total discount expected reward.
The Q-value Q(st , at ) is updated with
Qt+1 (st , at ) =(1 − λt )Qt (st , at ) + λt [rt
+ γ max Qt+1 (st+1 , at+1 )],
at+1 ∈A

(1)
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where A is the set of actions, rt is the immediate
reward or penalty received by taking action at at
state st , 0 < γ < 1 is the discount factor, and γ
reﬂects the inﬂuence of the successive state on the
previous action. With the discount factor γ, the
action decision can be inﬂuenced by the successive
state. λt is the learning rate. It is proved that
Qn (s, a) converges to Q∗ (s, a) with probability 1 as
n → ∞ with the learning rate λt ∈ (0, 1) and the
bounded rewards or penalty rt ≤ R, where R is
a given positive real number (Watkins and Dayan,
1992).
The one-step Q-learning algorithm is summarized in Algorithm 1. It does not specify what action
the agent should take at each state as it updates
its Q-value estimates. The learning agent may take
any action randomly. The optimal Q-function will
be found eventually while trying out each action in
every state many times without building the model
of the environment. After Q-function convergence,
the mobile robot selects its action at each state with
a greedy policy a∗t = arg maxa∈A Q∗ (st , a) from its
start point to its end point. The optimal path is
found by maximizing the expected total discount reward received. The one-step Q-learning algorithm
updates the Q-value estimate of one state-action pair
in one step. The learning time is long and the convergence is slow.

aﬀected by the feedback of the follow-up states. If
the current action decision is false, then the previous actions should be punished. If the current action
decision is correct, then the previous actions should
be rewarded. The inﬂuence is added to the Q-value
estimation of the previous state-action pairs with forgetting traces.
The Q(λ)-learning algorithm is summarized in
Algorithm 2. One activity trace Tr(s, a) is deﬁned
for each state-action pair (s, a). After each step,
the Q(λ)-learning algorithm loops through a set of
state-action pairs which grow linearly with time. The
Q-values of the set of state-action pairs whose activity trace (γλ)n is signiﬁcant are updated, where λ ∈
(0, 1) is the forgetting attenuation parameter, which
is used to distribute credit throughout sequences of
actions. Owing to the use of the TD(λ) return estimation process, which has the eﬀect of making alterations to the past predictions through each step,
the Q(λ)-learning algorithm propagates information
backward much faster than the one-step Q-learning
algorithm. The learning eﬃciency is improved signiﬁcantly with the Q(λ)-learning algorithm.
Algorithm 2 Q(λ)-learning algorithm
1: Q(s, a) = 0 and Tr(s, a) = 0 for all s and a
// Initialization
2: loop
3:

Algorithm 1 One-step Q-learning algorithm
1: Q(s, a) = 0 for all s and a // Initialization
2: loop
3:
4:
5:
6:
7:

8:
9:

observe its current state st
select and perform an action at randomly
observe the subsequent state st+1
receive an immediate reward rt
update the Q-value Qt+1 (s, a)
For s = s(t) and a = a(t), update Qt+1 (st , at )
with Eq. (1). Otherwise, Qt+1 (s, a) = Qt (s, a)
end loop
until Q(s, a) converges for all s and a

4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:

2.2 Q(λ)-learning algorithm
The Q(λ)-learning algorithm is the incremental multi-step Q-learning which extends the one-step
Q-learning algorithm (Peng and Williams, 1996).
It combines TD(λ) returns with the one-step Qlearning in an incremental way. With the multi-step
Q(λ)-learning method, the previous actions can be
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15:

observe its current state st
select and perform an action
at = arg maxa∈A Q(st , a)
observe the subsequent state st+1
receive an immediate reward rt
compute et = rt + γVt (st+1 ) − Qt (st , at )
compute et = rt + γVt (st+1 ) − Vt (st )
where Vt (s) = arg maxa∈A Q(s, a)
for each state-action pair (s, a) do
Tr(s, a) = γλTr(s, a)
Qt+1 (s, a) = Qt (s, a) + λt Tr(s, a)et
end for
update Qt+1 (st , at ) = Qt+1 (st , at ) + λt et
compute Tr(st , at )=Tr(st , at ) + 1
end loop
until Q(s, a) converges for all s and a

3 State-chain sequential feedback Qlearning algorithm
In this section, the state-chain sequential feedback Q-learning algorithm is presented for speeding
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up the convergence of Q-learning. A state chain is
built during the searching process. After an action
is carried out and the reward or penalty is received,
the Q-values of the state-action pairs on the state
chain are sequentially updated with the traditional
one-step Q-learning algorithm.
The state-chain sequential feedback Q-learning
algorithm is summarized in Algorithm 3. At time
step t, the state is st . One action at is chosen based
on the greedy policy at = arg maxa∈A Q(st , a). After
action at is carried out, the reward or penalty rt is
rewarded. The memory matrix M (t) is extended
with a new row [st , at , rt , λt ]. The state chain is
saved as the memory matrix. The Q-values of stateaction pairs are updated sequentially backward along
the state chain:
For k = t : −1 : 0,
Qt+1 (sk , ak ) =(1 − λk )Qt (sk , ak )
+ λk [rk + γVt (sk+1 )] ,

(2)

where Vt (sk+1 ) = arg maxa∈A Q(sk+1 , a).
Algorithm 3 State-chain sequential feedback Qlearning algorithm
1: Q(s, a) = 0 for all s and a // Initialization
2: loop
3:
4:
5:
6:
7:
8:
9:

10:
11:
12:

observe its current state st
select and perform an action
at = arg maxa∈A Q(st , a)
observe the subsequent state st+1
receive an immediate reward rt
add a new row for memory matrix M (t) with
[st , at , rt , λt ]
for k = t to 0 do
update Q-values along the state chain recorded
in M (t)
Qt+1 (sk , ak ) = (1 − λk )Qt (sk , ak ) + λk [rk +
γVt+1 (sk+1 )]
end for
end loop
until Q(s, a) converges for all s and a

Thus, the inﬂuence of previous action choice on
the successive states can feed back in time to the Qvalues of the previous state-action pairs recorded by
the memory matrix with the state-chain sequential
feedback Q-learning algorithm.
In each step, more Q-values are updated compared with the one-step Q-learning algorithm. The
number of actual steps for convergence is decreased.
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Thus, the convergence is sped up. The next section gives a theoretical analysis, which explains
the reason why the convergence can be improved
with the state-chain sequential feedback Q-learning
algorithm.

4 Theoretical analysis
In this section, the condition for convergence
of Q-values is ﬁrst analyzed. Then, the minimum
number of updates required for the convergence of
Q-values of one state is given. Finally, the required
numbers of updates for the convergence of Q-values
of all state-action pairs are compared for the three
Q-learning algorithms.
4.1 Condition for convergence of Q-values
The Q-value of state-action pair (st , at ) is
Qt (st , at ). (st , at ) points to the next state st+1 . The
immediate reward or penalty is λt . The Q-value of
state-action pair (st , at ) is updated with the onestep Q-learning algorithm (Eq. (1)). If λt ∈ (0, 1),
and the Q-values of all state-action pairs (st+1 , a)
are convergent, then the Q-value Qt (st , at ) must be
convergent after suﬃcient updates.
From Eq. (1), it can be seen that the necessary
and suﬃcient condition for stability of the Q-value
Qt (st , at ) is that maxa∈A Q(st+1 , a) = Qt+1 is constant. Otherwise, the Q-value Q(st , at ) would change
with Qt+1 .
With the assumption that the Q-values of
all state-action pairs (st+1 , a) are convergent,
maxa∈A Q(st+1 , a) = Qt+1 is constant. Assuming
λt = α, we obtain the update of Qt = Q(st , at ) with
Eq. (1).
After the ﬁrst update,
Qt = (1 − α)Qt + α(r + γQt+1 ).
After the second update,
Qt =(1 − α)2 Qt + (1 − α)α(r + γQt+1 )
+ α(r + γQt+1 ).
After the third update,
Qt =(1 − α)3 Qt + (1 − α)2 α(r + γQt+1 )
+ (1 − α)α(r + γQt+1 ) + α(r + γQt+1 ).

Ma et al. / J Zhejiang Univ-Sci C (Comput & Electron)

172

2013 14(3):167-178



ln
. Hence, M is the minDeﬁne M = ln(1−α)
imum number of updates required for convergence
of the Q-value of state-action pair (st , at ) after the
Q-values corresponding to the subsequent state st+1
converge.

After the nth update,
Qt =(1 − α)n Qt + (1 − α)n−1 α(r + γQt+1 )
+(1 − α)n−2 α(r + γQt+1 ) + · · · + α(r + γQt+1 )
=(1 − α)n Qt + α(r + γQt+1 )
· [(1 − α)n−1 + (1 − α)n−2 + · · · + 1]

4.3 Minimum number of steps required for
convergence of Q-values for each of the three
Q-learning algorithms

=(1 − α)n Qt + (r + γQt+1 )[1 − (1 − α)n ].
As α = λt ∈ (0, 1), 0 < 1 − α < 1. When there
are suﬃcient updates, (1 − α)n → 0, and

The Q-values of all state-action pairs are convergent in the ideal stable situation. The state chain
is shown in Fig. 1. The length of the state chain from
the start state s0 = sstart to the goal state sgoal is
T . The kth state sk in the positive sequence is the
RL th state sRL in the inverse sequence of the state
chain at the same time. The distance from state
sk to goal state sgoal in the state chain is L. From
goal state sgoal to start state s0 , the Q-values of all
state-action pairs would be convergent progressively
along the state chain. The number of steps required
for the convergence of Q-values with the one-step
Q-learning algorithm, the Q(λ)-learning algorithm,
and the state-chain sequential feedback Q-learning
algorithm are shown in Tables 1 and 2.
With the one-step Q-learning algorithm and the
Q(λ)-learning algorithm, the minimum numbers of
steps required for convergence of the Q-values of all
state-action pairs in the state-chain, from state sR1

Qt = r + γQt+1 .
That is, Q(st , at ) becomes convergent.
4.2 Minimum number of updates required for
convergence of the Q-value of one state-action
pair
From the above analysis of the condition for convergence of Q-values, we can see that the necessary
condition for convergence of the state is the convergence of its subsequent state. The state-action
pairs in the state chain converge at diﬀerent times.
The goal state would be convergent ﬁrst. The Qvalues corresponding to the state-action pairs near
the goal state would be convergent earlier. The Qvalues corresponding to the state-action pairs further
away from the goal state would be convergent later.
The convergent Q-values of state-action pairs help to
make correct actions for subsequent learning. The
non-convergent Q-values of state-action pairs would
cause meaningless motions for mobile robots.
If the Q-values of the subsequent state are convergent, then the necessary condition for convergence
of the Q-values of state st is suﬃcient updates. We
assume that the minimum number of required updates is M .
ln
∀ > 0, if required (1 − α)m < , m > ln(1−α)
should be satisﬁed.

s0 = sstart

s1

...

sk

Length: L

...

sRL

Length: T

sR2

sgoal

sR1

Fig. 1 Schematic diagram of the state chain. The
length of the state chain from start state s0 = sstart
to goal state sgoal is T . The kth state sk in the
positive sequence is the RL th state sRL in the inverse
sequence of the state chain at the same time. The
distance from state sk to goal state sgoal in the state
chain is L

Table 1 Convergence of Q-values of state-action pairs along state-chain with the one-step Q-learning algorithm
and Q(λ)-learning algorithm
Order
convergence

State

Required number of
updates

Number of updates in every
episode from sstart to sgoal

Required minimum
number of episodes

Required minimum
number of steps

1
2
3
..
.
L

s R1
s R2
s R3
..
.
s RL

M
M
M
..
.
M

1
1
1
..
.
1

M
M
M
..
.
M

MT
MT
MT
..
.
MT
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Table 2 Convergence of Q-values of state-action pairs along state-chain with the state-chain sequential feedback
Q-learning algorithm
Order of
convergence

State

Required number of
updates

Number of updates in every
episode from sstart to sgoal

Required minimum
number of episodes

Required minimum
number of steps

1
2
3
..
.
L

s R1
s R2
s R3
..
.
s RL

M
M
M
..
.
M

1
2
3
..
.
L

M
M/2
M/3
..
.
M/L

MT
M T /2
M T /3
..
.
M T /L

to state sRL , are NQ and Nλ .
NQ = Nλ = L · M · T.

(3)

With the state-chain sequential feedback Qlearning algorithm, the minimum number of steps
for convergence of the Q-values of all state-action
pairs in the state-chain, from state sR1 to state sRL ,
is NSQ .


1
1 1
NSQ = M · T · 1 + + + · · · +
. (4)
2 3
L
1
1 1
For L > 1, L > 1 + + + · · · + . Therefore,
2 3
L
NSQ < NQ and NSQ < Nλ .
From the above theoretical analysis, it can be
seen that the proposed state-chain sequential feedback Q-learning algorithm decreases the minimum
number of steps required for the convergence of the
Q-values of all state-action pairs by increasing the
number of Q-values updated in one step. In each
episode from the start state s0 to the end state
sgoal , the Q-values of each state-action pair are updated many times. The Q-values are updated by the
next states sequentially backward along the statechain with the update equation of the one-step Qlearning algorithm. With the increasing number of
Q-values updated in one step, the number of steps
for convergence decreases and thus, the learning time
decreases.

5 Experimental results
In this section, we evaluate the performance
of the proposed state-chain sequential feedback Qlearning algorithm through MATLAB simulation. In
three diﬀerent environments, we compare the convergence of the proposed state-chain sequential feedback
Q-learning algorithm with that of the one-step Qlearning algorithm and the Q(λ)-learning algorithm.

The three Q-learning algorithms are diﬀerent in the
Q-value update strategy.
5.1 Environment representation and action
set
The environment is represented by a 2D occupancy grid map in which each grid is given a value 1
(with obstacle) or 0 (free). The occupancy grid map
representation is particularly useful for the task of
obstacle avoidance. The action set A includes ﬁve
kinds of actions: moving up, moving down, moving
left, moving right, and staying at rest. The ﬁve actions at are represented by [0, 1], [0, −1], [1, 0], [−1, 0],
and [0, 0], respectively. The state of the mobile robot
st is its current position at time step t in the environment. The current state st has ﬁve state-action
pairs (st , at ), each of them corresponding to a Qvalue Q(st , at ). All Q-values are initialized with zeros. The optimal action is selected with the greedy
strategy, at = arg maxa∈A Qt (st , a), according to the
current state-action pair Q-value. st+1 is the next
state (a new position in the environment) after action at is carried out. rt is the immediate reward or
penalty from action at . If the next position is occupied by an obstacle, then st+1 = st , and rt = −0.2.
If the next position is free, then st+1 is equal to the
next position and rt = −0.1. If the next position is
the goal, then st+1 = sgoal and rt = 1. The discount
factor γ reﬂects the inﬂuence of subsequent state
st+1 on the Q-value of the previous state-action pair
Qt (st , at ). 0 < γ < 1. The larger the γ, the larger
the inﬂuence of the subsequent state on the previous
action choice. In our simulations, we set the discount
factor γ = 0.95 and the learning factor λt = 0.3.
5.2 Simulations
We simulate three diﬀerent environments. In
each simulation environment, we compare the
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(a) 10
9
Goal

8
7
6
y

5
4
3
Start

2
1
0

0

1

2

3

4

5
x

6

7

8

9

10

(b) 600
Average number of steps to goal

proposed state-chain sequential feedback Q-learning
algorithm with the traditional one-step Q-learning
algorithm and the Q(λ)-learning algorithm. To compare them, performances are evaluated by two criteria, namely the average number of steps to the goal
in each episode and reward values in each episode.
The two criteria measure how well the learning for
path planning task has been performed.
The ﬁrst simulation environment is represented
by a 10 × 10 occupancy grid map (Fig. 2a). The
occupied grid is black. The free grid is white. At
time step t, the mobile robot takes one of the ﬁve
actions, at , and moves along the grid. The current
state of mobile robot st is its position in the grid
map. Each state-action pair (st , at ) has a Q-value
Q(st , at ). There are 500 Q-values which are initialized as a 1 × 500 zero matrix. After one action is carried out, the memory matrix M is extended with a
new row [st , at , rt , λt ]. The row number of the memory matrix increases with searching. The task of
the robot is to travel from the start point to the goal
point. All agents perform 120 episodes with the three
Q-learning algorithms respectively. The agents can
converge to one of the shortest collision-free paths
whose length is 21 with all three Q-learning algorithms. One of the shortest collision-free paths found
by the proposed algorithm is shown in Fig. 2a, and
Fig. 2b shows the average number of steps from the
start to the goal in each episode with the three Qlearning algorithms in the environment. We can see
that the proposed Q-learning algorithm converges to
one of the shortest paths with fewer episodes than
the other two Q-learning algorithms. With the help
of the new Q-value update strategy, the proposed
Q-learning algorithm can converge quickly. Similar
learning performance can be seen from Fig. 2c, in
which the reward values of each episode of the three
Q-learning algorithms are compared.
The second environment is a 20 × 20 grid
(Fig. 3a). The three Q-learning algorithms can
converge to one of the shortest collision-free paths
whose length is 28. One of the shortest collision-free
paths found by the proposed Q-learning algorithm is
shown in Fig. 3a, and the average number of steps
to the goal in each episode and the reward value of
each episode are diﬀerent for the three algorithms
(Figs. 3b and 3c). We can see that the proposed
Q-learning algorithm converges the fastest.
The third environment is a 30×30 grid (Fig. 4a).
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Fig. 2 Comparison of the learning performance of
the three Q-learning algorithms in a 10 × 10 grid. (a)
The shortest path found by the proposed Q-learning
algorithm; (b) Number of episodes vs. the average
number of steps to the goal; (c) Number of episodes
vs. reward

The agents perform 500 episodes with the three Qlearning algorithms. The proposed Q-learning algorithm and the Q(λ)-learning algorithm can converge
to one of the shortest collision-free paths within 500
episodes. Fig. 4a shows one of the shortest collisionfree paths, whose length is 48, found by the proposed Q-learning algorithm. Figs. 4b and 4c show
that with the proposed Q-learning algorithm, the
average number of steps to the goal in each episode
is smaller than those with the other two Q-learning
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Fig. 3 Comparison of the learning performance of
the three Q-learning algorithms in a 20 × 20 grid. (a)
The shortest path found by the proposed Q-learning
algorithm; (b) Number of episodes vs. the average
number of steps to the goal; (c) Number of episodes
vs. reward

Fig. 4 Comparison of the learning performance of
the three Q-learning algorithms in a 30 × 30 grid. (a)
The shortest path found by the proposed Q-learning
algorithm; (b) Number of episodes vs. the average
number of steps to the goal; (c) Number of episodes
vs. reward

algorithms, and the reward value of each episode is
higher than that with the other two Q-learning algorithms. Figs. 4b and 4c also show that the onestep Q-learning algorithm cannot converge within
500 episodes, which means that it cannot converge
to one of the shortest paths within 500 episodes. Although the Q(λ)-learning algorithm can ﬁnd one of
the shortest collision-free paths within 500 episodes,
the convergence rate is lower than that of the proposed Q-learning algorithm.
Table 3 gives the number of episodes when

one of the shortest collision-free paths is ﬁrst found
(Nf ), the number of episodes when convergence is
reached (Nc ), and the total number of steps to convergence (Nts ) with the three Q-learning algorithms
in the three diﬀerent environments. Table 3 shows
that all the three Q-learning algorithms can converge to one of the shortest paths whose length is
21 in the 10 × 10 grid. The proposed Q-learning
algorithm needs only 21 episodes for reaching convergence, while the Q(λ)-learning algorithm needs
43 episodes and the one-step Q-learning algorithm
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Table 3 Comparison of the number of episodes for convergence with the three Q-learning algorithms in the
three environments

10 × 10 grid
20 × 20 grid
30 × 30 grid

Nc

Nf

Environment

Nts

TQ

Q(λ)

SCSF-Q

TQ

Q(λ)

SCSF-Q

TQ

Q(λ)

SCSF-Q

95
314
>500

34
114
328

13
50
202

112
410
>500

43
127
362

21
56
242

9163
52 804
–

4792
26 163
110 210

1939
9875
37 896

Nf : number of episodes when one of the shortest collision-free paths is first found; Nc : number of episodes when convergence is
reached; Nts : total number of steps to convergence. TQ: traditional one-step Q-learning; SCSF-Q: state-chain sequential feedback
Q-learning

needs 112 episodes. In the 20 × 20 grid environment, the proposed Q-learning algorithm needs 56
episodes to converge to one of the shortest collisionfree paths, whose length is 28. Q(λ) and one-step
Q-learning algorithms need 127 and 410 episodes,
respectively. In the 30 × 30 grid environment, the
proposed Q-learning algorithm can converge to one
of the shortest paths at the 242nd episode. Q(λ)learning needs 362 episodes for convergence, and the
one-step Q-learning algorithm needs more than 500
episodes.
As shown in Table 3, in the 10×10 grid, the total
numbers of steps for convergence are 9163, 4792, and
1939 with one-step Q-learning, Q(λ), and the proposed Q-learning algorithms, respectively. The proposed Q-learning algorithm needs 21.2% of the steps
of the one-step Q-learning algorithm, and 40.5% of
the steps of the Q(λ)-learning algorithm. In the
20 × 20 grid, the total numbers of steps for convergence are 52 804, 26 163, and 9875 with the above
three Q-learning algorithms, respectively. The proposed Q-learning algorithm needs 18.7% of the number of steps of one-step Q-learning, 37.7% of the
number of steps of the Q(λ)-learning algorithm. In
the 30 × 30 grid, the total numbers of steps for convergence are 37 896 and 110 210 with the proposed
Q-learning and the Q(λ)-learning algorithms, respectively. The proposed Q-learning algorithm needs
only 34.4% of the number of the steps of the Q(λ)learning algorithm. It is shown that the proposed
state-chain sequential feedback Q-learning algorithm
can improve the learning rate, especially for complex
unknown environments.
The results of the experiments validate that
the proposed state-chain sequential feedback Qlearning algorithm can converge to one of the shortest collision-free paths with fewer episodes and
faster convergence rates compared with one-step Q-

learning and Q(λ)-learning. The improvement is
more obvious for complex unknown environments.

6 Conclusions
This paper deals with a state-chain sequential
feedback Q-learning algorithm for path planning of
autonomous mobile robots in unknown static environments. With the occupancy grid map representation of environments, the state of a mobile robot is
its discrete position in the map. A memory matrix is
built to remember the state-action pairs during the
searching process and a state chain is established.
After each action is taken, the Q-values of the stateaction pairs are updated sequentially backward with
the traditional one-step Q-learning along the state
chain. Theoretical analysis proves that the Q-value
of each state-action pair is updated many times with
the subsequent states in each episode from the start
point to the goal with the proposed Q-learning algorithm. As a result, the number of steps for convergence decreases and the learning speed increases.
Diﬀerent simulated test scenarios are conducted
to test the performance of the proposed state-chain
sequential feedback Q-learning algorithm. Simulation results show that the proposed state-chain
sequential feedback Q-learning algorithm improves
the learning speed for ﬁnding one of the shortest
collision-free paths for autonomous mobile robots,
especially in complex unknown static environments.
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